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Abstract: For micropolar media we present a new definition of the local material symmetry group
considering invariant properties of the both kinetic energy and strain energy density under changes of
a reference placement. Unlike simple (Cauchy) materials, micropolar media can be characterized through
two kinematically independent fields, that are translation vector and orthogonal microrotation tensor.
In other words, in micropolar continua we have six degrees of freedom (DOF) that are three DOFs for
translations and three DOFs for rotations. So the corresponding kinetic energy density nontrivially depends
on linear and angular velocity. Here we define the local material symmetry group as a set of ordered
triples of tensors which keep both kinetic energy density and strain energy density unchanged during the
related change of a reference placement. The triples were obtained using transformation rules of strain
measures and microinertia tensors under replacement of a reference placement. From the physical point of
view, the local material symmetry group consists of such density-preserving transformations of a reference
placement, that cannot be experimentally detected. So the constitutive relations become invariant under
such transformations. Knowing a priori a material’s symmetry, one can establish a simplified form of
constitutive relations. In particular, the number of independent arguments in constitutive relations could
be significantly reduced.

Keywords: micropolar continuum; local symmetry group; kinetic constitutive equation; Cosserat
continuum; anisotropy

1. Introduction

The model of micropolar medium was originally introduced by Cosserat brothers [1]. Recently,
it founds various applications for modelling of media with complex inner microstructure such as
granular [2,3], porous [4,5], composite [6,7] materials, masonries [8,9], bones [10,11], textiles and
beam-lattices [12–16], suspensions [17–19], see also [20–24]. The kinematics of the model is based
on two descriptors that are translation and rotation fields. Accordingly, in dynamics we have two
independent velocity fields of linear v and angular ω velocity. For a hyperelastic medium there
is a strain energy density W which depends on two strain measures. Constitutive relations for
micropolar solids are discussed in many works, see, e.g., [20–25] and references therein. As in the
case of simple (Cauchy) materials assumed symmetry properties can result in further simplifications
of constitutive relations. To this end a concept of the local material symmetry group may play
an important role as in case of nonlinear elasticity [26]. The definition of the material symmetry
group for micropolar materials was proposed by Eringen and Kafadar [20] who included a single
microinertia tensor as an argument of constitutive relations. The definition was extended by Eremeyev
and Pietraszkiewicz [27] considering additional set of arguments and pseudotensorial nature of the
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wryness tensor. Furthermore, in [28] various systems of strain invariants were obtained for several
symmetries and the corresponding constitutive equations of micropolar solids, fluids and subfluids
were presented. The analysis of symmetry groups [20,27,28] was performed on the base of the strain
energy density, i.e., for statics. On the other hand, in micropolar dynamics the form and possible
symmetries of a kinetic energy density may also play an important role.

In the case of simple materials, the form of kinetic energy is rather simple and cannot change
symmetry properties. Indeed, for a simple material it has a form

K(v) =
1
2

ρκv · v , (1)

where ρκ is a mass density in a reference placement κ, v is a velocity vector, and the dot denotes the inner
(scalar) product of two vectors. Here K depends on κ only through the mass density. As a symmetry
group consists of transformations which do not change ρκ , K is independent of such transformations.

On the other hand, in rigid body dynamics a form of kinetic energy plays a crucial role for analysis
of motions [27,29]. As in case of rigid body dynamics, for micropolar media a kinetic energy density
has more general form than for simple materials, its symmetry should be included in a symmetry
characterization of a micropolar material. In other words, we characterize a material symmetry
considering static and dynamic properties of materials. For example, Eringen [17,18,20,21] included
the microinertia tensor in the set of primary parameters and proposed additional evolution law for this
tensor. The changes in microinertia properties related to phase transitions were also discussed in [30].

The aim of this paper is to consider a general form of kinetic constitutive equation,
i.e., a dependence of a kinetic energy density, and include its symmetries into the definition of the
material local symmetry group. The paper is organized as follows. First, in Section 2 we present the
general form of the strain energy density of a micropolar medium undergoing finite deformations.
Section 3 is devoted to the kinetic constitutive relations. The new definition of the local material
symmetry group is given in Section 4. Finally, we discuss the further applications of the proposed
approach to other generalized media such as strain-gradient elasticity and micromorphic media.

