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A B S T R A C T   

The paper describes an experimental and numerical study of size effect on concrete cylindrical 
specimens in splitting tensile test. Own experimental campaign was performed on specimens with 
5 various diameters from D = 74, 105, 150, 192 and 250 mm with hardboard loading strips 
(distributed load according to standard methods) scaled proportionally to the specimen diameter. 
The crack opening-control system was applied to obtain the post-peak behaviour of all tested 
specimens including catastrophic behaviour (snap-back). The tested specimens at a certain point 
were unloaded and scanned with novel high-resolution micro tomography to analyse the macro 
cracks and phenomena like aggregate breakage, crack branching etc. at the aggregate level. Based 
on realistic mesostructure the discrete element method (DEM) 2D model of 3 specimens with 
diameters of D = 74, 150 and 250 mm were constructed and tested. The fracture was analysed at 
macro and micro-level in DEM and directly compared with microCT scans. DEM simulations 
revealed additional information related to the loss of material strength and ductility with 
increasing specimen size (size effect). The simulation and experimental results were in good 
agreement.   

1. Introduction 

1.1. Size effect 

The size effect is an important phenomenon in cementitious composites, which are the most used building materials. With the 
increase of the element size, the nominal strength (maximum load capacity) and material ductility decrease. Both parameters have 
significant importance on the engineering construction’s safety [1]. This is due to the simplified material properties definitions in 
common engineering understanding, which do not include phenomena at an aggregate level and lower. In small scale, the concrete 
specimen exhibits quasi-static response in the post-peak phase, while on in large scale, the post-peak part change into catastrophic 
snap-back behaviour, due to the sudden drop in strength related to a positive slope in a load–deflection softening branch. 

The physical understanding of size effects is of major importance for civil engineers who try to extrapolate experimental outcomes 
at laboratory scale to actual structures of a practical size. Since large structures are strongly beyond the range of samples tested in 
laboratories, their design has to rely on a realistic extrapolation of testing results with smaller element sizes and accurate numerical 
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models based on the physical phenomena. 
Quasi-brittle materials like concrete are subjected to two basic size effect types: (1) statistical (stochastic) and (2) deterministic 

(energetic) size effect. The nature of the deterministic size effect comes from the intrinsic characteristics of quasi-brittle materials 
subjected to the fracture process. Damage is initiated at micro-level by the formation of micro-cracks which concentrate in the weakest 
spot of the material subjected to tensile stress. Micro-cracking causes macroscopic intensive strain volume called fracture process zone 
(FPZ). When finally discrete crack occurs, the FPZ precedes the macrocrack ahead of its propagation path. The width of FPZ depends on 
the micro- and meso-structure, thus from the concrete mix design and as the material constant is independent on the specimen size. 
However, if the samples size increases the remaining elastic part also increases. The proportion of energy dissipated in the FPZ due to 
fracture and the elastic energy released in the remaining sample volume defines the failure type. If the energy absorbed in FPZ is 
greater than the elastic energy of the remaining part, which occurs in small samples, the failure is quasi-brittle as certain redistribution 
of stresses is possible. It also contributes to higher tensile strength. For large specimens, the elastic energy released is greater than the 
absorption in FPZ and the sample exhibits catastrophically-brittle failure and lower strength [2]. 

A statistical (stochastic) effect is caused by the spatial variability/randomness of the local material strength and occurs in concrete 
structures of a positive geometry. The larger size of the concrete member is, the more weak spots occurs [3]. For structures of a 
practical size, the size effect follows neither the plastic limit load theory nor the linear elastic fracture mechanics. The deterministic 
size effect is important for moderate size structures. The Weibull statistical size effect has usually a lower impact on nominal strength 
than deterministic one, moreover, the strength dependence is weaker for small sizes than for large ones and significantly increases as 
an asymptotic limit for very large size structures [4,5]. In addition, the statistic size effect is caused by strength scatters affecting the 
local stress fields and therefore, the nominal strength [6–8], which should be taken into consideration. In spite of the sample 
experimental evidence, the physically based size effect is not taken into account in practical design rules of engineering structures, 
assuring a specified safety factor with respect to the failure load. Instead, a purely empirical approach is sometimes considered in 
building codes which is doomed to yield an incorrect formula since physical foundations are lacking. Therefore, the understanding of a 
size effect is of major importance to ensure the safety of the structure and to optimize the material behaviour. 

1.2. Splitting tensile test 

The splitting tensile (Brazilian) test is the most popular laboratory test on concrete to determine its tensile strength due to loading 
and specimen shape simplicity. Moreover, for existing structures assessment cylindrical shape specimens are always sampled. This test 
consists of applying a distributed compressive force along the length of a concrete cylinder, which induces a primarily tensile stress 
perpendicular to the loading plane of the specimen’s cross-section with sharp compressive stress near the points of load application. 
The splitting tensile strength is generally greater than the direct tensile strength and lower than the flexural strength [9]. 

Due to rapid damage of the specimen in the displacement control test, the CMOD (crack mouth opening displacement) should be 
introduced. Thus, the postpeak behaviour of the specimen can be studied. In the Brazilian test, both fracture modes are active (mode I 
and II), however, mode I one is more significant. Propagation, branching and coalescence of the crack can be captured only if the 
CMOD is used. The normal components of displacement discontinuity near the crack tip (CTOD-crack tip opening displacement) on the 
indirect tensile tests are much more important than the shear (CTSD-crack tip sliding displacement) [10–14] due to the nature of the 
test. That is why this paper will refer to CMOD as only normal components of the crack mouth opening displacement. 

