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Abstract: Modern methods of detection and identification of structural damage direct the activities of
scientific groups towards the improvement of diagnostic methods using for example the phenomenon
of mechanical wave propagation. Damage detection methods that use mechanical wave propagation
in structural components are extremely effective. Many different numerical approaches are used to
model this phenomenon, but, due to their universal nature, spectral methods are the most commonly
used, of which there are several types. This paper reviews recent research efforts in the field to show
basic differences and effectiveness of the two most common spectral methods used for modelling the
wave propagation problem in terms of damage detection.
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1. Introduction

Damage detection is the key aspect of Structural Health Monitoring (SHM), being defined as the
acquisition, validation and analysis of technical data to facilitate life-cycle cost management decisions [1].
Numerous SHM techniques have become the subject of extensive scientific investigations [2,3]. As one
of the greatest challenges of the SHM system has been recognised, the knowledge of what physical
parameters observe and how to identify their ’changes’ [4]. There have been defined various techniques
of efficient damage detection based on modal analysis [5–11], wave propagation [12–30], impedance
changes [31,32], ultrasonic inspection [33–38], and many others [39–44].

Modern engineering is based on numerical modelling of designed structures, and it has been
a standard procedure for any technical design starting from a project through a thorough state
analysis until the damage prognosis operations. Almost every reliable damage detection procedure
requires dynamic analyses typically distinguished according to the range of excitation frequency.
It is usually categorized as structural dynamics for low frequencies (up to few hundred hertz) and
wave propagation for high frequencies (the order of kilohertz) [45]. Dynamic analyses are usually
performed using the conventional Finite Element Method (FEM) [46–48], but, for wave propagation,
many higher order vibrational modes participate in the motion and the classical FEM approach may be
numerically inefficient. This fact originates from the very dense FE meshes resulting from very small
wavelengths participating in vibrational movements. It is known that the size of FEs should be of the
size comparable to the wavelength of the shortest signal component. Therefore, numerous attempts
have been addressed in order to improve other numerical methods for simulation of wave propagation
in structures, especially because some important phenomena like wave dispersion or attenuation [49]
should be addressed.

A process of numerical modelling of the designed structure is based on a solution of a set of
partial differential or integral equations being an approximation of the problem [50–59]. There are
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various numerical methods to solve partial differential equations, which have been roughly gathered
in Table 1.

Table 1. Solution methods of numerical partial differential equations [60].

Method Example

finite difference e.g., parabolic, hyperbolic, finite-difference time-domain
finite volume e.g., high-resolution
finite element e.g., finite element, spectral element

meshless (meshfree) e.g., material point
domain decompositions e.g., fictitious domain

others e.g., methods of lines, boundary element, wavelet method

The crucial point in the process of numerical modelling of structures is typically the balance
between the time of calculation and the level of complication of the solution method chosen. As the
number of SHM systems based on changes in wave propagation in structures increases every year,
therefore it is important to use reliable solution methods for this type of physical phenomena [61].
For several decades, the number of applications of spectral methods for solution of wave problems
has been constantly growing. According to the literature [62], the name for “spectral method” begins
probably with the usage of Fourier series of sines and cosines as basis functions especially in reference
to a time series evaluation and the basic frequencies of a process, i.e., the “spectrum”. However,
in the most general definition, the spectral methods involve defining the solution to a problem as an
abridged series of known functions of the separate variables [63]. The choice of an appropriate spectral
method should be defined by the two main aspects: the accuracy and the efficiency. In order to be
useful, a spectral method should be performed to provide results of greater accuracy than conventional
difference methods of a similar spatial resolution. The choice of convenient spectral representation
depends also on the kind of boundary conditions in the problem. The calculation results obtained by
the use of spectral methods should be more accurate while compared with the results produced with
conventional methods. Similarly, the efficiency of the calculation process for a comparable number of
degrees of freedom should be analogous [63].

