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The degree of experimentally attainable nonlocality, as gauged by the loophole-free or effective
violation of Bell inequalities, remains severely limited due to inefficient detectors. We address an
experimentally motivated question: Which quantum strategies attain the maximal loophole-free
nonlocality in the presence of inefficient detectors? For any Bell inequality and any specification of
detection efficiencies, the optimal strategies are those thatmaximally violate a tilted version of the Bell
inequality in ideal conditions. In the simplest scenario, we demonstrate that the quantum strategies
thatmaximally violate thedoubly-tilted versions ofClauser-Horne-Shimony-Holt inequality are unique
up to local isometries. We utilize a Jordan’s lemma and Gröbner basis-based proof technique to
analytically derive self-testing statements for the entire family of doubly-tilted CHSH inequalities and
numerically demonstrate their robustness. These results enable us to reveal the insufficiency of even
high levels of the Navascués–Pironio–Acín hierarchy to saturate the maximum quantum violation of
these inequalities.

Correlations born of localmeasurements performed on entangled quantum
systems shared between distant observers resist local-causal explanations, a
phenomenon known as Bell nonlocality1,2. Apart from their foundational
significance, nonlocal correlations enable several classically impossible
information processing and cryptographic applications such as uncondi-
tionally secure Device-Independent Quantum Key Distribution
(DIQKD)3–7. The efficacy of these applications relies on loophole-free cer-
tification of strong nonlocal correlations. In particular, the detection loop-
hole, posed by the lack of perfect detectors in Bell tests, is themost persistent
obstacle in the experimental realization of strong long-range loophole-free
nonlocal correlations. The detection efficiency of a measuring party is the
ratio of particles detected to the total number of particles emitted by the
source. The effective detection efficiency η depends on the detectors and
decays with the distance from the source. Closing the detection loophole in
Bell experiments amounts to having an effective detection efficiency η
higher than a threshold valueη*, referred to as the critical detection efficiency.

Consequently, significant research efforts have been directed toward
minimizing the critical detection efficiency requirement for loophole-free
certification of nonlocality8–12. However, for real-world applications to be
effective, mere violation of a Bell inequality is insufficient13. Instead, the

efficacy of such applications12 typically requires a high degree of nonlocality
and motivates the question:

Which quantum strategies yield the maximum loophole-free
nonlocality in the presence of inefficient detectors?

As theextentof theviolationofa (facet)Bell inequality corresponds to the
distanceof anonlocal correlation froma facetof the local polytope, it translates
to a reliable measure of nonlocality14. Thus the question above boils down to
finding the quantum strategies that yield themaximal loophole-free violation
of a Bell inequality for specified detection efficiencies. Since the use of ineffi-
cientdetectors results in the occurrence of “no-click” events, todecidewhether
a Bell inequality is violated in a loophole-free way, these events must be
included in the measurement statistics. An experimentally convenient way of
including the “no-click” events is to assign a valid outcome to them15.
Moreover, such local assignment strategies have been proven to be optimal in
the simplestBell scenario16.Weuse local assignment strategies to show that the
quantum state andmeasurementsmaximally violating a given Bell inequality,
in the presence of inefficient detectors, correspond to those maximally vio-
lating, under ideal conditions, a tilted version of the inequality. In the simplest
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Bell scenario,whereup toa relabelingofmeasurements andoutcomes theonly
facet inequality is the Clauser-Horne-Shimony-Holt (CHSH) inequality17,
attainingmaximal loophole-freenonlocality amounts tomaximally violating a
“doubly-tilted” CHSH inequality.

The doubly-tilted CHSH inequalities are generalizations of the tilted
CHSH inequalities considered in refs. 18,19,which correspond to the special
case of one party having access to ideal detectors, and for which both the
maximal violation and the quantum realization attaining it are known. In
fact, in18 it is shown using sum-of-squares (SOS) decompositions that the
optimal state and measurements are unique up to local unitaries, i.e., the
maximal violation self-tests the optimal quantum strategy. In contrast, we
analytically derive self-testing statements for the entire family doubly-tilted
CHSH inequalities as a function of the detection efficiencies via a novel
proof technique based onGröbner basis elimination (for an introduction to
the method for a physics audience see Appendix A of ref. 20) and Jordan’s
lemma (Chapter VII21). We find that the optimal quantum strategy entails
non-maximally incompatible observables for both parties and a partially
entangled two-qubit state, with the optimal observables of a party also
depending on the detection efficiency of the other party.

The analytical self-testing statements enable us to recover, up to arbi-
trary precision, the maximum quantum violation of the doubly-tilted
CHSH inequalities.We compare these values with the corresponding upper
bounds from the Navascués–Pironio–Acín (NPA) hierarchy22,23. Strikingly,
even higher levels (up to level 10) cannot saturate the maximal violation of
the doubly-tilted CHSH inequalities. Consequently, the SOS
decomposition-based self-testing technique18 turns out to be analytically
intractable for the doubly-tilted CHSH inequalities. We conclude by dis-
cussing implications of our self-testing statements towards device-
independent cryptography with inefficient detectors and the complexity
of characterizing the set of quantum correlations via theNPAhierarchy and
the SOS decompositions self-testing method.