It was experimentally proven that a splitting tensile test is subjected to the size effect (on the strength) depending on the cylindrical 
specimen diameter due to a non-uniform distribution of the tensile stress, caused by compression regions at the loading/supporting 
points [15–19]. However, to the authors’ knowledge, no experimental data was published considering a brittleness increase with 
increasing diameter in the Brazilian splitting test. Whereas the size effect is characterised by both the strength and ductility reduction 
with increasing specimen size. Therefore, the own experimental campaign was performed to measure the size effect both on strength 
and brittleness (see Section 2). 

Fig. 1. Overview on X-ray micro-tomograph Skyscan 1173: A) X-ray source, B) flat panel (detector) and C) precision object manipulator (posi-
tioning stage) [29]. 
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1.3. Micro-computed tomography 

Various methods may be used for fracture analysis of concrete, among them: scanning electron microscopy (SEM) [12], high-speed 
photography [21], laser speckle interferometry [22], acoustic emission [23], X-ray technique [24,25], Moiré method [26] and Digital 
Image Correlation (DIC) technique [27]. 

The x-ray micro-tomography (called briefly micro-CT) is a 3D imaging technique that uses x-rays to create vertical cross-sections of 
a physical object that is used to reconstruct a virtual 3D model without destroying the original object [28,29]. The micro-CT consists of 
an x-ray emission gun, rotating stage and flat panel sensitive to x-ray emission detecting the x-ray magnitude. The analysed specimen is 
being rotated around the vertical axis with a small rotation step. At each step, a 2D black-white image of a specimen with the density 
map (based on the x-ray absorption) is saved in the computer’s memory. To create a 3D image of the specimens’ internal structure, a 
total rotation of 180◦ is necessary. For specimens with a higher density (large x-ray absorption), the rotation of 360◦ is used. After that, 
the 2D image is reconstructed in every horizontal section from individual 2D scans. The reconstructed specimen images may be then 
rendered and analysed both qualitatively and quantitatively in 3D. The x-ray micro-tomograph Skyscan 1173 represents a new 
generation in high-resolution desktop X-ray micro-tomography systems (Fig. 1) [24,25,29]. The scans are completed up to ten times 
faster with the same resolution and image quality as compared to previous micro-CTs with a fixed source-detector design. The scanner 
was equipped with the newly developed 130 keV microfocus x-ray source with a very stable focal spot position and flat panel sensor of 
a large format (5 Mpx) with special protection by a lead-glass fibre-optic window. As compared to usual X-ray micro-tomographs, this 
scanner has two basic advantages: a) large specimens up to 150 mm in diameter may be scanned and b) the specimens are scanned with 
higher resolution (2–3 µm). 

The basic outcome of CT scans is a greyscale image (Fig. 2a) representing the densities of the objects (the whiter is the object, the 
higher is its density). In the first step, the region of interest must be chosen to pick the area for further analyses (Fig. 2b). Then to 
distinguish the desired phase (aggregate, cement matrix, pores or crack), a suitable threshold has to be applied, based on density 
histograms. Choosing high densities, the aggregate may be analysed (Fig. 2c). Finally, aggregate morphology may be quantitatively 

Fig. 2. Mid-section of specimen with diameter D = 74 mm: a) original scan image, b-d) region of interest (ROI) for further analyses [30].  
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measured (Fig. 2d). The parameters as each object surface, volume, porosity (opened and closed pores), the centre of gravity, 
orientation in 3D, major diameter, sphericity, moments of inertia and many others may be extracted from the micro-CT scans. 

1.4. Aim and scope 

First, the paper describes experimental results of the size effect in the tensile splitting test performed with CMOD-control, which 
enabled registering concrete’s post-peak behaviour and study of the failure type transition typical for size effect, previously observed 
mainly in flexural and tensile tests [31–33]. Secondly, the microCT analysis of cracks morphology was used to investigate the micro- 
structural phenomenon affecting the size effect. Last, the discrete element method (DEM) 2D model based on microCT scans with 
realistic micro-structure was employed to study the fracture process in detail. The DEM model anticipated the size effect both as the 
strength reduction and the brittleness increase. This article is an extension and supplement to the article by Suchorzewski&Tejchman 
(2019) [34]. More details and new results with deep analysis are presented here. The focus was laid on the experimental work and 
tomography scanning results, in contrast with [34], where basic numerical calculations were presented. 

2. Experiments 

2.1. Specimens and test procedure 

The presented experimental results have been planned, executed and obtained by the first author as a part of his PhD thesis [30]. 
The experimental programme on splitting tensile with specimens of the diameter D = 74, 100, 150, 192 and 250 mm under the CMOD 
control was carried out (Fig. 3). The specimens were sawed out from one concrete block with the dimension 200 × 200 × 20 cm3 after 
28 days from casting to obtain results independent of drying shrinkage [35]. After that, the specimens were kept in water until testing 
after 90 days. The concrete recipe was presented in Table.1. The maximum aggregate diameter was 16 mm. The w/c ratio was equal to 
0.53 and the water-binder ration w/b = 0.44 with a binder content of 400 kg/m3 and the sand point of 43.7 % [30]. 