Despite the fact that there are many possibilities of computational techniques employed to solve
various types of problems considered in SHM applications [61], it is very difficult to indicate one
universal numerical method for such problems. Therefore, it is important to choose a method that is
suitable and efficient. As presented in Table 1, there are various numerical methods of modelling of
structures successfully used in [64–78]; however, for the problems of wave propagation modelling,
the most popular are spectral methods. Two basic approaches may be distinguished. The first one has
been popularised by Doyle and is named Frequency Domain Spectral Element Method (FDSEM) [79].
This method is a semi-analytical technique commonly used for modelling of guided waves propagating
in 1D and 2D structural elements [26]. The governing partial differential equations (PDEs) describing
the wave problem are converted into a frequency domain by the use of Fourier transform of the
displacement variables. Then, it is possible to operate on a set of ordinary differential equations (ODEs)
for each discretized frequency instead of on PDEs. The obtained ODEs solutions are then used as shape
functions to formulate the elemental dynamic stiffness matrix. The procedure relates the transformed
nodal forces to the corresponding transformed nodal displacements. Such approach, similar to the
Finite Element Method (FEM), can be used to model structures with more complicated geometries.
In comparison with FEM, the FDSFEM leads to significant computational efficiency, especially in
modelling of anisotropic and inhomogeneous structures with damages [45]. The limitation of FDSFEM
is the difficulty of mathematical modelling of finite length structures due to the problem of Fourier
transform expansion into more complicated geometries. The second approach is named the Time
Domain Spectral Finite Element Method (TDSFEM) and it has been found to be extremely efficient
in simulating guided wave propagation in computational solid and fluid mechanics. This scheme
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adjusts the disadvantage of FE in terms of large computational time resulting from dense spatial and
temporal discretization. The main difference between TDSFEM and FEM is the use of other types of
polynomials as shape functions in the former method. The integration points in TDSFEM are usually
connected with the nodes resulting in consistent diagonal mass matrix formulation helping in faster
convergence [80]. TDSFEM has been successfully implemented for simulation of wave propagation
in 1D, 2D and 3D waveguides [81–84], which includes modelling of piezoelectrically (PZT) induced
wave propagation [83–85], and wave interaction with damages [86–88]. In many of these works, a 2D
model with an appropriate plate theory has been adopted to reduce the number of degrees of freedom
(DOFs) associated with 3D models [81,85,89].

As stated in [46], the spectral method [63], the spectral element method [65,90–96] and the spectral
finite element method [45,97–99] and each of the following references have been developed to solve
wave propagation problems. Analysing the literature resources, it is sometimes difficult to recognise
whether a method belongs to one or another of these methods. However, in all cases, higher-order
polynomials or harmonic functions are proposed in the solution space. There are various literature
reviews regarding a comparison of different solution methods for one problem [100].

Therefore, it has been a main subject of this paper to explain the differences in the two methods
most often used for modelling the problems of wave propagation. Although a variety of papers has
been listed in the reference section, this survey can be incomplete and the author wishes to apologise,
in advance, for any inadvertent omission of relevant publications. It was a strong intention to try to
mention any important contribution to the field of wave propagation modelling by the use of two
most often used spectral element methods (Table 2, the abbreviations used have been listed at the end
of the paper).

Table 2. Synthetic compilation of research papers devoted to numerical modelling of different structural
elements for wave propagation analysis.

Numerical Method Employed References

FDSFEM for 1D elements [79,101–120]
FDSFEM for 2D elements [79,121–127]
TDSFEM for 1D elements [82,128–134]
TDSFEM for 2D elements [82,87,135–143]
TDSFEM for 3D elements [82,85,144–146]

2. Introduction to Spectral Analysis

By most general definitions, spectral methods are based on the representation of a certain function,
f (x), not necessarily an orthonormal set of functions, Pn(x), like [62,63]:

f (x) =
∞

∑
n=0

anPn(x), x ∈ [a, b], (1)

with orthonormal polynomials defined as:

b∫
a

w(x)Pn(x)Pm(x)dx = δnm, (2)

with some relevant weight function w(x), and the Kronecker delta defined by:

δnm =

{
1, m = n,
0, m 6= n.