Results
Nonlocality with imperfect detectors
Consider a bipartite Bell experiment wherein a source distributes a physical
system to be shared between Alice and Bob. Alice and Bob perform one out
of mA, mB possible measurements, labeled x, y, which have dA, dB possible
outcomes labeled a, b, respectively. The four-tuple (mA,mB, dA, dB) specifies
the Bell scenario. The experiment results in the behavior vector p 2
RmAdAmBdBþ with entries p(ab∣xy) specifying the probability of outcomes a, b
when Alice measures x and Bob measures y. We denote by pA 2 RmAdAþ ,
pB 2 RmBdBþ themarginal vectorswith entries pA(a∣x), pB(b∣y) specifying the
respectivemarginal probabilities. The setL of behaviors p admitting a local-
causal explanation forms a polytope, with local deterministic strategies �p as
vertices satisfying �pðabjxyÞ ¼ δa;axδb;by , where ax, by are local deterministic
assignments.

A quantum strategy is described by the three-tuple ðρ̂AB; fM̂
x
ag; fN̂

y
bgÞ

entailing the shared quantum state ρ̂AB and local quantum measurement
operators fM̂x

ag; fN̂
y
bg which results in a quantum behavior p with com-

ponents,

pðabjxyÞ ¼ Tr ρ̂AB M̂
x
a � N̂

y
b

� �
8 a; b; x; y; ð1Þ

We denote the convex set of quantum behaviors byQ. It is well know that
L � Q and that there exists nonlocal quantum behaviors such that
p 2 Q n L. The hyperplanes containing the facets of L thus separate the
local behaviors from those that are nonlocal, and each of them is associated
with a Bell inequality of the form,

βðpÞ :¼ β � p ¼
X
abxy

βabxypðabjxyÞ≤ βL; ð2Þ

where ( ⋅ ) denotes the inner product in RmAdAmBdBþ , and the vector β 2
RmAdAmBdBþ with the real coefficients βabxy as entries specifies the Bell

functional β(p) and lies in the orthogonal complement of the corresponding
facet. A nonlocal behavior p =2L violates at least one such facet Bell
inequality, such that, βðpÞ>βL. The amount of the violation, βðpÞ � βL, is
related to the distance of p from L, and constitutes a measure of
nonlocality14. We denote the maximal quantum value of the Bell functional
β(p) by βQ.

In the derivation of inequality (2) the detectors are assumed to be
perfect.However in actual experiments detectors sometimes fail to detect an
incoming system, which results in the occurrence of “no-click” events. The
most general way of accounting for a “no-click” event is to consider it an
additional outcome of the local measurements, which enlarges the con-
sideredBell scenario. Amore convenient approach, which preserves the Bell
scenario, consists of locally assigning a pre-existing outcome to each “no-
click” event11,15,24. Moreover, this method is particularly well-suited for our
purposes as we are interested in gauging the effect of imperfect detectors on
the violation of a given facet Bell inequality.

Let ηA, ηB∈ [0, 1] be Alice’s and Bob’s independent detector effi-
ciencies. A local assignment strategy is described by a local behavior q 2 L
with q(ab∣xy) as entries specifying the probability with which the parties
assign the outcomes a, b to failed measurements of x, y, respectively. Then
the effect of inefficient detectors on an ideal behavior p can be summarized
as the following affine map,

~p ¼ ηAηBpþ ηAð1� ηBÞpA � qB

þ ð1� ηAÞηBqA � pB þ ð1� ηAÞð1� ηBÞq;
ð3Þ

where ⊗ is the Kronecker product, qA 2 RmAdAþ , qB 2 RmBdBþ are the
respective marginals of q.

Observe that in (3), the effective behavior ~p is a convex mixture of the
ideal behavior p, the product behaviors pA⊗ qB, qA⊗ pB and the local
assignment strategy q. Since, pA � qB; qA � pB; q 2 L, locally assigning
outcomes to failed measurements cannot increase the value of the Bell
functional βð~pÞ(2) beyond the local bound βL. Hence, we say that a given
Bell inequality (2) is violated in a loophole-freeway if the effective behavior ~p
violates it, such that βð~pÞ > βL. For any given ηA, ηB, we are interested in the
maximal effective or loophole-free violation of a Bell inequality (2),

βð~pÞ � βL: ð4Þ

As ~p depends on the ideal quantum behavior p 2 Q and the local assign-
ment strategy q 2 L(3),finding themaximal loophole-free violation (4) of a
Bell inequality, requires optimizing over bothQ and L. We now present a
useful Lemma which helps resolve this optimization,

Lemma1. For any specification detection efficiencies ηA, ηB and any given
Bell inequality βðpÞ≤ βL (2), the ideal quantum behaviors p 2 Q that yield
the maximal loophole-free violation βð~pÞ � βL(4), are the ones that maxi-
mally violate a tilted Bell inequality βηA ;ηB ðpÞ≤ βLðηA; ηBÞ where
βLðηA; ηBÞ ¼ βL=ηAηB � βð�qÞαðηAÞαðηBÞ and,

βηA ;ηB ðpÞ ¼ β � pþ αðηBÞβA�q � pA þ αðηAÞβB�q � pB; ð5Þ

where α(η) = (1− η)/η, �q is a deterministic assignment strategy with entries
�qðabjxyÞ ¼ δa;axδb;by , andβ

A
�q ,β

B
�q represent single partyBell functionalswith

coefficients βAax ¼
P

y βabyxy, β
B
by ¼

P
x βaxbxy as entries, respectively, such

that, the effective value of the original Bell functional is βð~pÞ ¼
ηAηB βQðηA; ηBÞ � αðηAÞαðηBÞβ � �q

� �
where βQ(ηA, ηB) is the maximum

quantum value of the Bell functional βηA ;ηB .