The specimens were loaded via the hardboard strips with the dimensions: b = 10 mm and t = 4 mm for D = 150 mm (according to 
the European provisions EN 12390:2012 [36]). For other diameters, the strips width b was proportionally scaled with the diameter 
(constant ratio b/D = 0.1) to exclude the influence of boundary conditions [37,38]. Thus, the vertical load was respectively transferred 
to the specimen through surface contact and the boundary condition influence was eliminated. The effect of the loading type was 
investigated in our previous work [34]. The specimens were loaded with static loading machine ZWICK Roell Z400. The machine was 
equipped with a crack opening extensometer (Sandner EXR10-2x) within the measurement range of ± 2 mm with a maximum error of 
2 %. The extensometer base was equal to 40 mm. The extensometer was located at the mid-height of the concrete specimen and glued 
to the specimen front side. The quasi-static tests were performed under the CMOD-control with the displacement rate of 0.00001 (1 ×
10− 5) mm/s. The CMOD-time relationship was perfectly linear in all tests. The CMOD rate was not scaled with the specimen diameter 
since the loading had a static character. 

The specimens’ thickness/length was equal to L = 200 mm, and as reported in previous works of Carmona et al. (1998) [17] and 
Lamond (2006) [39] the thickness over 5xdmax (5x16 mm = 80 mm) does not influence the results. Even though, two specimens were 
tested to double-check the test sensibility for the specimen length. The standard [36] specimen with the length of L = 300 mm and 
shorter specimen L = 100 mm with the same standard diameter D = 150 mm were tested. Neither the strength, nor the post-peak 
behaviour was influenced more than 4% due to specimen length (Fig. 4). 

2.2. Results 

The tensile stress versus the normalised crack opening is presented in Fig. 5A. The tensile stresses were calculated from the common 
formula σ = 2P/(πDL), where P is a vertical force, D is the diameter of the specimen and L is specimen length. A clear decrease of 
strength with increasing diameter was observed. Also, the large specimens were more brittle after the peak. The specimen of the 
diameter D = 74 mm reached the average tensile strength of σ = 4.35 MPa, for D = 100 mm - σ = 3.55 MPa, for the standard diameter D 

Fig. 3. The specimens with plywood strips scaled proportionally with specimens’ diameter (b/D = const.) [22].  
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= 150 mm - σ = 3.22 MPa, for D = 192 mm - σ = 2.80 MPa and for the largest diameter D = 250 mm - σ = 2.65 MPa. 
Fig. 5B presents the evolution of the tensile stress σ versus the normalized vertical displacement v/D for the different specimen 

diameters. The results’ scatter concerning the strength and post-peak behaviour decreased with increasing specimen diameter D. Apart 
from the decreasing strength, the brittleness increased significantly in the softening part of the curve. For the specimens D = 74 mm 
and D = 100 mm, it was characterised by the increasing displacement after the peak while for D = 150 mm, D = 192 mm and D = 250 
mm, by the decreasing displacement after the peak (snap-back). 

The crack patterns after full failure are shown in Fig. 6 for all tested specimens’ diameters after failure. For the specimen D = 74 mm 
with a higher peak load, the crack had two branches dividing a central part of the specimen from the other two halves (Fig. 6A left). For 
the second specimen with the same diameter, no wedges were observed under supports, however, a secondary crack occurred at the 
right top of the specimen at the circumference (Fig. 6A right). For the rest of the specimens, a single crack occurred with characteristic 
wedges under loading/supporting strips. The larger diameter of the specimen was, the less the curvature of the crack appeared. 

Table 1 
Concrete mixture recipe for 1 m3 [30] (Suchorzewski 2019).  

Concrete mixture for 1 m3 

Ingredient Type Amount [%] Mass [kg] 

cement CEM III 42.5 N  330 
water mixing  176 
aggregate sand 0–2 45 817  

gravel 2–8 25 454  
gravel 8–16 30 545 

admixtures MasterPolyheed219 0,7 1,61 
ash EDF   70  

Fig. 4. A) The specimens view and B) tensile stress σ versus I) normalised vertical displacement v/D or II) CMOD in splitting tensile test for various 
specimen length: a) L = 100 mm and b) L = 300 mm. 
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(Fig. 6). 

2.3. Micro-CT scans of fracture 

The specimen with the diameter of D = 74 mm was scanned with micro-CT before loading. Three specimens with diameters D = 74 
mm, D = 150 mm and D = 250 mm were chosen for scanning after loading until CMOD = 200 μm (the end of the test). The crack 
morphologies depending on the specimen diameter were analysed qualitatively and quantitatively. 

All concrete specimens were scanned with the same parameters’ settings. The X-ray source voltage of the micro-CT scanner was set 
to 130 keV, the current was 61 µA and the exposure time was equal 2000 ms. The pixel size of the micro-CT was 39.68 µm. The X-ray 
projections were recorded with the rotation increment of 0.2◦ within 180◦. To reduce the noise in the captured X-ray projections, the 
frame averaging option was set to be 4 and the random movement option was 10. The scanning time was approximately 8 and 16 h for 
D = 74 mm and D = 150 and 250 mm. This was due to an oversize scan for larger specimens, which required double scanning at two 
different heights. 

The basic three phases of concrete were determined from 3D micro-CT images (Fig. 7a): aggregate (Fig. 7b), cement matrix (Fig. 7c) 
and air voids (Fig. 7d). Moreover, the aggregate size distribution and pore structure were analysed for D = 74 mm. The segmentation 
was performed with the CTAn 1.17.7.2 software delivered by SkyScan Bruker (the producer of the micro-tomograph). The bottom and 
top thresholds used for each phase were: 0–63 (pores and cracks), 63–112 (cement matrix) and 112–255 (aggregate). After thresh-
olding, fine particles “despeckle” was used to remove artefacts finer than 10 voxels (in volume) except pores. 