2. Strain Energy Density

Let us consider finite deformations of micropolar body B. The finite deformation of B can
be described by an invertible mapping from a reference placement κ(B) to the current placement
χ(B)(t). For a material particle x ∈ B considered in κ(B) we introduce its position vector x whereas
its orientation is described trough a triple of unit orthogonal vectors gk called directors. In χ(B) the
position and orientation of the same particle x is given by the position vector y and directors dk,
respectively. As a result, a mapping from κ to χ can be described as follows

u = u(x, t) ≡ y(x, t)− x, H = H(x, t) ≡ dk(x, t)⊗ gk(x), k = 1, 2, 3, (2)

where u is the translation vector, H is the microrotation orthogonal tensor, H−1 = HT , t is time,
⊗ stands for the dyadic product, T means the transpose operation applied to a second-order tensor,
and Einstein’s summation rule is applied. These two kinematically independent fields u(x, t) and
H(x, t) describe translational and rotational DOFs of the micropolar medium called also Cosserat or
polar continuum [20,21,27,28].

For a (hyper)elastic continuum there exists a strain energy density Wκ per unit volume of κ.
Wκ has the following form [31]

Wκ = Ŵκ(U, V; x, B), (3)

where the natural Lagrangian relative stretch U and wryness V tensors are defined by the relations

U = HT · F− 1, V =
1
2
(1× 1) : (HT ·Grad H); F = Grad y. (4)
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Here F is the deformation gradient tensor [26], 1 is the 3D unit tensor, Grad is the referential
gradient operator, × and : stand for the cross and double dot products, respectively. In addition, B is
the referential microstructure curvature tensor defined as

B =
1
2

gk ×Grad gk. (5)

The form (3) satisfies the material frame-indifference principle [26] discussed also in [23,31] for
micropolar continua. Note that using index κ in (3) we explicitly underline the possible dependence of
the strain energy density on the reference placement κ. The invariance properties of Wκ under changes
of κ were studied in [27,28] in more detail, where on the base of the invariance the definition of the
local material symmetry group was given and related simplified constitutive relations were presented.

3. Kinetic Constitutive Equation

Differentiating (2) with respect to t we get the linear and angular velocity

v = u̇, ω = −1
2
(1× 1) : (Ḣ ·HT), Ḣ = ω×H. (6)

Here the overdot stands for the derivative with respect to t.
Let us consider a general possible form of the kinetic energy Kκ of a micropolar medium. As we

have linear v and angular ω velocity it is natural to assume that Kκ depends on v and ω. Using analogy
with rigid body dynamics [29] or with six-parameter shell theory [23,32] we restrict ourselves by
quadratic forms of Kκ . So we have

Kκ = ρκK̂κ(v, ω), K̂κ(v, ω) =
1
2

v · J0 · v + v · J1 ·ω +
1
2

ω · J2 ·ω , (7)

where ρκ is a mass density in a reference placement κ, J0, J1 and J2 are second-order tensors called
microinertia tensors. J0 and J2 are symmetric tensors. From both physical and mathematical points of
view Kκ should be a positive function

K̂κ(v, ω) ≥ 0 , v, ω 6= 0 . (8)

This requirement implies that J0 and J2 are positive tensors. Equation (7) can be written in the
tensor-block matrix form as follows

K̂κ(v, ω) =
1
2
(v, ω) · J ·

(
v
ω

)
, J =

(
J0 J1

JT
1 J2

)
. (9)

The tensor-block matrix J corresponds to 6 by 6 matrix which is obviously symmetric and can be
transformed into canonical (diagonal) form as follows

J =



J(0)1 0 0 0 0 0

0 J(0)2 0 0 0 0

0 0 J(0)3 0 0 0

0 0 0 J(2)1 0 0

0 0 0 0 J(2)2 0

0 0 0 0 0 J(2)3


.

Here J(0)k and J(2)k , k = 1, 2, 3, can be treated as a diagonal elements of tensors J0 and J2, respectively,
whereas J1 = 0. On the other hand one has to be aware of such straightforward interpretations, as here
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we deal with the three-dimensional space and J0 and J2 are tensors given in this space. In this case the
simultaneous diagonalization of both J0 and J2 is possible if the latter have the same eigen-vectors.