(3)
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2.1. Spectral Space Representation

The function of interest for spectral space representation, f (x) is approximated with the finite
sum as:

f (N)(x) =
N−1

∑
n=0

anPn(x), x ∈ [a, b], (4)

with the condition of ortonormality (Equation (2)) giving the expansion coefficients as:

an =

b∫
a

w(x)Pn(x) f (x)dx = δnm, (5)

which has occasionally been referred to as the generalized Fourier coefficients. The an coefficients in
Equation (5) stand for the spectral space representation of f (x). Then, a basis set should be chosen
in order that the series Equation (1) provide a precise approximation of f (x) with a small number of
terms. For an acceptable level of efficiency, the absolute values of the coefficients, |an|, should diminish
rapidly with rising n [62].

Another choice of basis functions are the functions pn(x) =
√

w(x)Pn(x), orthogonal according to

an =

b∫
a

pn(x)pm(x)dx = δnm. (6)

Then, it comes to the alternate expansion in a form:

f (N)(x) =
N−1

∑
n=0

bn pn(x), (7)

with the expansion coefficients:

bn =

b∫
a

f (x)pn(x)dx. (8)

Another expansion option may be chosen in a form:

f (N)(x) = w(x)
N−1

∑
n=0

cnPn(x), (9)

for which the expansion coefficients are given as:

cn =

b∫
a

f (x)Pn(x)dx. (10)

The expansions defined by Equations (4), (7) and (9) labelled with the same f (N)(x) may have
totally different convergence resulting from the behaviour of f (x). However, for basis set with unit
weight function such as Legendre polynomials and Fourier sines and cosines, these expansions are
identical [62]. The concern regarding the approximations represented by Equations (4), (7) and (9) is
whether the series converges and how quickly. The knowledge that the series expansion is convergent
does not provide the practical information of how many terms N are required for the approximation
f (N)(x) to be a good approximation to the function f (x). A more detailed information about certain
mathematical treatment of this subject may be found in the literature [50–52]. Careful and meticulous
scholar may be also concerned in establishing the error of the series expansion, i.e., the difference
between f (x) and f (N)(x). Some detailed information is given in [53].
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2.2. Physical Space Representation

The spectral space representation of the function (Equation (1)) has been represented by the set
of expansion coefficients an which are determined from orthogonality. To provide efficient evaluation
of integrals, the Gaussian quadrature may be introduced as [62]:

b∫
a

w(x)F(x)dx ≈
N

∑
n=1

w(xi)F(xi). (11)

In the proposed algorithm, the set of “quadrature points” xi are the roots PN(xi) = 0 and wi are the
corresponding set of quadrature weights. The polynomials that define the quadrature are orthogonal
with respect to w(x) as given by Equation (2). With Equation (11), in the form of Equation (5),
the Gaussian quadrature approximation of the an coefficients is

an =
N

∑
n=1

wiPn(xi) f (xi). (12)

The functions fi(xi) are the representation of f (x) in the physical space representation with a
formulation as

fi =
N−1

∑
n=0

anPn(xi). (13)

Equations (11) and (12) are the transformations from physical space to spectral space and from
spectral space to physical space, respectively. According to such a definition f̂i =

√
wi fi, the above

presented transformation can be symmetrized to

f̂i =
N−1

∑
n=0

an
√

wiPn(xi), i = 1, 2, ..., N, an =
N

∑
j=1

√
wjPn(xj) f̂ j, n = 1, 2, ..., N − 1. (14)

Therefore, the transformation between the spectral space representation an and the physical space
representation f̂i in a matrix form may be defined as

Tin =
√

wiPn(xi), (15)

and the same Equation (14) takes the form

f̂i =
N−1

∑
n=0

Tinan, an =
N

∑
j=1

Tnj f̂ j. (16)

Substituting the second one with the first one leads to

f̂i =
N

∑
j=1

(
N−1

∑
n=0

TinTnj f̂ j). (17)