The crack surfaces of all specimens were segmented and the cracks’ volumes were determined. Some cracks were connected with 
inner pores during fracture which increased their volume. The cracks are presented in Fig. 8 with the marked thickness. The top and 
bottom of the crack correspond to the loading points. The image was segmented in CTAn and exported to CTvox in 4 files representing 
each structure thickness (red w ≥ 0.2 mm, green 0.2 mm > w ≥ 0.1 mm and blue 0.1 mm > w ≥ 0.05 mm). It was extremely difficult to 
segment cracks finer than 

0.05 mm (50 μm) since they were close to the used image resolution. The higher thickness of the crack for specimen D = 74 mm was 
clearly visible as the red colour dominated over the others in almost the entire specimen (Fig. 8a). The crack in the specimen D = 150 
mm was typical for splitting tension with the largest width in the specimen mid-height. Clear wedges both at the specimen top and 
bottom occurred (Fig. 8b). Those wedges where pieces of the concrete split from the rest of the specimens were excluded from the 
volume analysis. In specimen D = 250 mm, the crack width was non-uniform with a high crack opening at the 3/4 height and a wide 

Fig. 5. Tensile stress σ versus: A) CMOD and B) v/D in splitting tensile tests with various specimen diameter D (D = 250 mm – black lines, D = 192 
mm – blue lines, D = 150 mm – green lines, D = 100 mm – orange lines, D = 74 mm – red lines) [30,40]. 
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opening on the front side (Fig. 8c). 
For specimen D = 74 mm, the main crack was curved the most of all specimens (Fig. 8a). This conclusion was drawn from 

experience and observation of the CT image, it was not evaluated quantitatively. The crack did not crush aggregate particles, which 
indicates that the aggregate had significantly higher strength than the cementitious matrix. The total crack volume was V = 117.10 
mm3 and the average crack width was w = 0.19 mm. The crack in the specimens D = 150 mm and D = 250 mm was less curved and 
exhibited typical wedges at the top and bottom of the specimens, under/over the loading/bearing strips (Fig. 8b-c). The crack volumes 
were V = 103.53 mm3 and V = 78.74 mm3 and the average crack widths w = 0.086 mm and w = 0.039 mm for the specimens D = 150 
mm and D = 250 mm, respectively. Moreover, in the specimen D = 250 mm, the crack had a few fine branches in the zones ahead of 

A)

B)

C)

D)

E)

Fig. 6. The crack patterns for specimens’ diameters A) D = 74 mm, B) D = 100 mm, C) D = 150 mm, D) D = 192 mm and E) D = 250 mm for each 
tested specimen. 
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wedges (Fig. 8c). The average crack widths are significantly smaller than the value of CMOD at test abortion. CMOD is a global 
measurement taking into account the crack and elastic deformation of the material around the crack. Secondly, it measures only the 
maximum crack opening, which is located in the middle, while the crack width varies along the hight of the specimen in the splitting 
test. It is well-documented phenomenon that cracks tend to close after unloading [41]. A combination of those factors has contributed 
to a lower average crack width than the maximum crack width at the moment of test abortion. 

The crack volume and average crack width decreased with increasing specimen diameter. It was since the crack for small specimen 
the crack opening was more uniform throughout the whole height of the specimen and had a relatively longer propagation path (was 
more curved), while for larger specimens the crack was finer at the top and bottom and very straight (relatively shorter propagation 
path). It could also be related to the unloading of the large specimens with negative displacement slope which caused less damage out 
of the main fracture zone and enabled partial crack closing after complete unloading for scanning. In the specimens with D > 74 mm, 
the crack intersected 6 (D = 150 mm) and 11 aggregate particles (D = 250 mm). 

2.4. Size effect 

During the experimental campaign, the clear size effect occurred with respect to strength and brittleness (Figs. 5 and 9). The 
strength decreased the most for small specimens from σ = 4.35 MPa (D = 74 mm) to σ = 3.55 MPa (D = 100 mm), so by nearly 20 %. 
The strength drop was the smallest for the largest specimens (by only 5 % between D = 192 mm and D = 250 mm). The brittleness was 
defined for purpose of this study as the angle α between the horizontal axis located at the peak-load level and the softening branch of 
the stress–strain curve in a clockwise direction. The relation of brittleness to the diameter was opposite with a very similar trend 
(Fig. 5), however the angle α changed by 9 % (between D = 74 mm and D = 100 mm) and 5 % (between D = 192 mm and D = 250 mm) 
(Fig. 9B). 

The results of own experiments on splitting tension were compared with the size effect law by Bazant’s (SEL type I for unnotched 
specimens) [5]. The parameters of the size effect were calibrated with regression at the point D = 150 mm and corresponding mean 
strength of ft = 3.13 MPa: B = 5.40 and D0 = 5.39 (Fig. 9A). The experimental results were in good agreement with the theoretical 

a) b)

c) d)

Fig. 7. 3D image of small specimen with diameter of D = 74 mm before test: a) original image and visible phases: b) aggregate, c) cement matrix 
and d) air voids. 
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solution (R2 = 0.698) except for the largest specimen D = 250 mm, where the strength’s reduction in relation to the previous samples 
size D = 192 mm, was smaller by 30 % than the one predicted by SEL. 