Another interpretation of (7) can be obtained if we consider a material particle x of a micropolar
medium as a rigid body of small size. In this case J0 depends on the mass of this particle and takes the
form J0 = m1, where m is a mass of x, whereas J2 = JT

2 depends on mass and shape of x, see, e.g., [29].
In particular, in principal axes of inertia J2 takes a diagonal form. With this interpretation we can
always consider both tensors of inertia as diagonal ones only in principal axes of inertia, in general.
As the tensor of inertia of a rigid body depends also on the choice of an origin of a coordinate frame,
J1 6= 0 corresponds to the case when the origin does not coincide with the center of mass of x, see, e.g.,
formula (4.7.7) for the kinetic energy in ([29], p. 171). So J1 can be called a relative microinertia tensor.

As an example, one can consider the simplest form of K̂

K̂κ(v, ω) =
1
2

v · v +
1
2

γω ·ω , (10)

where γ is a scalar measure of rotational inertia [21]. Equation (10) can be associated with material
particles of spherical shape. In the tensor-block matrix form, J reads as follows

J =



1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 γ 0 0
0 0 0 0 γ 0
0 0 0 0 0 γ


.

However, in the following we intend to consider general case of the kinetic energy that is without
any assumptions on the coordinate frame and corresponding restrictions for the microinertia tensors.
Moreover, as we intend to analyze the dependence on the choice of a reference placement such general
framework seems to be preferable.

Using an analogy with rigid body dynamics we introduce the referential microinertia tensors,
so we get

Jκ
0 = HT · J0 ·H, Jκ

1 = (det H)HT · J1 ·H, Jκ
2 = HT · J2 ·H. (11)

Here we take into account that unlike v, the angular velocity ω is an pseudovector, see, e.g., [33]. So Jκ
1

is a second-order pseudotensor. In this case if we assume that Jκ
i , i = 0, 1, 2, are constant, and the

stresses and couple stresses vanish in a micropolar medium, the equations of motion take exactly the
form of equations of motion of a rigid body [29].

Following [23] with the principle of equipresence we assume that J0, J1 and J2 are functions of x,
y, F ≡ Grad y, H, Grad H, B, and t, in general,

Ji = Ji(y, H, F, Grad H; x, B), i = 0, 1, 2.

In fact, considering as an example consolidation phenomena in granular media or suspensions,
one can expect rather complex dependence of the microinertia tensors. Let us also note that there is
no further requirements on Kκ following from the material frame-indifference principle. It results in
a certain difference in a possible representation of Kκ in comparison with Wκ . Indeed, we see that
Wκ does not depend on H itself whereas for Kκ such dependence is natural, see (7) with microinertia
tensors given by (11).

In what follows we consider the following form of the microinertia tensors

J0 = H · Jκ
0 ·HT , J1 = (det H)H · Jκ

1 ·HT , J2 = H · Jκ
2 ·HT , (12)

Jκ
i = Jκ

i (U, V; x, B), i = 0, 1, 2.
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Here for the referential microinertia tensors we consider their dependence on the Lagrangian
strains, the position vector x and the referential microcurvature tensor B. The dependence on x and B
is necessary for modelling of dynamically inhomogeneous materials.

4. Local Material Symmetry Group

Definition of the material symmetry group given in [27,28] was based on invariance of Wκ under
replacements of the reference placement. Here we intend to extend it considering invariance properties
of Kκ . Let us introduce another reference placement κ∗ = κ∗(B). In κ∗ the position of a material particle
x ∈ B is given by the position vector x∗ whereas its orientation is fixed by orthonormal directors g∗k.
Let P = Grad x∗, det P 6= 0, be the deformation gradient tensor transforming κ into κ∗, and R be the
orthogonal tensor defined as R = g∗k ⊗ gk. Here we consider static mappings κ → κ∗. So we get

dx∗ = P · dx, g∗k = R · gk, k = 1, 2, 3. (13)

In what follows we denote all fields associated with κ∗ by the lower index ∗. We have the
following transformation rules [27,28]

