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Abstract: For a given connected graph G = (V, E), a set D C V(G) is a doubly connected
dominating set if it is dominating and both (D) and (V(G) — D) are connected. The cardinality
of the minimum doubly connected dominating set in G is the doubly connected domination
number. We investigate several properties of doubly connected dominating sets and give some
bounds on the doubly connected domination number.
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1 Introduction

Let G = (V, E) be a simple connected graph with [V(G)| = n(G) and |E(G)| = m(G).
The neighbourhood N¢(v) of a vertex v is the set of all vertices adjacent to v in G and
the closed neighbourhood Nglv] = Ng(v) U {v}. The degree dg(v) = |Ng(v)| of a vertex
v is the number of edges incident to v in G. The minimum and mazimum degrees of
vertices of V(G) are denoted by 0(G) and A(G), respectively. A vertex x such that
da(z) = A(G) = n(G) — 1 we call a universal vertex. Let Q(G) be the set of all end-
vertices of G, that is the set of vertices degree 1, and let ny(G) be the cardinality of Q(G).
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A vertex that is a neighbour of an end-vertex is called a support. Let S(G) be the set of
supports in G.

The corona G = H o K; is the graph constructed from a copy of H, where for each
vertex v € V(H), a new vertex v" and a pendant edge vv" are added. For disjoint graphs
G and Gy, the join G = G + G is the graph G with V(G) = V(G;) U V(G2) and
E(G) = E(G1) U E(Ge) U{uv : u € V(G1) ANv € V(Gq)}. Let us denote by G — v the
graph obtained from G by removing the vertex v € V(@) and all edges incident to v.

For any connected graph G, a vertex x € V(G) is called a cut-verter of G if G—x is no
longer connected. The wvertex-connectivity or simply connectivity x(G) is the minimum
number of vertices whose removal from G results in disconnected graph or a graph with
only one vertex.

A set D C V(G) is a dominating set of G if for every vertex v € V(G)— D, there exists
a vertex u € D such that v is adjacent to u. The minimum cardinality of a dominating
set in G is the domination number v(G).

Sampathkumar and Walikar [7] defined a connected dominating set D to be a do-
minating set whose induced subgraph (D) is connected. The minimum cardinality of a
connected dominating set in G is the connected domination number of G and is denoted
by 7.(G).

In this paper we introduce a new type of domination: a set D C V(@) is a doubly
connected dominating set of G if it is dominating and both (D) and (V(G) — D) are
connected. The cardinality of a minimum doubly connected dominating set of GG is the
doubly connected domination number of G and is denoted by 7..(G). We define that for
each connected graph G the set of all vertices of G is a doubly connected dominating set
of G.

For unexplained terms and symbols see [1, 5].

2 Preliminary results
We begin with some basic properties of doubly connected dominating sets.

Proposition 2.1. Let D be a minimum doubly connected dominating set of a connected
graph G on n > 3 vertices. Then

(i) every cut-vertex is in D;
every support 1s in D;

Yee(G) > 11 (G), with equality if and only if G is a star Ky ,—1;
Yee(G) = n1(GQ) + |S(G)| — 1, with equality if and only if each vertex v € V(G) is
either an end-vertex or a support.

)

(iii) at least ny(G) — 1 end-vertices are in D;
)
)

Proof. (i) Assume v is a cut-vertex of G that does not belong to a minimum doubly
connected dominating set D. As GG — v is disconnected, it is not possible to choose
a connected dominating set D C V(G) — {v}, a contradiction.
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(ii) As every support is a cut-vertex, by (i) our claim follows.

(iii) If not, assume there are two end-vertices not belonging to D. As every support is in
D it follows, that (V(G) — D) is not connected, a contradiction.

(iv) By (iii), at least n;(G) — 1 end-vertices are in D. If Q(G) C D our claim follows.
Similarly, if there exists a vertex x € Q(G) such that z ¢ D, then 7..(G) = n(G) — 1
and since n > 3 we have n(G) —1 > n;(G), which completes the proof of the bound.