3. Numerical calculations 

3.1. Formulation of discrete element method (DEM) for concrete 

The DEM calculations were performed with the three-dimensional spherical discrete element code YADE, which was developed at 
the University of Grenoble [42,43]. DEM considers a material as consisting of particles interacting with each other through a contact 
law and Newton’s 2nd law via an explicit time-stepping scheme. Outstanding advantages of DEM include its ability to explicitly handle 
the modelling of particle-scale properties including size and shape which play an important role in the concrete fracture behaviour 

a)     b)     c) 

Fig. 8. 3D images of crack for specimens: a) D = 74 mm, b) D = 150 mm and c) D = 250 mm after test with the crack width represents by colours: 
red w ≥ 0.2 mm, green 0.2 mm > w ≥ 0.1 mm and blue 0.1 mm > w ≥ 0.05 mm) [30] . Please note that the cracks are presented in different scales 
due to magnification. 

Fig. 9. A) Comparison between experiments and SEL type I by Bažant [5]: tensile strength σ versus specimen diameter D (blue dots – own ex-
periments) [30,40] and B) softening parameter α versus specimen diameter D (dots) and mean value trend (dashed line). 

J. Suchorzewski and M. Nitka                                                                                                                                                                                      

D
o

w
nl

o
ad

ed
 f

ro
m

 m
o

st
w

ie
d

zy
.p

l

http://mostwiedzy.pl


Engineering Fracture Mechanics 264 (2022) 108357

10

[44–50]. The disadvantage is a huge computational cost. The DEM model was successfully used for describing the behaviour of 
granular materials by taking shear localization into account [51–57]. It also demonstrated its usefulness for both local and global 
fracture simulations in concrete [40,45–50]. Our DEM calculations for concrete evidently exhibited that it was of major importance to 
consider both the shape and place of aggregate particles, specimen macro-porosity and strength and number of interfacial transitional 
zones (ITZs) for realistic reproduction of discrete macro-cracks [40,45–50]. ITZs due to a porous structure acted as an attractor for 
macro-cracks (created by bridging interfacial micro-cracks) and thus controlled both the concrete strength and brittleness 
[40,45–50,58]. 

The 3D spherical discrete element method takes advantage of the so-called soft-particle approach (i.e. the model allows for particle 
deformation that is modelled as an overlap of particles). A linear normal contact model under compression was used. The interaction 
force vector representing the action between two spherical discrete elements in contact was decomposed into the normal and 
tangential components. A cohesive bond was assumed at the grain contacts exhibiting brittle failure under the critical normal tensile 
load. The tensile failure initiated contact separation and the shear cohesion failure initiated contact slip and sliding obeying the 
Coulomb friction law under normal compression. The linear elastic response was assumed before reaching the fracture condition 
(Fig. 10). The contact forces were linked to the displacements through the normal and tangential stiffness moduli Kn and Ks [42,43]. 
The model can be briefly described by the following equations: 

F→n = KnU N→ and F→s = F→s,prev +KsΔ X→s (1)  

Fig. 10. Mechanical response of DEM: a) tangential contact model, b) normal contact model, c) loading and unloading path in tangential contact 
model and d) modified Mohr-Coulomb model [45] 
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Kn = Ec
2RARB

RA + RB
and Ks = νcEc

2RARB

RA + RB
(2)  

‖F→s‖− Fs
max − ‖F→n‖ × tanμ ≤ 0 (before contact breakage) or  

‖F→s‖ − ‖F→n‖ × tanμ ≤ 0 (after contact breakage) (3)  

Fs
max = CR2 and Fn

min = TR2 (4)  

where U is the overlap between elements, N→ denotes the unit normal vector at the contact point, Δ X→s is the increment of the relative 
tangential displacement and F→s,prev is the tangential force from the previous iteration, Ec denotes the modulus of the contact elasticity 
and υc correspond to the normal/tangential stiffens ratio (RA and RB are the spheres’ radii), μ denotes the inter-particle friction angle 
and Fs

max and Fn
min corresponds to the critical cohesive and maximum tensile forces, respectively (C is maximum shear stress at the 

pressure equal to zero and T is maximum tensile normal stress). Fn
min has a negative sign since it denotes the maximum tensile forces 

(tensile strength) of the contact. There is no limitation in compression (in positive sign) (Fig. 10b, d). 
The crack was considered as open if cohesive forces between grains (Eq. (4)) disappeared after reaching the critical threshold. A 

choice of a very simple constitutive law was intended to capture on average various contact possibilities in real concrete. The structural 
softening in calculations is solely due to fracture. More details can be found in [45–50]. 

Five main local material parameters were needed for our discrete simulations: Ec, υc, μ, C and T. In general, the DEM material 
constants are calibrated with the aid of laboratory test results on concrete (e.g. uniaxial tension, uniaxial compression) due to the 
current data lack on mechanical properties of plain mortar specimens with different initial porosity. The calibration process consists in 
running test simulations on a given assembly of discrete elements simulating concrete with the same material constants to reproduce 
the experimental mechanical behaviour [45,48]. 