The proof has been deferred to the Supplementary Information for
brevity. As a consequence of Lemma 1, finding the maximal loophole-free
violation (4) of a Bell inequality amounts to finding themaximumquantum
values of a finite set of tilted Bell functionals of the form (5) associated with
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the finite set of deterministic vertices ofL. In the next section, we exemplify
the application of Lemma 1 and find the maximum loophole-free non-
locality in the simplest Bell scenario for any specification of detection
efficiencies.

Maximal loophole-free nonlocality in the CHSH scenario
We now consider the simplest bipartite Bell scenario, in which Alice and
Bob perform one of the two distinct measurements, x, y∈ {0, 1} and obtain
binary outcomes, a, b∈ {−1, +1}, respectively. It is convenient in this
scenario to introduce correlators, AxBy

D E
:¼ P

ab ab pðabjxyÞ, and mar-
ginals Ax

� �
:¼ P

a a pAðajxÞ, By

D E
:¼ P

b b pBðbjyÞ2. In a quantum
strategy these averages correspond to the expectation values of binary
observables, Âx ¼ M̂

x
þ1 � M̂

x
�1 and B̂y ¼ N̂

y
þ1 � N̂

y
�1 with respect to a

shared quantum state ρ̂AB. Then the nonlocality of a given behavior p can be
witnessed by a violation of the CHSH inequality,

CðpÞ ¼
X
x;y

ð�1Þx�y AxBy

D E
≤ 2; ð6Þ

which up to relabeling of measurements and outcomes is known to be the
only tight and complete Bell inequality in this scenario25. Hence, the vio-
lation of the CHSH inequality C(p)− 2 forms our measure of nonlocality.

We are interested in themaximal loophole-free violation of the CHSH
inequality Cð~pÞ � 2 for any specification of detection efficiencies ηA, ηB.
Therefore, we invoke Lemma 1 with a deterministic assignment strategy,
wherein q(ab∣xy) = δa,+1δb,+1 for all x, y, to retrieve the following doubly-
tilted CHSH inequality,

CηAηB
ðpÞ ¼ CðpÞ þ 2

ηB
ð1� ηBÞ A0

� �þ 2
ηA
ð1� ηAÞ B0

� �

≤ 2 1
ηA
þ 1

ηB
� 1

h i
¼ cLðηA; ηBÞ:

ð7Þ

In the Supplementary Information we demonstrate that the assignment
strategy considered above is optimal for all ηA, ηB. Consequently, for any
given ηA, ηB, the quantum strategies which maximally violate the doubly-
tilted CHSH inequality (7) yield the maximal loophole-free violation of the
CHSH inequality (6). However, not all combinations ηA, ηB allow for such a
violation. In particular, a quantum loophole-free violation of the CHSH
inequality (6) is not possible if the detection efficiencies ηA, ηB∈ [0, 1] fail to
satisfy26–29

ηB >
ηA

3ηA � 1
: ð8Þ

Therefore, (8) provides lower bounds for Bob’s critical detection effi-
ciency η�B ≥

ηA
3ηA�1 given Alice’s detection efficiency ηA 2 ð12 ; 1�, effectively

defining the region (8) of ηA, ηB, where we look for themaximum quantum
violation of doubly-tilted CHSH inequalities cQðηA; ηBÞ.

In the following sections, we find the exact value of cQðηA; ηBÞ along
with the optimal quantum strategies. In Fig. 1, we plot the consequent
maximal loophole-free value of the CHSH func-
tional Cð~pÞ ¼ ηAηBcQðηA; ηBÞ � 2ð1� ηAÞð1� ηBÞ=ηAηB.

Maximal violation of doubly-tilted CHSH inequalities and self-
testing
In this section, we address the problem of computing themaximal violation
of the inequalities of the form (7), which form a two-parameter family, and
the quantum strategies attaining it. A one-parameter subset within this
family is that corresponding to eitherηA = 1orηB = 1, forwhich the solution
is already known. We start by revisiting these results before presenting the
solution for the general case which, remarkably, is far from being a
straightforward generalization of the first.

One inefficient detector
Let us consider an ideal scenario wherein Alice has access to perfect
detectors such thatηA = 1,while Bob’s detectors are imperfect and clickwith
efficiency ηB. Consequently, we retrieve the following family of tilted CHSH
inequalities from (7),

CαðpÞ ¼
X
x;y

ð�1Þx�y AxBy

D E
þ α A0

� �
≤ 2þ α; ð9Þ

where the tilting parameter α ¼ 2
ηB
ð1� ηBÞ is determined by the detection

efficiency on Bob’s side. First, a quantum loophole-free violation of the
CHSH inequality (6) requires ηB 2 ð12 ; 1�, which restricts the tilting
parameter to α∈ [0, 2).

The maximum quantum value of the Bell functional in (9) is
cQðαÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8þ 2α2

p
19. Hence, the maximum loophole-free violation of

CHSH inequality when ηA = 1 is 2
ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η2B þ ð1� ηBÞ2

q
. Recall that, in

terms of the state and measurements ð∣ψ0�; fÂ0
xg; fB̂

0
ygÞ of an optimal

quantum strategy, we can write the maximal quantum value of the tilted
CHSH functional as cQðαÞ ¼ ψ0�

∣Ĉα∣ψ0�, where Ĉα is the tilted CHSH Bell
operator, given by

Ĉα ¼
X
x;y

ð�1Þx�yÂx � B̂y þ αÂ0: ð10Þ

In ref. 18 it is shown that Ĉα admits an SOS decompositions of the form,

cQðαÞ1̂� Ĉα ¼
X
i

P̂
y
i P̂i; ð11Þ

Fig. 1 | Maximum loophole-free violation of the
CHSH inequality. A plot of the maximum
loophole-free value of the CHSH functional,
Cð~pÞ ¼ ηAηBcQðηA; ηBÞ þ ð1� ηAÞð1� ηBÞ2,
against detection efficiencies ηA; ηB 2 ½12 ; 1�, where
we used the analytical expression for maximum
quantum violation of the doubly-tilted CHSH
inequality (7), cQðηA; ηBÞ, derived in Section “Two
inefficient detectors”. The solid red line represents
Bob’s critical detection efficiency η�B ¼ ηA

3ηA�1(8),
below which a loophole-free quantum violation of
the CHSH inequality is not possible26–29.
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in terms of polynomials P̂i in the operators f1̂; fÂ0
xg; fB̂

0
yg; fÂ

0
xB̂

0
ygg. These

decompositions are then used to prove that CαðpÞ ¼ cQðαÞ self-tests the
optimal strategy ð∣ψ�; fÂxg; fB̂ygÞ18,30, where,

∣ψ
� ¼ cos θ∣00i þ sin θ∣11i;
Â0 ¼ σz B̂0 ¼ cos μ σz þ sin μ σx
Â1 ¼ σx B̂1 ¼ cos μ σz � sin μ σx;

ð12Þ

with α ¼ 2=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2tan22θ

p
, tanðμÞ ¼ sinð2θÞ and σx(z) denotes the x(z)

Pauli matrix.
The proof builds upon the observation that for any optimal quantum

strategy ð∣ψ0�; fÂ0
xg; fB̂

0
ygÞ, the SOS decomposition (11) implies that ∣ψ0�

must belong to the null space of the operators P̂i, i.e., it must satisfy the
conditions, P̂i∣ψ0� ¼ 0 for all i. From these conditions it is possible to infer
the existence of operators fẐA; X̂A; ẐB; X̂Bg18, such that,

ẐA∣ψ0� ¼ ẐB∣ψ0�

sin θX̂Að1̂þ ẐBÞ∣ψ0� ¼ cos θX̂Að1̂� ẐAÞ∣ψ0�:
ð13Þ

The conditions (13) ensure the existence of local isometries, ΦA and ΦB,
mapping any optimal strategy ð∣ψ0�; fÂ0

xg; fB̂
0
ygÞ to the reference strategy

ð∣ψ�; fÂxg; fB̂ygÞ in (12), that is,

ΦA �ΦBð∣ψ0�Þ ¼ ∣ψ
�� ∣ junk

�

ΦA �ΦBðÂ
0
x � B̂

0
y∣ψ0�Þ ¼ Âx � B̂y∣ψ

�� ∣ junk
�
;

ð14Þ

where ∣ junk
�
represents the arbitrary state of additional degrees of freedom

on the which the measurements act trivially. Thus the optimal quantum
strategy is unique up to local isometries. We note that while the proof of
relations in Eq. (13) requires an ideal behavior,18 demonstrates that self-
testing canbemade robust.We recall that aBell expressionprovides a robust
self-test for a given quantum strategy, say R if, in a noise-tolerant manner,
the expected value β(p) close to the maximum βQ consistently corresponds
to a strategy ~R in a close neighborhoodof the reference strategyR, up to local
isometries.

Two inefficient detectors
We now consider the most generic experimental setting, wherein the
detectors of both parties may be imperfect and click with efficiencies ηA,
ηB∈ [0, 1].We rewrite for convenience, thedoubly-tiltedCHSHinequalities
(7) for the general case as,

Cα;βðpÞ ¼
X
x;y

ð�1Þx�y AxBy

D E
þ α A0

� �þ β B0

� �
≤ 2þ αþ β; ð15Þ

where the tilting parameter α ¼ 2
ηB
ð1� ηBÞ for Alice’s term A0

� �
depends

on the Bob’s detection efficiency ηB, while Bob’s tilting parameter β ¼
2
ηA
ð1� ηAÞ is determined by Alice’s efficiency ηA. Consequently, the

boundary of the region of interest (8) translates to 0 < α+ β < 2 in terms of
the tilting parameters. We are interested in finding the maximal quantum
value cQðα; βÞ of the doubly-tilted CHSH functional in (15), as well as a
quantum strategy attaining it, as a function of the tilting parameters α, β.
However, the problem is intractable via the analytical techniques from18

described above. We discuss this feature in more detail in Section
“Analytical intractability of SOS decomposition”.

For thegeneraldoubly-tiltedCHSHinequalities (15),weconsiderherean
alternative approach. Since in this scenario both Alice and Bob perform two
dichotomicmeasurements, Jordan’s lemmaensures theexistenceof localbases
in which the two observables of each party take a jointly block diagonal form,
with blocks of dimension atmost two30–32. It follows then that the ensuing Bell
operator associatedwith the Bell functional in (15) also takes a block diagonal
form. Hence, the quantum value can always be expressed as a convex

combinationof two-qubit values.Thus, themaximalquantumvalueof theBell
functional is always achievable with a two-qubit strategy.

Consequently, without loss of generality we can take the local obser-
vables to be,

Â0 ¼ σZ ; Â1 ¼ cA σZ þ sA σX ð16aÞ

B̂0 ¼ σZ ; B̂1 ¼ cB σZ þ sB σX ; ð16bÞ

where cA ¼ cos θA, sA ¼ sin θA, cB ¼ cos θB and sB ¼ sin θB, and θA; θB 2
ð0; π2� are the angles between Alice’s and Bob’s measurements, respectively.
Finally, the doubly-tilted CHSH Bell operator can be expressed as,

Ĉα;β ¼
X
x;y

ð�1Þx�yÂx � B̂y þ α Â0 � 1̂þ β 1̂� B̂0: ð17Þ

We are now prepared to present our main result, namely, the maximal
quantum violation of the doubly-tilted CHSH inequalities (15) which self-
tests the optimal quantum state and measurements attaining it. Here, we
consider the symmetric case with α = β.