It is easy to see that Ye.(Kin,-1) = ni(G). Conversely, assume that v..(G) =
n1(G). In this case, by (ii) and (iii), each support and at least all end-vertices
except one are in a minimum doubly connected dominating set D. Thus |S(G)| = 1,
|V(G) — D|=1and |D| =n—1=mn;(G). We conclude G is a star K ,_.

(v) By (ii) and (iii), the inequality is straightforward. If Q(G) U S(G) = V(G) then
obviously n1(G) + |S(G)| — 1 = 7.(G). Conversely, assume that v..(G) = n1(G) +
|S(G)| — 1. In this case, the minimum doubly connected dominating set D consists
of all vertices of the set S(G) and all except one end-vertices. Thus 7..(G) =n — 1
and V(G) = S(G) UQ(G).

U

As an immediate consequence of Proposition 2.1 we have
Corollary 2.2. If G = H o Ky, then 7.(G) = n(G) — 1.
Corollary 2.3. For a tree T on n > 3 vertices, Ye.(T) =n — 1.

Proof. In a tree T  each vertex is either a cut-vertex or an end-vertex. By Proposition 2.1,
we conclude that v..(T") > n — 1. On the other hand, if z is an end-vertex of a tree T’
then D = V(T') — {z} is a doubly connected dominating set. Thus, 7..(T) =n—1. O

Since every doubly connected dominating set is a connected dominating and every
connected dominating set is dominating, we have the following inequality chain for every
connected graph G:

Y(G) < 7(G) £ Vel G).

We characterize now some graphs for which the numbers 7..(G) and 7.(G) are the same.

Proposition 2.4. Let G be a connected graph on n > 3 vertices.
(i) If G is a cycle, then V..(G) = 7.(G) =n — 2.
(il) If 7ee(G) = 7e(G), then 7.(G) < n — 2.
(i) 1 7e(G) = 7(G), then 5(G) > 2.
(iv) For any unicyclic graph G we have v.(G) = v..(G) if and only if G is a cycle.

Proof. (i) It is obvious.

(i) It is known [7] that for every connected graph G with n > 3 we have 7.(G) < n — 2.
Thus, for the equality v..(G) = 7.(G) we conclude that 7..(G) < n — 2.

(iii) Suppose Yee(G) = 7.(G) and x is an end-vertex in G. By (ii), 7..(G) < n—2. Let D
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be a minimum doubly connected dominating set of G of cardinality |D| < n — 2. If
x € D, then D — {z} is also a connected dominating set of GG, a contradiction with
equality 7..(G) = 7.(G). If z ¢ D, then x is the unique vertex in V(G) — D, because
(V(G) — D) is connected. Thus 7..(G) = n — 1, a contradiction.

(iv) If G is a cycle on n vertices, then by (i) 7ee(G) = 7.(G) = n — 2. Suppose now G is
unicyclic with 7.(G) = 7..(G) and G is not a cycle. By (ii), 7e.(G) < n—2. Moreover,
there exists a vertex x € V(G) such that dg(z) = 1. Let D be a minimum doubly
connected dominating set of G. If x ¢ D, then v..(G) = n — 1, a contradiction. On
the other hand, = € D implies, that D — {x} is a connected dominating set of G, a
contradiction, as V.(G) = Ye(G).

U

We have shown that there exist graphs G for which the equality 7.(G) = 7¢.(G) holds.
However the difference between 7..(G) and 7.(G) can be arbitrarily large.

Lemma 2.5. The difference .. — . can be arbitrarily large.

Proof. Consider a star K;,_; with n — 1 end-vertices. Of course, 7.(K;,,—1) = 1. By
Proposition 2.1, Yee(Kipn—1) =n — 1. Thus vee(Kip-1) — Ye(Kipno1) =n — 2. O

Observation 2.6. Let G = K, i,
mp < mg < - < My
o If my =1, then v.(G) = 1;
o If my > 2, then 7..(G) = 2.

m, be the complete k partite graph, £ > 3 with

.....