3.2. DEM input data 

The section describes the input data assumed for 2D DEM calculations of a concrete splitting test. The 3D simulations are obviously 
more realistic than the 2D ones with respect to the fracture pattern [47,49], however, the 2D analyses may be also useful as a means for 
studying several different relationships [48]. The differences between 2D and 3D DEM simulations for fractured concrete were found to 
be minimal at the peak load [47]. Thus, the 2D results at the peak are equal to the 3D results. Those differences increased with growing 
post-peak deformation when assuming the same material parameters [49]. However, when the 2D DEM model is properly calibrated 
for concrete based on simple laboratory tests (uniaxial compression, uniaxial tension) it may be used for obtaining realistic results of 
fracture and a post-peak stress–strain response [34,46]. In addition, the 2D analyses significantly shorten the computation time of DEM 
simulations. Besides, the splitting laboratory test is usually identified as a typical 2D boundary value problem, i.e. the effect of the 
specimen length on the crack geometry is assumed to be negligible. 

The concrete specimen was described in DEM computations as a four-phase material, composed of aggregate, cement matrix, 
interfacial transitional zones (ITZs) and macro-voids with the same location, shape and content of aggregates and macro-voids as in the 
experiment. In the experiments, the minimum aggregate diameter was dmin = 2 mm, the maximum aggregate diameter was dmax = 16 
mm and the mean aggregate diameter d50 = 5 mm. The aggregate volumetric content was 47.8 %. The total particle volumetric content 
(sand and aggregate) in concrete was 75 %. The volume of all voids was p = 3.8 % and the volume of voids with the equivalent 
diameter dp < 1 mm was p = 1.4 % based on micro-CT. The experimentally measured width of ITZs was 20–50 μm [58]. The 
experimental porosity of ITZs changed between 25 % (at aggregates) down to 1.6 % (cement matrix), based on the image binarization 
technique [58]. In 2D calculations, the specimen length L included one row of aggregate and mortar particles. In order to construct the 
real aggregate shape (2 mm ≤ d ≤ 16 mm) in 2D calculations based on images of the microCT scans mid-sections, the clusters 
composed of spheres with the diameter of d = 0.5 mm connected to each other as rigid bodies were used. Based on experiments, all 
aggregate grains with the diameter in the range of 2 mm ≤ d ≤ 16 mm included ITZs. ITZs were simulated for the sake of simplicity as 
contacts between aggregate and cement matrix grains and thus they had no physical width. The cement matrix was modelled by 
spheres with the diameter range 0.15 mm ≤ dcm < 2.0 mm without ITZs. The specimen preparation process consisted of two stages. 
Initially, aggregate particles and clusters simulating macro-voids were created. Later, smaller particles were added until the final 
specimen was filled in 98.6 % by particles in order to realistically model the experimental concrete micro-porosity of 1.4 % (the micro- 
pores were assumed as the pores with the diameter dp < 1 mm) [40]. Next, all contact forces due to the particle penetration U were 
deleted. In order to take the starting configuration, the initial overlap was always subtracted in each calculation step when determining 
the normal forces ( F→n = Kn(Un − U0)N→, where Uo - the initial overlap and Un - the overlap in the calculation n-steps). The grain size 
distribution curve was the same as in the experiment (with dcm

min = 0.15 mm). The macro-voids (dp ≥ 1 mm) were modelled as empty 
regions with a real shape and location (after the cement matrix was created, the particles at the place of macro-voids were removed). 
The initial stresses in concrete due to shrinkage were not considered since the experimental specimens were carefully prepared to avoid 
drying. 

The effect of the different ratios of TITZ/Tcm and CITZ/Ccm, different intergranular friction angle μ in ITZs and different minimum 
particle diameter in the cement matrix dcm

min was comprehensively discussed in [34] and [48]. The calculations [48] showed that if 
dcm

min was small enough (e.g. dcm
min = 0.35 mm), its effect might be neglected in concrete specimens composed of a sufficiently large 
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A)

B)

C)

a) b)

Fig. 11. Concrete specimens a) view on front surface and b) DEM model for 3 different specimen diameters D: A) D = 74 mm, B) D = 150 mm and C) 
D = 250 mm (green particles represent aggregate, grey particles stand for cement matrix and white spots are empty zones representing macro-pores, 
red squares indicate area for measurement of average CMOD and blue particles are loading strips). 
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number of discrete elements. 

3.3. Comparison with own experiments 

The laboratory experiments described in Section 2 were simulated with DEM based on the experimental data. The size, shape and 
position of the aggregate have a significant influence on the micro- (fragmentation and crack path) and macro- (stress–strain curve, 
especially in peak and post peak behaviour) results [49]. The precise distribution of aggregates was taken into account due to micro-CT 
images for three specimen diameters D = 74 mm, D = 150 mm and D = 250 mm (Fig. 11). The full 3D CT scan was possible before the 
test solely for the smallest specimen D = 74 mm due to size limitations in the micro-CT system and relatively high concrete attenuation. 