F = F∗ · P, H = H∗ · R, (14)

where F∗ and H∗ are the deformation gradient and the microrotation tensor calculated in κ∗,
respectively. In addition we get the transformations of strain measures and the microcurvature
tensor given by

U∗ = R · (U + 1) · P−1 − 1, V∗ = (det R)R ·V · P−1 + L, B∗ = (det R)R · B · P−1 − L, (15)

where
L = R ·W · P−1, W =

1
2
(1× 1) : (R ·Grad RT). (16)

The constitutive equations naturally depend upon the choice of the reference placement, in general.
Here we consider a particular class of possible choices and corresponding reference placements which
leave unchanged the form of the constitutive equations. In other words, we are looking for a class of
reference placements and related relations between reference placements in this class, for which kinetic
and strain energy have the same form. Such transformations we call here invariant transformations.
As in nonlinear elasticity, knowing all invariant transformations we can formulate the precise definitions
of the elastic fluid as a material independent on any choice of a reference placements, the solid as a
material which symmetry group consist orthogonal transformations, or the subfluid as an intermediate
class of materials [26]. Furthermore, the group theory allows one to introduce notions of various
anisotropic continua.

We introduce the elastic strain energy density W∗ and the kinetic energy density K∗ relative to
new reference placement κ∗. In general, these dependencies may be different than that of Wκ and Kκ .
However, the stored energy in any part P of B of an elastic medium should be conserved, so that∫

Vκ

Wκ dVκ =
∫
V∗

W∗ dV∗, (17)

where Vκ = κ(P) and V∗ = κ∗(P) are the volumes of P in κ and κ∗, respectively. Indeed, functions
Wκ and W∗ describe the strain energy density of the same deformed state of P , while integrals in (17)
present the same strain energy stored in P . So from (17) it follows that W∗ and Wκ are related by

|det P|W∗(U∗, V∗; x, B∗) = Wκ(U, V; x, B),
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where U∗, V∗, and B∗ are given by (15). From physical point of view any invariant transformation of the
reference placement should preserve the elementary volume and referential mass density. So we have
ρ∗ = ρκ . As we have the mass balance |det P| ρ∗ = ρκ , the tensor P should be an unimodular tensor,
for which |det P| = 1.

Similarly, the kinetic energy of any part P of B should be also conserved. So we get that∫
Vκ

Kκ dVκ =
∫
V∗

K∗ dV∗ (18)

for any part P of B. As a result, we have

|det P|K∗ = Kκ .

As v and ω are independent of the choice of the reference placement, the kinetic energy density
depends on the reference placement through the mass density ρκ and the microinertia tensors Ji.
As |det P| = 1 the kinetic energy density depends on the reference placement only through Ji.
Using (12) we get the relation between Jκ

i and J∗i

J∗i (U∗, V∗; x, B∗) = (det R)iR · Jκ
i (U, V; x, B) · RT , i = 0, 1, 2.

Using these transformation properties of the strain energy density and the microinertia tensors
we can formulate the definition of the local material symmetry group. To this end we use the
following nomenclature:

Orth = {Q : Q−1 = QT , det Q = ±1} – the group of orthogonal tensors with regard
to multiplication;

Unim = {P : det P = ±1} – the unimodular group with regard to multiplication;
Lin = {L} – the linear group with regard to addition.
Generalizing [27,28] we formulate new

Definition 1. By the local material symmetry group Gκ at x of the micropolar hyperelastic continuum we call
all sets of ordered triples of tensors

X = (P ∈ Unim, R ∈ Orth, L ∈ Lin), (19)

satisfying the relations

Wκ(U, V; B) = Wκ

[
R ·U · P−1 + R · P−1 − 1, (det R)R ·V · P−1 + L; (det R)R · B · P−1 − L

]
,

Jκ
i

[
R ·U · P−1 + R · P−1 − 1, (det R)R ·V · P−1 + L; (det R)R · B · P−1 − L

]
= (det R)iR · Jκ

i (U, V; x, B) · RT , i = 0, 1, 2

for any tensors U, V, B in domain of definition of the functions Wκ and Jκ
i .