Observation 2.7. If G; and G5 are disjoint connected graphs, then

1 if 9..(Gr) =1 or v.(Go) = 1;

2 otherwise.

’ch(Gl + GQ) = {

A connected subgraph B of G is called a block if B has no cut-vertex and every
subgraph B’ C GG with B C B’ and B # B’ has at least one cut-vertex. A connected
graph G is called a block graph if every block in GG is complete. A vertex v of a graph G
is called a simplicial vertex if every two vertices of Ng(v) are adjacent in G.

Theorem 2.8. If G is a block graph, then v..(G) = n(G) — t, where t is the maximal
number of simplicial vertices in a block with a largest number of simplicial vertices.

Proof. Let D be a minimum doubly connected dominating set of a block graph GG. By
Proposition 2.1, each cut-vertex belongs to D. Hence 7..(G) > n(G) — t, where t is
maximal number of simplicial vertices in a block with a largest number of simplicial
vertices.

Conversely, let B be a block with a largest number of simplicial vertices. Denote by F
the set of all simplicial vertices belonging to B and let |F'| = t. Then V(G)—F is a doubly
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connected dominating set of G and we have 7..(G) < n(G) —t. Thus 7..(G) = n(G) —t.
U

3 Bounds

Now we find some bounds on the doubly connected domination number. For this purpose,
denote by A a family of graphs such that Ky, € A and G belongs to A if and only if for
each pair of adjacent non-cut-vertices u,v € V(G), (V(G) — {u,v}) is disconnected.

Fig. 1 A graph G € A.

Theorem 3.1. For every connected graph G on n > 2 wvertices,
1 SVCC(G) Sn_l

with equality for the lower bound if and only if there exists a connected graph H such that
G = H + Ky and equality for the upper bound if and only if G € A.

Proof. The inequality 1 < 7..(G) is obvious. If G = H + K; and H is connected, then
obviously 7..(G) = 1. Assume now that 7..(G) = 1 and let D = {z} be a minimum
doubly connected dominating set of (G. Since D is dominating, x must be a universal
vertex. Moreover, (V(G) — D) = (V(G) — {z}) is connected, so = is a non-cut-vertex.
We conclude that G = H + K5, where H is connected.

Now we prove that v..(G) < n—1. The inequality and the equality are straightforward
when G = K,. Suppose n > 3. Then there exist in G at least two non-cut-vertices, for
example two leaves of a spanning tree of G. Let x be a non-cut-vertex. Then D =
V(G) — {z} is a doubly connected dominating set of G.

If G € A, then v.(G) = n — 1, because every support of G is in D and for each
pair of adjacent non-cut-vertices u,v € V(G), the induced subgraph (V(G) — {u,v}) is
disconnected. Now let G ¢ A. It suffices to show that 7..(G) < n —2. If G ¢ A, then
there exist adjacent non-cut-vertices v, u € V(G) such that (V(G) — {u, v}) is connected.
In this case D = V(G) — {u, v} is a doubly connected dominating set of G, as n > 3, G
is connected and neither of u, v is a support. O

Proposition 3.2. Let G be a connected graph on n > 2 wvertices. Then v..(G) < n —
k(G) + 1.
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Proof. If k(G) < 2, then by Theorem 3.1 our claim follows. Thus assume now x(G) > 3.
It is obvious that x(G) < 6(G). Let A be a set of an arbitrary vertex x € V(G) and
k(G) — 2 of its neighbours. Obviously, (V(G) — A) is connected. Observe that D =
V(G) — A is dominating in G. Thus D is a doubly connected dominating set in G with
|D| =n—kr(G)+ 1. O

In [7] Sampathkumar and Walikar showed that for every connected graph G with
n > 3 vertices and m edges we have inequalities W < 7(G) < 2m —n. Now we
present similar inequalities for the number 7.