Theorem 1. (Self-testing with symmetrically tilted CHSH inequalities) The
maximal quantum value cQðα; αÞ of the symmetrically (α = β) tilted CHSH
functional in (15) for α∈ [0, 1) is the largest real root of the degree 4
polynomial,

f ðλÞ ¼ λ4 þ ð4� α2Þλ3 þ 11
4 α

4 � 12α2 � 4
� �

λ2

þ ð2α6 � α4 � 20α2 � 32Þλþ 5α6 � 21α4 þ 16α2 � 32:
ð18Þ

Moreover, Cα;αðpÞ ¼ cQðα; αÞ self-tests a two-qubit quantum strategy with
optimal (*) local observables of the form (16), such that the optimal cosines
are equal, i.e., c�ðαÞ ¼ c�AðαÞ ¼ c�BðαÞ, and satisfy,

c�ðαÞ ¼ 1
8

3α2 � 4þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16þ 9α4 þ 8α2ð2cQðα; αÞ � 1Þ

qh i
: ð19Þ

Proof. The proof relies on Lagrange multipliers to recast the problem as a
system of nonlinear polynomial equations, which is then solved via elim-
ination using Gröbner basis (see Appendix A of 20). The elimination step
was carried out in Mathematica; for the convenience of the reader we
provide a Mathematica notebook containing the proof 33.

Consider the parametrization presented in (16) and assume α = β.
Then the Bell operator in (17) has the following matrix representation

Ĉα;α ¼

ωþ 2α sB � cAsB sA � cBsA �sAsB
sB � cAsB �ω �sAsB ðcB � 1ÞsA
sA � cBsA �sAsB �ω ðcA � 1ÞsB
�sAsB ðcB � 1ÞsA ðcA � 1ÞsB ω� 2α

0
BBB@

1
CCCA ð20Þ

whereω = 1+ cA+ cB− cBcA. The characteristic polynomial of (20) has the
expression,

qðλ; cA; cB; αÞ ¼ λ4 � ð4α2 þ 8Þλ2
þ 8α2ðcAcB � cA � cB � 1Þλ
þ 8 2ðc2A þ c2B � c2Ac

2
BÞ

	

þ α2ðc2AcB þ cAc
2
B � c2A � c2B � cA � cBÞ



:

ð21Þ

Note that parameters sA, sB have been rewritten in terms of cA, cB, so
that (21) is a polynomial function of the cosines. For the optimal quantum
strategy, cA ¼ c�AðαÞ, cB ¼ c�BðαÞ, the maximal quantum value cQðα; αÞ
corresponds to the maximum eigenvalue λ*(α) of (20). Hence, to find the
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maximal quantum value cQðα; αÞ we need to maximize the largest root of
(21) over the parameters cA, cB∈ [0, 1).

The Lagrangian for this optimization problem is

L ¼ λþ s � qðλ; cA; cB; αÞ; ð22Þ

where s is a Lagrange multiplier. A stationary point of L satisfies the con-
ditions ∂λL ¼ ∂cAL ¼ ∂cBL ¼ ∂sL ¼ 0, and is therefore a solution of the
following polynomial equations,

∂λL ¼ 0; ð23aÞ

∂cAqðλ; cA; cB; αÞ ¼ 0; ð23bÞ

∂cBqðλ; cA; cB; αÞ ¼ 0; ð23cÞ

qðλ; cA; cB; αÞ ¼ 0: ð23dÞ

The cosines c�AðαÞ; c�BðαÞ parametrizing the optimal measurements, and the
maximal quantum value cQðα; αÞ ¼ λ�ðαÞ, are thus common roots of the
polynomials ∂λL; ∂cAq; ∂cBq, and q in (23). These polynomials define a ring,
forwhich aGröbner basis20 is computed,which in turn is used to eliminate s,
cA and cB.

The eliminationprocedure results in adegree 6polynomial over λ. Two
out of the six roots, 2(1+ α) and 2(1− α), coincide with and remain below
the classical bound for all α∈ [0, 1], respectively. Taking the quotient of the
degree 6 polynomial with respect to the product of these two roots results in
f(λ) in (18). Again, only the largest root λ*(α) of f(λ) violates the local bound
2(1+ α) for α∈ [0, 1), and hence cQðα; αÞ ¼ λ�ðαÞ.

To derive the optimal cosines c�AðαÞ, c�BðαÞ, we consider the Eqs. (23b),
(23c). Since, cB = 1, cA = 1 correspond to compatible measurements, we
divide (23b), (23c) by their respective factors 8(1− cA), 8(1− cB), to retrieve
the following equations,

ðα2 � 4cAÞð1þ cBÞ þ 2α2cA þ α2λ ¼ 0; ð24aÞ

ðα2 � 4cBÞð1þ cAÞ þ 2α2cB þ α2λ ¼ 0: ð24bÞ
Taking the difference of (24a) and (24b) to eliminate λ, we retrieve the
condition, α2 � 4