The set Gκ is the group relative to the group operation ◦ defined by

(P1, R1, L1) ◦ (P2, R2, L2) =
[
P1 · P2, R1 · R2, L1 + (det R1)R1 · L2 · P−1

1

]
.

In Definition 1 we take into account that U, Jκ
0 and Jκ

2 are polar (true) tensors, whereas V, B,
Jκ

1 are axial (pseudo)tensors. The difference between polar tensors and pseudotensors appears when
one consider mirror reflection transformations, which change right-handed frame into left-handed
and vice versa, see the discussion in [33] where other examples of pseudoscalars, pseudovectors and
pseudotensors are given.
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As an example, let us assume that Jκ
i are constant tensors. Then the proposed definition states

that the symmetry group includes symmetries of the strain energy density and the symmetries of
microinertia tensors. So the material symmetry depends on the both symmetries. Let us consider as an
example the modified definition of an isotropic micropolar solid following from Definition 1. As in
case of nonlinear elasticity the symmetry group consists of orthogonal tensors only.

Definition 2 (Isotropic material). The micropolar medium is called isotropic solid at x if there exists a reference
placement κ, called undistorted, such that the material symmetry group relative to κ takes the form

Gκ = Sκ ≡ {(P = Q, Q, 0) : Q ∈ Orth} . (20)

Note that in (20) Q denotes arbitrary orthogonal tensor whereas 0 means the second-order zero
tensor. So the symmetry group is based on elements of Orth.

This definition means that the strain energy density and the microinertia tensors are isotropic
functions of their arguments:

Wκ(U, V; B) = Wκ

[
Q ·U ·QT , (det Q)Q ·V ·QT ; (det Q)Q · B ·QT

]
,

Jκ
i

[
Q ·U ·QT , (det Q)Q ·V ·QT ; (det Q)Q · B ·QT

]
= (det Q)iQ · Jκ

i (U, V; x, B) ·QT , i = 0, 1, 2

So one can apply the representations of isotropic functions as in [27,28,33].
In particular, if Jκ

i do not depend on U, V, B as in rigid body dynamics, the last properties means
that Jκ

0, Jκ
1 and Jκ

2 are isotropic tensors. Any isotropic second-order tensor has the form λ1, where λ

is a scalar, whereas a second-order pseudotensor should be zero, see, e.g., [33]. So in this case we
can assume that Jκ

0 = 1, Jκ
2 = γ1 and the kinetic energy density takes the form (10). In other words,

the kinetic energy density (10) can be associated with an isotropic micropolar solid.

5. Conclusions

Here we have extended the definition of the material symmetry group [27,28] considering
invariance properties of the kinetic energy density. Invariant properties of the kinetic energy density
express through symmetries of the three microinertia tensors. From the physical point of view,
in new definition we unify static and dynamic responses which should be distinguished in general.
For example, in statics a medium can demonstrate an isotropic response whereas its anisotropic
properties appear in dynamics. This situation can be observed for example if the strain energy density
is an isotropic scalar function whereas the microinertia tensors are not isotropic. In forthcoming papers
we consider some applications of the considered approach to dynamic problems for micropolar solids,
fluids, and subfluids.

Discussed here approach can be also applied to other generalized media with complex form of kinetic
constitutive equations. Among such media it is worth to mention the Toupin–Mindlin strain gradient
elasticity [24,33,34]. In these media we face to higher order elastic moduli tensors, see [35–37] where the
analysis of their structure was performed. Within this model kinetic energy may depend on velocity and
its spatial gradients, that extends a possible forms of the kinetic energy density. The definitions of the
symmetry group for strain gradient media were given in [38–40]. Another medium with non-trivial form
of kinetic energy is a micromorphic continuum [21,24,33] for which the material symmetry group was
discussed in [41].

It is worth also to mention here symmetry analysis for thin-walled structures, i.e., membranes,
plates and shells. In fact, the rotational inertia was known from landscape works by Timoshenko [42] and
Mindlin [43]. In [44,45] the symmetry group analysis was also performed on the base of static analysis.

So the analysis of the material symmetry groups and corresponding constitutive relations could
be also extended considering invariance properties of kinetic constitutive relations for these media.
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