The DEM calculations for concrete splitting were carried out with the following parameters of the cohesion and tensile strength: 
cement matrix (Ec,cm = 15 GPa, Ccm = 140 MPa and Tcm = 22 MPa) and ITZs (Ec,ITZ = 12 GPa, CITZ = 112 MPa and TITZ = 17.6 MPa) 
based on uniaxial compression test calibration (Fig. 12) and previous calculations [34,45–50]. ITZs were assumed as the weakest 
phase. The ratio Ec,ITZ/Ec,cm = 0.8 was chosen based on the experiments by Xiao et al. [59]. The remaining ratios were also assumed as 
0.8: CITZ/Ccm = 0.8 and TITZ/Tcm = 0.8. The hardboard loading/bearing strips at the top and bottom of the specimen were built of 
spheres’ clusters (always the same number of elements, thus the radius of spheres were changed) with the width, proportionally to the 
diameter D as in experiments. Their diameter was 0.5 mm (for D = 75 mm and scaled up for other diameters) with a 5-times lower 
stiffness than the cement matrix (stiffness of hardboard used in experiments). The deformation was induced by prescribing the vertical 
top displacement in such a way that the changes of CMOD (crack mouth opening displacement) were approximately linear (as in 
experiments). CMOD was calculated as a horizontal displacement at the specimen mid-height between mid-points of two regions with 
the area of A = 5 × 15 mm2 (D = 150 mm), twice as small and twice as large for D = 74 mm and D = 250 mm. The mid-points were at 
the distance of 40 mm as in the experiment, for D = 150 mm and were proportionally scaled for other diameters. The time step was Δt 
= 10− 8 s. The calculation time on 8-core CPU 3.3 GHz varied between 10 days and 2 months depending on the specimen diameter. The 
calculated mean nominal inertial number I for the maximum vertical load (that quantifies the significance of dynamic effects) was <
10− 4 that always corresponding to a quasi-static regime. The minimum diameter of particles creating the cement matrix was reduced to 
dmin = 0.15 mm for all specimens. The 2D concrete specimens under tensile splitting included in total about 42,000, 230,000 and 
491,000 spheres for D = 74 mm, D = 150 mm and D = 250 mm respectively. The values of cohesion were calibrated with the aid of the 
uniaxial compression test wherein random spheres were assumed with the same size as in the concrete mix. The specimens for the 
compression test were sawed out from the same concrete block as the ones used in splitting tension. The cylindrical specimens had a 
diameter D = 100 mm and a depth of t = 100 mm. Therefore, the obtained strength might be directly compared with the one measured 
on cubic specimens 150 × 150 × 150 mm2 [60]. The experimental compressive strength was 38 MPa for ε = 0.19 %. A satisfactory 
agreement both in stiffness and strength was achieved (Fig. 12). 

The DEM results for splitting as compared to the experiments are shown in Fig. 13. Very good agreement was achieved between 
numerical and experimental results for all specimens’ diameters with respect to the stress-displacement curve (Fig. 13) and fracture 
geometry (Fig. 16). Please note that some samples have a slight pre-load (defined in experiments as 1 kN) which in DEM sample D =
150 mm is related to the adjustment of loading strips performed numerically. The plywood strips were also not calibrated accurately in 
numerical calculations (stiffens was overestimated), which has a slight influence on the smaller specimens (especially on the peak 
slopes). 

The calculated maximum tensile splitting stress σ = 2Pmax/(πDL) decreased with increasing diameter D. For D = 74 mm, the 
calculated tensile splitting strength was ft = 4.0 MPa for v/D = 1.8 %, for D = 150 mm, ft = 3.2 MPa for v/D = 1.5 % and ft = 2.8 MPa for 
v/D = 1.2 % for D = 250 mm (Fig. 13). Apart from the smallest specimen D = 74 mm, where the DEM strength was smaller by 4 % than 
the lower experimental result (Fig. 13 black colour), the remaining DEM results were between the experimental curves. For the 
specimen D = 250 mm, the strength obtained with DEM was equal to the higher experimental result (Fig. 13 red colour). The elastic 
response of the DEM model was similar as in the experiment, however, the initial hardboard compression-hardening response was not 
well reproduced (since the loading boards in DEM were assumed to be rigid). This behaviour is clearly visible in the case of the largest 

Fig. 12. Stress–strain curves σ-ε curves in uniaxial compression test: a)-c) experimental curves and d) DEM result.  
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specimen (Fig. 13 red colour) where this effect was most significant due to a very high compression force in the experiment (above 80 
kN). The concrete brittleness decreased with increasing specimen diameter. A clear snap-back mode of failure occurred for specimens 
D > 74 mm, expressed by a simultaneous reduction of the vertical stress σ and vertical piston displacement v after the maximum stress 
σmax. The calculated rate of softening was similar as in the experiment for the specimens D = 74 mm and D = 150 mm. For the largest 
specimen D = 250 mm, the calculated softening was higher than in the experiment. 

The clear size effect was obtained in calculations, characterized by the loss of strength and ductility with increasing specimen 
diameter (Fig. 14). The calculated elastic stiffness was similar for all 3 specimens. The curve for D = 74 mm (Fig. 14a) showed a plastic 
behaviour close to the peak (for v/D = 1.8–2 %). The specimen D = 250 mm indicated a very brittle behaviour (snap-back) after the 
peak, changing the displacement direction from positive to negative one (Fig. 14c). 

Fig. 15 presents the number of contacts normalised by the number of particles (the so-called coordination number N). The initial 
coordination number was similar for all specimens and was equal to about N = 4.82. In the smallest specimen D = 74 mm, the co-
ordination number decreased down to N = 4.7, whereas for the specimen D = 150 mm and D = 290 mm to N = 4.75 and N = 4.78. From 
the peak load to the test end, the reduction rate of N was higher for the smaller specimen due to a more intense fracture related to the 
specimen area. 