Theorem 3.3. For any connected graph G with n > 2 vertices and m edges,
n
———— < 7e(G) < 2m — 1
A(G)+1 < ee(G) < 2m —n +
with equality for the lower bound if and only if v..(G) = 1 and equality for the upper
bound if and only if G is a tree.

Proof. Since g7 < Ye(G) < 7ee(G) the lower bound follows. If 4..(G) = 1, then by

Theorem 3.1 there exists a vertex v € V(G) such that dg(v) = n—1. Thus Ao =L =
Yee(G).
Conversely, let G be a graph such that 7..(G) = a1 and Yee(G) > 1. Let D be a

minimum doubly connected dominating set of G. Since (D) is connected, for each v € D
we have |Ng(v) N (V(G) — D)| < A(G) — 1. Hence |V(G) — D] < (A(G) — 1)|D| and
N = Yee(G) < (A(G) — 1)7e(G), which gives 7..(G) > A(ay» & contradiction.

By Theorem 3.1, 7..(G) < n—1 = 2(n—1)—n+1 and since G is connected, m > n—1.
Thus v..(G) <2m —n + 1.

We now show that v..(G) = 2m —n + 1 if and only if G is a tree. If G is a tree, then
m=mn—1and 7.(G) =n—1=2m —n+ 1. Conversely, let 7..(G) = 2m —n + 1. By
Theorem 3.1 we have 2m —n + 1 < n — 1, which implies m < n — 1, so G must be a tree
with m =n — 1. g

As an immediate consequence of the second paragraph of the proof of Theorem 3.3
we have what follows.

Corollary 3.4. For each connected graph G with Ye.(G) > 1 is Y..(G) > NEE

Now we introduce the following notation: if 77 and T3 are vertex disjoint trees, then
by P(T},Ts) we denote the set of all graphs G that can be obtained from T} and Ty by
adding n(T5) edges, one edge joining each vertex of T, to one arbitrarily chosen vertex
of T7. We say that a graph G belongs to the family U/ if there exist trees 77 and T5 such
that G € P(11,15).

Theorem 3.5. For any connected graph G on n > 2 vertices and with m edges,

2n —m — 2 < 4..(G)
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V(Ty)

*/V(T)
Fig. 2 A graph G € P(T},T5).

with equality for the bound if and only if G belongs to the family U.

Proof. Let D be a minimum doubly connected dominating set in G. Since (D) and
(V(G) — D) are connected and D is dominating, we have the following inequalities:

m(<D>) Z ’YCC(G) - 17
m<<V(G) - D>) >n— IYCC(G) - 17
My, 2N — Yee(G),

where m.,,_, is the number of the edges connecting vertices of V(G) — D to vertices of D.
By summing the inequalities we obtain

m =m((D)) +m({V = D)) +1my,, = 2n = 7e(G) — 2

and thus 2n —m — 2 < 7..(G).

We now show that 7..(G) = 2n —m — 2 if and only if G belongs to the family U.
Let G € U. Then there exist trees T} and 15 such that G € P(11,T5). In such a graph
G the set V(T1) is a doubly connected dominating set. Thus v..(G) < n(T1). Of course
n =n(T1) 4+ n(7T>) and

m =m(Ty) + m(Tz) + n(Tz) = n(T1) — 1 + n(Tz) — 1+ n(Ty) = n(T1) + 2n(Ty) — 2.
It follows that
2n —m —2=2(n(T1) + n(T3)) — (n(Ty) + 2n(Ty) — 2) — 2 = n(Ty).