� �ðcA � cBÞ ¼ 0. Since α∈ [0, 1), we conclude that the
optimal cosinesmust be equal, i.e., c�AðαÞ ¼ c�BðαÞ ¼ c�ðαÞ. Plugging cA = cB
= cback into (24a), wefind that the optimal cosine c*(α)must be a root of the
following degree 2 polynomial,

hðcÞ ¼ 4c2 þ ð4� 3α2Þc� α2ð1þ λÞ: ð25Þ

We find that, for allα∈ [0, 1) and λ ¼ λ�ðαÞ ¼ cQðα; αÞ, the optimal cosine
c*(α) corresponds to the largest root of (25), given by (19), since the other
root c0 ¼ cA ¼ cB =2 ½0; 1Þ. Since the optimal cosine c*(α) (19) is uniquely
determined by cQðα; αÞ, we conclude that the optimal measurements are
self-tested by the optimal quantum valueCα;αðpÞ ¼ cQðα; αÞ. Moreover, we
find that the maximum eigenvalue of (20) with optimal settings
cA = cB = c*(α) is nondegenerate (since no other eigenvalue violates the
local bound 2(1+ α)) for all α∈ [0, 1), which implies that Cα;αðpÞ ¼
cQðα; αÞ also self-tests theoptimal two-qubit non-maximally entangledstate
specified by the eigenvector associated with the maximum eigenvalue.

In Fig. 2, we the plot the optimal cosine cA = cB = c*(α) parametrizing
the optimalmeasurements (16) and the Schimdt coefficient ξ*of the optimal
partially entangled two-qubit state against α∈ [0, 1) self-tested by
Cα;αðpÞcQðα; αÞ. The analogous self-testing statements for the general case
ofα ≠ β are contained inTheorem2, which, alongwith the analogous proof,
has been deferred to the Supplementary Information for brevity. In parti-
cular, in contrast to the symmetric (α = β) case for which a closed-form
solution is presented in theMathematica notebook33, themaximal quantum
value cQðα; βÞ in the general case (α ≠ β) corresponds to the largest real root
of a degree 6 polynomial, which can be obtained numerically to any desired
precision.

Robust self-testing
To demonstrate the robustness of the self-testing statements in Theorem 1,
we use the numerical SWAP method introduced in refs. 34,35. The
numerical SWAP technique utilizes the NPA hierarchy to obtain lower
bounds F �

L ≤F � ≤F on the fidelity F between the state ∣ψ0� in a given
quantum strategy and the reference state ∣ψ

�
which is self-tested, say by the

maximal quantum violation βðpÞ ¼ βQ of a Bell inequality (2), where L is
level ofNPAhierarchy. It builds upon the fact that, in case of self-testing, the
local isometries of the form (14)mapping an optimal state to the target state
∣ψ
�
can be implemented via a partial SWAP unitaryUSWAPwhich depends

on the optimal measurements. It follows then that every state in an optimal
quantum strategy, and only those states, saturate the inequality
F ¼ ψ

�
∣USWAP∣ψ0�≤ 1. Hence, the problem of certifying that themaximal

quantumvalue of a Bell functional self-tests the target state can be rephrased
as that of checking whether the minimal fidelity F �, over optimal realiza-
tions, is 1. The advantage in this recasting of the problem is that the finding
the minimal fidelity F � can be relaxed via the NPA hierarchy.

Another advantage of this method is that it can be used to numerically
study the robustness of the self-testing results. Ifminimization ofF is carried
over quantum strategies attaining a suboptimal functional value
cQðα; αÞ � ϵ, then theminimum fidelityF � quantifies how close the state in
any such strategymust be to the target ∣ψ

�
. In Fig. 3, we plot the numerically

computed lower bounds on minimum fidelity F �
L ≤F � from level L of the

NPA hierarchy against the value of the symmetrically tilted functional

Fig. 2 | Self-testing of non-maximally incompa-
tible measurements and non-maximally
entangled state. Plots of (i.) (solid blue line) the
optimal cosine cA = cB = c*(α) (16), and (ii.) (dashed
orange line) the Schmidt coefficient ξ* of the optimal

non-maximally entangled quantum state ∣ψ
� ¼

ξ�∣00i þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ξ�2

q
∣11i (represented in the Schmidt

basis), against the tilting parameter α∈ [0, 1), self-
tested by the maximal quantum value Cα;αðpÞ ¼
cQðα; αÞ of the symmetrically (α = β) tilted CHSH

inequality (15). As α→ 1 (η ! 2
3), the optimal qubit

measurements as well as the optimal two-qubit
entangled state become almost compatible and
product, respectively.
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Cα,α(p), forα∈ {0.2, 0.3, 0.4, 0.6, 0.8}. Since the optimal observables Â1 and B̂1
are given by some linear combination of gates Ẑ and X̂ in the SWAP circuit
(16), to find F �

L, we introduce extra dichotomic operators Â2 and B̂2 to
account for theX gate onAlice’s and Bob’s side and impose the relevant extra
constraints bymeans of localizingmatrices34.We find that level 3 of theNPA
hierarchy is enough for producing the fidelity curves for α < 0.9, but higher
valuesofα require increasing levelsof thehierarchy.This rise in theminimum
hierarchy level required for certification is also observed in the calculation of
NPA upper bounds for the maximal quantum value cQðα; αÞ≤ cQL

ðα; αÞ,
whichwe address in the following subsection.As can be seen in thefigure, the
minimal fidelity becomes F �

L ¼ F � ¼ 1 when the functional value is
maximal, as expected from the discussion above. In particular, for α > 0.3 a
clear change in behavior in the fidelity curve is observed when the functional
value reaches the local bound Cα;αðpÞ ¼ cLðα; αÞ ¼ 2ð1þ αÞ, after which
the dependence is almost linear.