The transformation matrix T is unitary

N−1

∑
n=0

TinTnj f̂ j = δij, (18)

which is equivalent to

wi

N−1

∑
n=0

P2
n(xi) = 1, i = j,

N−1

∑
n=0

Pn(xj)Pn(xi) = 0, i 6== j, (19)
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valid for all N. With the substitution of Equation (12) into Equation (4) and interchange of the
summations, one can obtain the basic interpolation result

f (N)(x) =
N

∑
i=1

Ii(x) f (xi), (20)

with the interpolation function given by

I(N)
i (x) = wi

N−1

∑
n=0

Pn(x)Pn(xi), (21)

satisfying
I(N)
i (xj) = δij, (22)

referred to as the “coordinality” condition. This result is valid for any N, consistent with Equation (18).
These interpolation functions play the main role in pseudo-spectral methods of solution.

It is also of interest to notice that the interpolation functions are orthogonal:

b∫
a

w(x)Ii(x)Ij(x)dx = wiwj

N−1

∑
n=0

Pn(xi)Pn(xj) = δij, (23)

where the orthonormality of the basis functions, Pn(x), has been used.

3. Frequency Domain Spectral Finite Element Method (FDSFEM)

The utilisation of the FDSFEM for wave propagation problem analysis is a quite new methodology.
The crucial for this method is integral transform [55], in particular, Fourier transform [45].

The continuous Fourier transform (CFT) has been applied to the solution of wave propagation
problems as a standard procedure as stated by early work of [54]. However, to get the time signal,
it is necessary to perform an inverse transform, which is rather difficult to do in an exact analytical
manner. As a consequence, many approximate and asymptotic schemes have been developed and
these give fine results for the far-field behaviour, e.g., for seismological studies [45]. For structural
wave propagation, these schemes are not sufficient. Some important information is lost due to the
reflections of the interacting stress waves at numerous boundaries. In addition, analytical transforms
are achievable only for relatively simple transform functions. This is not the case for most practical
problems [45]. The lack of a adequate inversion technique has stopped the growth of CFT based
methods and directed the research into development of the discrete Fourier transform (DFT), which is
an approximation of the integral involved in CFT. However, the application of the discrete Fourier
series was still quite limited, with some early exceptions being in [56–58]. The reason of this has
been the absence of suitable forward and inverse transform schemes, which have been required for
processing all general inputs and outputs. Since the publication of a Fast Fourier Transform (FFT)
algorithm [59], the numerical signal analysis has been revolutionised.

An insight into DFT based analysis of wave propagation, where the DFT is performed by the FFT
algorithm, is given in [79] by Doyle. In this book, in its simplest terms, the solution to a propagating
wave problem is represented as:

u(x, t) = ∑
n

P̂n(Ĝ1(k1nx) + Ĝ2(k2nx) + ...)eiωnt = ∑ P̂nĜ(kmnx)eiωnt, (24)
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where Ĝ is the analytically known transfer function of the problem, typically a function of position x
and has different numerical values at each frequency, i2 = −1 and ωn equals [45]:

ωn = n∆ω =
nω f

N
=

n
N∆t

=
n
T

, (25)

where ∆t is the rate of time sampling, and ω f is the highest frequency captured by ∆t. The P̂n is
the amplitude spectrum, which is known from the input conditions or from some measurement.
The P̂nĜ is known as the Fourier transform of the solution. It is different at each position, but, while
evaluated at a particular position, its inverse immediately gives the time history of the solution at that
point. A simple diagram is an illustration of an algorithm to calculate the propagating wave (Figure 1,
the abbreviations used have been explained at the end of the paper).

time domain
frequency domain

FFT

IFFT

input

P(tm)

input

P(�m)

solution loop

u=G(�m)P

nodal response

u(�m)

time function

u(tm)

Figure 1. Flow diagram for a signal reconstruction procedure with FDSFEM.