Consequently v..(G) > n(T1), which together with 7..(G) < n(T1) gives v..(G) = n(T}) =
2n —m — 2.
Conversely, suppose 7..(G) = 2n — m — 2. This implies that

m((D)) = 7ee(G) =1 =n((D)) — 1,
m((V(G) = D)) = n = 5.(G) =1 =n((V(G) = D)) - 1,
My, =N — %C(G)-
It follows that (D) and (V(G) — D) are trees and each vertex of V(G) — D has exactly

one neighbour in D. Thus G is a graph obtained from two trees T} and 75 by adding
n(Tz) edges, one edge joining each vertex of T, to one arbitrarily chosen vertex of 7;. O
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Duchet and Meyniel [3] have shown that for any connected graph G is 7.(G) <
26p(G) — 1 and 7.(G) < 2I'(G) — 1, where ['(G) is the maximum cardinality of a minimal
dominating set of G and [, is the maximum cardinality of an independent set of G. The
next theorem shows that there is no similar result for the doubly connected domination
number of a graph.

Theorem 3.6. Fach of the differences Y. — By and Y. — I can be arbitrarily large.

Proof. We show a graph G for which 7..(G) — Gy(G) = 7e(G) —I'(G) = k for any positive
integer k. Let G be a corona Kj,q o K;. It is easy to observe that the set of end-vertices
Q(G) is the maximum independent set of G and thus 5y(G) = k + 1. The set Q(G) is
also the maximum minimal dominating set of G, so I'(G) = k + 1. Since G is a corona,
from Corollary 2.2 we have v..(G) = |V(G)| =1 =2(k+ 1) — 1 = 2k + 1. It follows that

fch(G> - ﬁO(G> = fVcc(G> - F(G) :; U

4 Edge subdivision and vertex removing

Now we examine the effects on 7..(G) when G is modified by an edge subdivision.

An edge subdivision in a nonempty graph G is an operation of removal of an edge
e = uv and the addition of a new vertex w and edges uw and vw. A graph obtained from
G by subdividing the edge e = uv is denoted by G & wy,.

Theorem 4.1. For every connected graph G we have Yeo(G) < Yee(G @ Wyy).

Proof. Let e = uv be the subdivided edge and let Dy be a minimum doubly connected
dominating set of G & w,,. We consider two cases:

a) w € Dy. Then, since (Dy) is connected, u or v belong to Dy. If both of these vertices
belong to Dy, then Dy — {w} is a doubly connected dominating set of G and thus
Yee(G) < | Dol = Yee(G B wyy). If u € Dy and v ¢ Dy, then Dy — {w} is a doubly
connected dominating set of G and we have the required inequality.

b) w ¢ Dy. Then, since Dy is dominating, u or v belong Dy. Then, similarly as in case
a), we have 7e.(G) < [Do| = Yee( G @ wuy).-

O

Theorem 4.2. The difference Yeo(G @ wyy) — Yee(G) can be arbitrarily large.

Proof. We construct graphs G and G & w,, for which 7..(G ® wy,) — Yee(G) = k for a
non-negative integer k£ > 2.

We begin with two stars K ,_1, £ > 2 and denote their centers by u and v. Next
we add a vertex x and edges joining x with all vertices of the stars. Finally, to obtain
a graph G, we add an edge e = wv and a pendant edge zz’ (see Fig. 3). It is easy to
observe that the set D = {x,2'} is a minimum doubly connected dominating set of G
and thus 7..(G) = 2.
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For the graph G @ w,, notice that the set D,, = N[v]U{z'} —{w} is a minimum doubly
connected dominating set and the size of this set is k& + 2. Thus Ye.(G ® wuy) — Yee(G) =
k+2—-2=k.

Fig. 3 Graphs G and G ® w,, for k = 5.

Theorem 4.3. The difference Ve.(G) — Yee (G — x) can be arbitrarily large.

Proof. Let H be the join Ky, + K;, k > 2, and let G be the graph that results if we
add two pendant edges and two end-vertices x and y to the vertices of degree k + 1 of
the graph H (see Fig. 4). It is easy to observe that V(G) — {z} is a minimum doubly
connected dominating set of G. Thus, 7..(G) = k + 3.

The set Ngly] is a minimum doubly connected dominating set of G — . Thus ..(G —
x) = 2 and finally we have 7..(G) — V(G — ) = k + 1. O

Fig. 4 Graphs G and G — x for k = 4.