Analytical intractability of SOS decompositions
As already mentioned above, the SOS decompositions found in the case of
one ideal detector do not easily generalize to the general case of efficiencies

ηA, ηB < 1. On one hand, failed numerical attempts to find tight SOS
decompositions with degree 2 polynomials suggested they were not avail-
able for somevalues of the tiltingparametersα,β. Since apolynomial-degree
SDP relaxation of the SOS problem is dual to the moment SDP relaxation
introduced byNPA, we started by charting, in the tilting parameter space α,
β∈ [0, 2], theminimum levelL required for theNPAupper bound cQL

ðα; βÞ
to be tight such that cQL

ðα; βÞ ¼ cQðα; βÞ, where the maximal quantum
values cQðα; βÞ of the doubly-tilted CHSH inequalities are obtained from
Theorem 1 and 2 up to any desired precision. We show the results of this
numerical exploration in Fig. 4.

As the figure shows, there is a rapid increase of L as the tilting
parameters approach the critical boundary α+ β = 2. In particular, for
α = β = 0.999 we find that not even L = 10 is enough for the NPA upper
bound to match themaximum quantum value, as illustrated by the upper
bound sequence in Fig. 5. In particular, to a 12-digits approximation
the analytical answer is cQðα ¼ 0:999; β ¼ 0:999Þ ¼ 3:9980 0000 1333,
whereas the NPA hierarchy gives the upper bound of
cQL¼10

ðα ¼ 0:999; β ¼ 0:999Þ ¼ 3:9980 0000 2190. These high precision
calculations were performed using the toolkit for non-commutative

Fig. 3 | Robustness of the self-testing statements.A
plot of lower bounds F �

L on the minimum quantum
fidelity F �

L ≤F � from the level L = 3 of NPA hier-
archy between the actual state and the optimal self-
testing state against the observed value Cα,α(p) of the
symmetrically (α = β) tilted CHSH functional (15)
for tilting parameters α∈ {0.3, 0.4, 0.5, 0.6, 0.7, 0.8}.

Fig. 4 | Increasing levels for tight NPA upper
bounds in the CHSH scenario. A plot of the
minimum level L∈ {1, 1+ AB, 2, 3, 4, 5, 6, 7+} of the
NPA hierarchy required to saturate the maximum
quantum value cQðα; βÞ of the doubly-tilted CHSH
inequality (15) such that cQL

ðα; βÞ ¼ cQðα; βÞ for α,
β∈ [0, 2]. Notably, while level 1+ AB suffices when
either α = 0 (x-axes) or β = 0 (y-axes), the required
minimum level of the NPA hierarchy rapidly
increases as the tilting parameters tend toward the
critical boundary α+ β = 2.
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polynomial optimization Moment36, the modeler YALMIP37, and the
arbitrary-precision solver SDPA-GMP38.

These observations raise the question ofwhether there is afinite level at
which the NPA upper bound coincides with the maximum quantum value
for all tilting parameters α, β. Because of the SDP duality mentioned earlier,
it is easy to see that NPA level L corresponds to polynomial degree on the
SDP relaxation of the SOS decompositions problem. Thus the problem of
finding tight SOS decompositions (of the form (11)) for the doubly-tilted
CHSH inequalities (15) is intractable via analyticalmethods described in ref.
18 for the tilted CHSH inequalities (9).

Discussions
In this work, we addressed the problem of finding the quantum strategies
that maximize the loophole-free violation of a given Bell inequality in the

presence of inefficient detectors. In Lemma 1, we demonstrate that for any
Bell inequality and any specification of detection efficiencies, the quantum
strategies that yield the maximal loophole-free violation are the ones that
maximally violate a tilted version of the Bell inequality. We then consider
the CHSH inequality (6) to retrieve a family of doubly-tilted CHSH
inequalities (7) from Lemma 1. As our main result, we analytically derive
self-testing statements (Theorem 1 and Theorem 2) for the doubly-tilted
CHSH inequalities, entailing the maximal quantum violation and the
ensuing optimal quantum strategy. We note that the maximal quantum
violation of the symmetrically (α, β) tilted CHSH inequality (15) from
Theorem 1 differs from that reported in11. Additionally, it is worth noting
that thenonlocal correlationsmaximally violating the symmetrically (α = β)
tilted inequalities in (15) also maximize the sum A0

� �þ B0

� �
for a given

value C(p) of the CHSH functional. Consequently, the quantum strategies
obtained via Theorem 1 allow us to recover the boundary of the set of
quantum correlations on the slice C(p) vs A0

� �þ B0

� �
of the no-signaling

polytope, plotted in Fig. 6. Furthermore, these quantum strategies have
found application in the recently introduced routed Bell experiments11,12,29.

Besides providing a convenientway forfindingquantumstrategies that
generate the maximum loophole-free nonlocality, Lemma 1, and in parti-
cular the expression of the tilted Bell inequalities (5), offers crucial insights
into how the optimal quantum behaviors move with the efficiencies of the
detectors, in the no-signaling polytope. Essentially, with decreasing effi-
ciencies, the hyperplane corresponding to the Bell inequality in (5) tilts
about a local deterministic point specifiedby the assignment strategy, in turn
moving the optimal strategy along towards the local polytope L, and spe-
cifically towards the local deterministic point. We exemplify this observa-
tion in Fig. 6.