The time input P(t) is converted into its spectrum P̂n through the use of the forward FFT.
The transformed solution is then obtained by evaluating the product

ûn = P̂nĜ(kmnx) (26)

at each frequency and some position. This is finally reconstructed in the time domain by use of the
inverse FFT. The reconstructed time history will be real only when P̂nĜ will be evaluated only up to
Nyquist frequency as a complex conjugate of the initial part. The signal reconstruction procedure is
similar for 1D elements, but for 2D the formulation of FDSFEs for structural wave propagation is much
more complex. A brief explanation of this has been presented in Section 3.3.

3.1. Wave Propagation in 1D Elements

As it has been already stated, a numerical analysis of various components of technical structures
requires appropriate structural theory and the best way to approach it is the use of variational
principle [79]. The calculation of the physical parameters of interest usually requires certain
stress–strain relation based on the assumed displacement field. In the case of wave propagation
in rods, usually the elementary rod theory has been utilised. It assumes that the rod supports only 1D
axial stress. It further assumes that the lateral contraction (or the Poisson’s ratio effect) can be neglected:

εxx =
∂u
∂x

. (27)
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However, for wave propagation analysis, the one mode rod theory is not sufficient; therefore, for
this purpose, rod theories with a different number of modes have been considered. The most popular
is Love’s rod theory, which, in a modified version, assumes that the transverse strain is related to the
axial strain by εtr = −νε, therefore the transverse velocity is given by:

u̇tr = r ˙εtr = −νrε̇ = −νr
∂u̇
∂ẋ

. (28)

Here, it is assumed that the transverse displacement is proportional to the distance r from the
centroid of the cross section.

Apart from a single-mode theory, there have also been multi-mode theories developed.
For example, a two mode theory, as a modification of Love’s theory, takes into account the shearing
deformation due to the transverse displacement but retains the Poisson’s ratio relation between the
axial and transverse strains [79]. An assumption of the the transverse deformation independent of the
axial deformation leads to the so-called Mindlin–Herrmann rod theory. Expansion of the deformations
in a Taylor series and retaining one additional term in each expansion leads to the three-mode theory
displacement relation. The detailed description is given in [79,82].

Numerous examples devoted to the modelling of the phenomenon of wave propagation in
one-dimensional elements can be classified, for example, due to the type of rod theory used or the
type of material modelled. In the group of articles devoted to the application of different rod theories,
one should distinguish the works [101–103,108], where different models derived with FDSFEM suitable
for modelling of wave propagation in elements with various damages have been proposed. As damage,
the authors have proposed a transverse, open and not propagating crack and an additional mass.
Those particular papers present wave propagation in isotropic material. The theories used have been
as follows: elementary rod theory, Love rod theory, two modes rod theory and three-modes rod theory.
The authors have shown that the results obtained with the proposed numerical models coincide well
with the results of the experimental analysis, therefore the utilisation of more advanced rod theories
should be considered, especially for wave propagation analysis.

One-dimensional elements have been used for modelling of a structural local regions of
non-uniformity by [104] where an FDSFEM super-element have been proposed. Important aspects of
the damage detection system is damage quantification, especially in a stochastic dynamic approach,
which has been analysed by [105]. The results provided have shown that it is possible to identify
parameter uncertainty (natural spatial distribution of elastic modulus, Poisson’s ratio, thickness,
density, etc.) in material properties and including these uncertainties in a structural model for
numerical examples in an axially vibrating undamaged and damaged structure with distributed
parameters.

The conventional FDSFEM requires a throw-off element to be added to the structural boundaries
to act as a conduit for energy to transmit out of the system. This makes the method sometimes difficult
to model wave reflection at boundaries, especially for more complicated geometries. To overcome
this limitation, imaginary spectral elements have been proposed [106], which are combined with
the real structural elements to model wave reflections at structural boundaries. The efficiency and
accuracy of this proposed approach have been verified by comparing the numerical simulation
results with measured results of one-dimensional stress wave propagation in a steel bar. The method
has also been applied to model wave propagation in a steel bar with not only boundary reflection,
but also reflections from single and multiple cracks (from 10 to 50% of the rod hight). The reflection
and transmission coefficients, which have been obtained from the discrete spring model, have been
adopted to quantify the discontinuities. Experimental tests of wave propagation in a steel bar with one
crack of different depths have also been carried out. Presented numerical simulations and experimental
results have shown that the proposed method is effective and reliable in modelling wave propagation
in one-dimensional waveguides with reflections from boundary and structural discontinuities in case
of rod elements.
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The process of modelling of wave propagation in beam elements is most often related to the use
of two beam theories, i.e., the Bernoulli–Euler and the Timoshenko theories. In the first one, the tensile
stress experienced by the beam may be expressed as:

σ = −zE
d2w
dx2 , (29)

where z is the distance from the neutral axis to a point of interest and M is the bending moment.
The simplest approach is usually based on the force-displacement relation, the concept of

equilibrium and compatibility with exact solutions to the governing equations of motion, which is
the direct relationship between nodal forces and nodal displacements (Force-Displacement Relation
Method). In the force-displacement relationship method, the spectral element matrices are formulated
by the use of the exact dynamic shape functions derived from the exact wave solutions to the
frequency-domain governing equations. Thus, the method can only be used when the exact wave
solutions to the frequency-domain governing equations are available in the closed forms. However,
there is also an alternative approach available, while the spectral element matrix has been derived
from the transfer matrix formulated directly from the frequency-domain state-vector equation of
motion [107]. This specific approach has been analysed for propagation phenomena in elements made
out of different materials by [108–113]. The authors have analysed the influence of different types
of damages on elastic wave propagation in isotropic (aluminium, steel) and anisotropic (glass-epoxy
composite) materials. An interaction of wave propagating in a steel-concrete rebar with damages has
been analysed by the use of FDSFEM by [114].

The Timoshenko beam theory with FDSFEM has been recently successfully utilised by [115]
for modelling the vibration parameters of a beam element with an open crack. In this particular
formulation, an open crack has been modelled by the two rotational and extensional massless springs.
The applied moving load functions with either a constant velocity or a constant acceleration have
been transformed into frequency-domain by utilizing the dynamic shape functions, as calculated by
the solution of governing equations of wave propagation in free vibrations. The authors state that,
with the proposed FDSFEM formulation, one is allowed to obtain correct results in a much shorter
time of calculation while compared to the classical FEM, especially in terms of analysis of moving load.

From a scientific point of view, the models of beam elements made of homogeneous materials
in which the elastic wave is propagated have been quite well developed. However, there is an
area related to modelling of the phenomenon of elastic wave propagation in functional elements
composed of several materials such as, for example, functionally graded material (FGM) elements.
This subject has been analysed by [116], where the FDSFEM has been employed to model the behaviour
of wave propagating in a functionally graded (FG) beam subjected to high frequency impulse loading,
which can be either thermal or mechanical. The element, based on the first order shear deformation
theory, has exact dynamic stiffness matrix and it takes into account depthwise variation of material
properties. Structures, subjected to temperature burst kind of loading, can also be analysed using
this element, with great ease. A continuation of the research may be found in [117], where a new
higher-order spectral element (SE) has been developed for wave propagation analysis of a functionally
graded material (FGM) beam in the presence of thermal and mechanical loading. The element
has also been based on first order shear deformation theory (FSDT) and takes into account the
depthwise contraction due to Poisson’s ratio. The formulation of the SE has been performed using
a general procedure based upon the advantages of linear algebra with ascertained effectiveness.
Material properties have varied along the thickness of the beam. The effect of different temperature
fields at the top and bottom layer of the beam has also been taken into account by solving the
heat conduction equation and considering the strain due to the computed thermal field. The extra
propagating mode due to the presence of Poisson’s contraction has been captured successfully by
the element. The effect of the contraction on the spectrum and dispersion relation has been shown
in detail.
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FDSFEM has been a base for useful modifications, as presented in [118], describing a wavelet
spectral finite element. It is an analytical–numerical method, based on the use of wavelet spectral finite
elements (WSFE), and has been presented for studying the nonlinear interaction of the flexural wave
switch of a breathing crack present in a slender beam. The cracked beam is discretized using a wavelet
spectral finite element switch, while also using compactly supported Daubechies scaling functions
for approximating the temporal dependence of the transverse displacement. A rotational spring has
been used to model the open crack condition, whereas the behaviour of the beam in a closed-crack
condition has been assumed to be similar to that of an intact beam.