Theorem 4.4. The difference V..(G — x) — Yee(G) can be arbitrarily large.

Proof. Let G be the join of a path P on n vertices and K;. Let x be the vertex of Kj.
Clearly we have 7..(G) = 1.

As G — x is a tree, by Corollary 2.3 we have v..(G — z) =n — 1. Thus v..(G — z) —
Yee(G) = — 2. O
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) 2 3 4 o,
Fig. 5 Graph G.

5 Complexity issues for ..

In this section we consider the decision problem of DOUBLY CONNECTED DOMINA-
TING SET as follows

DOUBLY CONNECTED DOMINATING SET (DCDS)
INSTANCE: A connected graph G = (V, E) and a positive integer k.
QUESTION: Does G have a doubly connected dominating set of size at most k?

We show that the decision problem DCDS is NP—complete, even when restricted to
connected bipartite graphs. We will use a well-known NP-completeness result, called
DOMINATING SET, which is defined as follows.

DOMINATING SET (DS)
INSTANCE: A graph G = (V| F) and a positive integer k.
QUESTION: Does G have a dominating set of size at most k7

Garey and Johnson in [4] proved that DS is NP—complete.
Theorem 5.1. DCDS for bipartite graphs is NP—complete.

Proof. We know that DCDS problem for bipartite graphs is in class NP of decision
problems as it is easy to verify in polynomial time whether D is a doubly connected
dominating set.

For any given instance for DS, which is a graph G = (V, E) and an integer k, we
construct a graph H and an integer ¢ as follows:
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V(H)=V(G) x {1,2,3} U {x,y},
EH)={(v,1)(v,2): v e V(G)}

U{(v,2)(v,3): v e V(G)}

U{(v,Dz:veV(G)}

U{(v,1)y: v e V(G)}

U{(v,3)z: v e V(G)}

U{(v,3)y: v e V(G)}

U{(v,1)(w,2): vw € E(G)},
q=Fk+1.

The graph H is connected and bipartite, as every cycle in H has even length. (See Figure
6).

(V,2)

Fig. 6 Reduction from DS to DCDS for bipartite graphs.

Assume first that G has a dominating set D = {v, vo, ..., v}, K < k, of size at most
k. Let F' = {(v1,1), (vg,1),..., (vp, 1), 2}. Since x dominates all vertices in (V, 1)U (V, 3)
and D is a dominating set in G, the set F' is dominating in H. Moreover, from the
construction of H we see that induced subgraphs (F) and (V(H) — F') are connected.
Thus F' is a doubly connected dominating set of H of size at most ¢ = k + 1.

Conversely, assume that F' is a doubly connected dominating set of cardinality at most
q in H. We shall show that G contains a dominating set D of size at most k = ¢ — 1. It
is easy to see that if ¢ > n(G), answers for problems DCDS and DS are "yes”. So assume
q < n(G). We claim that either vertex x or y is in every doubly connected dominating
set of size ¢ < n(G), because a connected dominating set of size at most n(G) that
dominates all vertices of (V,3) and does not contain = nor y does not exist. (Observe
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that in (V' x {1,2,3}) the subset (V,3) is a set of vertices of degree 1.) Thus assume
x € F. Moreover, every doubly connected dominating set F” of size ¢ < n(G) can be
transformed into a doubly connected dominating set F' C (V1) U {z} of size ¢ < ¢; as
follows

o 1 € F,

o if (v;,1) € F’, then (v;, 1) € F};

e if (v;,3) € F’, then (v;, 1) € F}

o if (v;,2) € I, then (v;,1) € F'.
Now, if F' = {(v1,1), (v2,1),...,(v4-1,1), 2} is a doubly connected dominating set of size

¢, then D = {vy,vs,...,v,.1} is a dominating set in G of size k = ¢ — 1.

It is obvious that the transformation used is polynomial, as H has 3n(G) + 2 vertices
and 4n(G) + 2m(G) edges. O
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