The family of self-testing statements in Theorem 1 and 2 provide
crucial insights into how decreasing detector efficiency affects optimal
quantum strategies. For inefficient detectors ηA, ηB < 1, the optimal strategy
requires partially entangled states for maximal loophole-free nonlocality
and the degree of entanglement decreases as the efficiencies approach the
critical values (8), as the state becomes almost product (see Fig. 2 for the
symmetric (α = β) case).While this finding is in line with observations from
the known asymmetric case ηA = 1, the optimal measurements for the
general case ηA ≠ ηB present an intriguing deviation. Specifically, in the
asymmetric case ηA = 1 (β = 0), Alice’s optimal measurements (12) remain
maximally incompatible irrespective of Bob’s detection efficiency ηB∈ (1/2,
1] (α∈ [0, 2)), while Bob requires partially incompatible measurements
whose incompatibility decreases with his decreasing efficiency ηB (α),
approaching almost compatible measurements as ηB→ 1/2 (α→ 1).
However, the situation changes significantly when both detectors are inef-
ficient. As we illustrate in Fig. 7, in contrast to the asymmetric case, Alice’s
measurements depend non-trivially on Bob’s detection efficiency ηB.
Interestingly, whenever ηA < 1 (β > 0), Alice’s optimal measurements

Fig. 5 | Error in estimation of maximum quantum
violation with high levels of NPA hierarchy. The
curves in plot (a) correspond to the difference
cQL

ðα; αÞ � cQðα; αÞ (×10−8) between the upper-
bounds from the levels L ∈ {7, 8, 9, 10} of the NPA
hierarchy and the maximal quantum violation
cQðα; αÞ of symmetrically (α = β) tilted Bell
inequalities (15), against α∈ [0.99, 1], obtained with
an arbitrary precision solver SDPA-GMP38 and our
analytical solution (Theorem 1), respectively.

Fig. 6 | Effect of inefficient detectors on nonlocal correlations. This graphic
illustrates the impact of detector inefficiencies on nonlocal quantum correlations
within the simplest Bell scenario. The blue region represents the set of quantum
correlations p 2 Q. The solid blue curve represents the boundary of Q on the slice
C(p) vs A0

� �þ B0

� �
of the no-signaling polytope. With the detection efficiencies

ηA = ηB = 0.85, and the local assignement strategy q(ab∣xy) = δa,+1δb,+1, the effective
quantum correlations ~p (3) are constrained to the smaller orange subset. The blue
dot on the solid blue curve corresponds to the isotropic behavior piso that maximally
violates the CHSH inequality (6), CðpisoÞ ¼ 2

ffiffiffi
2

p
, in ideal conditions, while the

corresponding effective behavior (blue dot on the solid orange curve) ~piso no longer
attains the maximum loophole-free violation of the CHSH inequality,
Cð~pisoÞ � 2:08854. The red dot on the solid blue curve corresponds to the quantum
behavior ptilted which maximally violates the doubly-tilted CHSH inequality (7)
(dashed black line), CηA ;ηB

ðptiltedÞ ¼ 2:98098. The corresponding effective behavior
(red dot on the solid orange curve) ptilted attains the maximum loophole-free vio-
lation Cð~ptiltedÞ � 2:19876 of the CHSH inequality, thereby, exemplifying Lemma 1.
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sharply tend towards compatible as ηB (α) approaches the critical boundary
(α→ 2− β) (8). This observation highlights the natural importance of
partially incompatible measurements in device independent cryptography
with imperfect detectors39.

Besides the inferences concerning the maximal effective nonlocality in
the presence of inefficient detectors, Theorem 1 and 2 allow us to reveal a
fascinating intricacy.While theNPAhierarchy is claimed to not converge to
the set of quantum correlations in general, i.e., limN!1 QL 	 Q, lower
levels (e.g., L = 1+AB, 2, 3) were widely believed to be sufficient to char-
acterize extremal quantum correlations in the CHSH scenario. However, in
striking contrast to thewidely held belief, we demonstrate in Figs. 4 and 5, as
the tilting parameters α, β > 0 approach critical limit α+ β→ 2, the level L
of NPA hierarchy required for a tight upper bound on the maximal
quantum value of doubly-tilted CHSH functional (15) increases drastically
(Fig. 4). This effect is the most pronounced for the symmetric case α = β
where we find that even level 10 of the NPA hierarchy does not yield tight
upper bounds on the maximal violation of the symmetrically tilted CHSH
inequalities as α→ 1 (Fig. 5). Crucially, it remains unclear if any finite level
of NPA will be enough to characterize all extremal quantum correlations
even in the CHSH scenario. This effect also renders the traditional SOS
decomposition method impractical for deriving analytical self-testing
statements intractable.

Evenmore strikingly, this unexpected feature is observed for quantum
behaviors maximally violating the doubly-tilted CHSH inequalities (15)
near the critical boundary α+ β = 2, as depicted in Fig. 4, which are require
with almost compatible measurements (Fig. 7) and almost product states.
Since the level 1+AB is enough for the asymmetric case β = 0 wherein
Alice’s optimalmeasurement remainsmaximally incompatible, irrespective
of the value of α, the effect of increasingNPA levels seems to be linked to the
aforementioned intricate dependency of the optimal partially incompatible
measurements on the tilting parameters 0 < α, β < 2, and which becomes
sharper as the optimal measurements for both parties become almost
compatible as α+ β→ 2. These results then raise the question of whether
the complexity of the characterization of extremal nonlocal quantum cor-
relation, as measured by the minimum level of the NPA hierarchy required
to saturate themaximal quantum violation of the associated Bell inequality,
is related to the partial incompatibility of the quantum measurements
realizing them.

Code availability
TheMathematica notebooks illustrating the proofs of Theorem 1, Theorem
2, and Lemma 2 are available online33.
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