Composite materials due to their specific physical properties are very often used in different
technical applications. Despite their significant advantages, they are also subject to destruction
processes, and analysis of these phenomena by the use of FDSFEM has been a subject of interest
of some research groups. As it can be found in [119], utilisation of FDSFEM is suitable to quantify
the defect due to porosity and also to locate the porous regions in a composite beam-type structure.
The actual measured response from a structure and the numerically obtained time responses are used
for the estimation of porosity, by solving a nonlinear optimization problem. The effect of the length of
the porous region (in the propagation direction), on the time responses, is studied. The damage force
indicator technique is used to locate the porous region in a beam and also to find its length, using the
measured wave propagation responses.

The concept of complex modes of dynamic structures has been analysed here [120]. It shows how
complex modes can be interpreted in terms of wave propagation phenomena caused by either localized
damping or propagation to the surrounding media. Numerical simulation results have been presented
for different kinds of structures exhibiting modal and wave propagation characteristics: straight beams,
an L-shaped beam, and a three-dimensional frame structure. With the FDSFEM, it is straightforward
to use infinite elements, usually known as throw-off elements, to represent the propagation to infinity,
which is a possible cause of modal complexity. With the FDSFEM model, the exact dynamic behaviour
of structures can be investigated.

3.2. Wave Propagation in 2D Elements

A plate is a body where one of the dimensions is substantially smaller than the other two.
Fundamentally, plate theory is an approximate structural theory and therefore it is best to approach
it by way of variational principle [79]. Of the numerous plate theories that have been developed in
the late 19th century, two are widely accepted and used in engineering. These are the Kirchhoff–Love
theory of plates and the Mindlin–Reissner theory of plates. Plates in flexure are the two-dimensional
equivalent of beams, and classical plate theory (Kirchhoff–Love) is its equivalent of the Bernoulli–Euler
beam theory, whereas the in-plane or membrane behaviour of plates is analogous to that of rods.
The two-dimensionality of plates affects the wave propagation modelling as the wave is no longer
confined to follow a 1D guide [79].

The formulation of spectral elements for 2D structural waveguides poses extra complexity [121].
The reduced equation in the frequency domain is no longer an ODE but remains a PDE in terms of
the space variables. This PDE is not readily solvable and another transform is necessary to reduce the
equation to one spatial dimension. A possibility consists in moving to the frequency/wavenumber
domain, through a 2D Fourier transformation. Thus, the unknown variable is further decomposed,
normally using a Fourier series representation as:

û (x, y, ωn) =
M−1

∑
m=0

ũ (x, ηm, ωn) {sin(ηmy)cos(ηmy)} , (30)
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where M is the number of Fourier series points and ηm is the discrete wavenumber related to the
spatial window (see Equation (25) for time space relation) Y by

ηm = m∆η =
mη f

M
=

m
M∆y

=
m
Y

, (31)

with ∆y denoting the spatial sampling rate and η f being the highest wavenumber captured by ∆y.
The spatial variation of the load determines M. Using this representation, the governing equation
becomes an ordinary differential equation in x and again can be solved exactly for some cases.
This exact solution is again used as the interpolation function for the unknown in the spectral element
formulation. Thus, for each frequency ωn and wavenumber ηm, the dynamic stiffness matrix is formed
and assembled and the unknown variable is solved for its force amplitude ũn,m as

K̃n,mũn,m = f̃ n,m, (32)

where f̃ n,m is the force amplitude of applied load. First, ũn,m = ũ (x, ηm, ωn), and û (x, y, ωn) is
recovered by the Fourier series and u (x, y, t) is recovered by the Inverse Fast Fourier Transformation
(IFFT) algorithm [121]. To obtain the exact solution of the ODE in frequency domain (for 1D analysis)
or FWD (for 2D analysis), it is assumed that the solution of ũ (x, ωn) or ũ (x, ηm, ωn) is in the form
u0e−jkx, where u0 is an unknown constant and k is the unknown wavenumber in the assumed direction
of propagation. This formulation is valid only for a constant coefficient ODE [121]. For this reason,
careful attention should be paid while considering problems of modelling of wave propagation in 2D
structural elements.