Finally, the crack morphologies expressed by deformed specimens were compared with the micro-CT scans (Fig. 16). 
For the specimen D = 74 mm (Fig. 16A), the crack propagated close to the same aggregate particles, however, on their opposite 

sides than in the experiment. The crack propagated near the large aggregate in the specimen’s mid-height on the right side instead of 
breaking it on the left side. The bottom part of the crack was narrow and straight as in the experiment, however, the crack propagated 
on the left side of a large aggregate, opposite to the experiment wherein it followed the right edge of the aggregate (Fig. 16Ab). 
Additionally, the crack was more curved. Also, the large aggregate at the mid-height of the specimen was broken in the experiment. 
The top of the specimen was crushed in the experiment that was reproduced in DEM as intensive micro-cracking of the cement matrix 
under the loading board (Fig. 16Aa) and wider crack opening. In the small specimen, some fine differences in the aggregate shape and 
pores’ position greatly influenced the crack pattern. Moreover, the 3D aggregate arrangement influenced the crack shape. To obtain 
more realistic crack patterns, 3D DEM simulations should be carried out. The cracks computed in DEM for D = 150 mm were more 

Fig. 13. Tensile stress σ versus normalized displacement v/D for splitting tension: D = 74 mm (black lines), D = 150 mm (green lines) and D = 250 
mm (red lines) (DEM – solid line, experiment – dotted lines) [30,40]. 

Fig. 14. Tensile stress σ versus normalized displacement v/D curves for splitting in DEM for specimen diameters D: a) D = 74 mm, b) D = 150 mm 
and c) D = 250 mm. 
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realistic as compared to the experiment (Fig. 16B). For D = 150 mm, no aggregate breakage occurred in the experiment (Fig. 16Ba). 
Note that the crushed piece of specimen fell apart during transportation (Fig. 16Ba). The same crack’s shape was reproduced in DEM as 
to the crack’s branching at the specimen top (Fig. 16Bb). The main crack followed the left side of a large aggregate in the specimen’s 
mid-height, however, another branching appeared at the specimen bottom (Fig. 16Bb) with a finer crack that propagated at the same 
side of the aggregate as in the experiment. Finally, the largest specimen D = 250 mm was almost symmetrically cracked in DEM while 
in the experiment it was curved to the right side (Fig. 16Cb), probably due to a small load eccentricity. The crack was curved to the left 
at the specimen top, both in the experiment and DEM, forming a wedge connecting the straight part of the crack with the loading strip 
edge (Fig. 16C). Similar behaviour was obtained in the specimen’s mid-height wherein the crack in DEM was curved to the left 
(Fig. 16Cb). Even though, the macro-crack developed along other aggregate particles, it had a very small width in the specimen mid- 
height and was branched with various micro-cracks at the bottom and top, as in the experiment and DEM (Fig. 16C). The intense 
cracking at the top and bottom (the wedges) was obtained in the model as a multiple micro cracking in the cement matrix. 

The macroscopic DEM results: strength (Fig. 17A) and angle α between the horizontal axis and softening curve (Fig. 6B) from the 
experiments (Section 2.2) were directly compared with DEM simulation results. The strength reduction was very similar in the 
experiment and DEM for the specimens D = 150 mm and D = 250 mm. The size effect on brittleness (defined as the angle α between the 
horizontal axis and the softening part of the curve) was stronger in DEM than in the experiment. For the smallest specimen, the 
softening angle in DEM was equal to the mean angle in the experiment (α = 78◦) whereas for the specimens D = 150 mm and D = 250 
mm was equal to α = 95◦ and α = 106◦ in the experiments and α = 102◦ and α = 120◦ in the numerical calculations (the difference 7-13 
%). 

4. Conclusions 

The following conclusion may be derived from the presented experimental and numerical results on size effect in concrete at 
aggregate level:  

• An experimental campaign on the tensile splitting test of concrete cylinders with various diameters under CMOD-control exhibited 
a clear size effect. The ultimate concrete tensile strength decreased by 3 % (between D = 197 mm and D = 250 mm) and 15 % 
(between D = 74 mm and D = 100 mm). In total it decreased by 35 % between the smallest and largest analysed specimen. The 
decreasing strength loss rate with increasing specimen diameter was in accordance with other studies of Bažant [15] and Hasegawa 
[16]. The ductility expressed as the post-critical curve inclination angle decreased by 42◦, changing the behaviour from quasi- 
brittle, to catastrophically brittle (snap-back).  

• The experimental size effect was realistically reproduced in DEM calculations at the aggregate level, i.e. the concrete strength and 
ductility decreased with increasing concrete specimen diameter. The calculated decreasing strength approached an asymptote with 
increasing cylindrical specimen diameter within the considered specimen size range and followed the theoretical solution of 
Bažant’s SEL type I.  

• DEM proved its capability to model concrete fracture in detail by taking the snap-back instability into account. The agreement of 
calculated stress-displacement results and crack shapes with experimental ones was satisfactory.  

• The crack volume and average crack width decreased with increasing specimen diameter due to crack branching. This could be one 
more physical phenomenon related to the size effect. 

Future research in this topic could include evaluation of the crack propagation rate in specimens of different sizes by analysis of the 
DEM results. It might bring additional insights into the size effect. 

Fig. 15. Coordination number N versus normalized displacement v/D curves for splitting tension test calculated with DEM in specimens with 
different diameter D: a) D = 74 mm, b) D = 150 mm and c) D = 250 mm. 
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a) b)

A)

a) b)

B)

a) b) C)

Fig. 16. Crack geometry: a) micro-CT images and b) deformed specimens in DEM (multiplied by 50 due to visibility) for different specimen di-
ameters D: A) D = 74 mm, B) D = 150 mm and C) D = 250 mm [30] 
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[5] Bažant ZP. Size effect in blunt fracture: concrete, rock, metal. J Engng Mech 1984;110(4):518–35. 
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