One of the popular modifications of FDSFEM is its combination with wavelet analysis (Wavelet
Spectral Finite Element Method WSFEM). In such a formulation, the dependent variable can
be approximated by a certain scaling function. Further analysis steps have been described in
detail by [122–124,147,148], where successful analysis of wave propagating in different plate type
elements have been shown. Further scientific development of this method directed into a commercial
implementation of a User Element based on WSFEM into ABAQUSr (UsersManual, vol.6.12,
Dassault Systemes Simulia Corp., 2012) for the wave propagation analysis in 2D composite plate
structures [149,150].

As the process of modelling structural elements with FDSFEM includes the analysis in a frequency
domain, this method may by utilised for free vibration analysis of for example stepped thickness
rectangular plates, which has been performed by [125]. The authors have used FDSFEM to obtain
closed-form solutions for an uniform rectangular plate with arbitrary boundary conditions except the
Levy-type plates. The variation of plate thickness was a serious complexity added to the problem.
In summary, an efficient and accurate FDSFEM model is developed to conduct free vibration analysis
of stepped thickness rectangular plates with various boundary conditions.

By the use of the boundary splitting method, a new frequency domain spectral element model for
the analysis of finite rectangular plate elements with arbitrary boundary conditions has been developed
by [126]. The high solution accuracy and computational efficiency of the proposed new spectral element
model are validated by comparison with exact theory, the standard FEM, and the ANSYS (Release 11.0
Documentation for ANSYS, ANSYS, Inc., Canonsburg, PA, USA, 2006). The conclusions drawn from
our results say that the proposed new spectral element model can be applied to any finite rectangular
plate element with arbitrary boundary conditions. Through numerical studies, the authors show that
the proposed spectral element model provides highly accurate solutions by using a relatively small
number of finite elements with smaller computational effort in comparison with traditionally used
commercial software dedicated to such analysis.

Certain attention has been paid to the analysis of shallow shell displacement subjected to impact
load, which has been calculated using the another modification of FDSFEM—Spectral Strip Method,
developed for analysis of vibration of thin rectangular planform shallow shells [127]. The spectral
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element matrix in this case has been obtained using the force–displacement relationship method in
the frequency domain. Accuracy of the developed method has been assessed in comparison to other
common methods available in the literature for calculation of non-dimensional frequencies of shallow
shells with various geometrical properties.

3.3. Wave Propagation in 3D Elements

Modelling of wave propagation in structures with FDSFEM is inseparably connected with the
application of FFT and IFFT. In the case of a 1D structure, the algorithm is typically built on a set of n
points of the FFT. Including more dimensions into analysis leads to the increase of FFT points, n2 in the
case of 2D elements, not to mention 3D examples. In cases when more advanced theories are applied,
usually more than one wavenumber is taken into account. For example, for simple Timoshenko beam
theory, two wavenumbers are already analysed, instead of one for Bernoulli–Euler case. Another aspect
of modelling of wave propagation is the number of modes that propagate within the analysed range.
For a typical case of wave propagation, usually three modes propagating in one direction are analysed.
2D analysis in its simplest version with three modes in one direction requires six modes to be analysed,
in the case of 3D structures—9 modes. Another particular feature of FDSFEM is the throw-off element,
which function is connected with drawing the energy out of the system. All of the above features cause
this method to be practically inapplicable in 3D cases. Even though the author tried to identify any
scientific report regarding 3D models with FDSFEM, it was hardly to find.

4. Time Domain Spectral Finite Element Method (TDSFEM)

The spectral finite element method is a relatively new computational technique that combines
the properties of approximating polynomials of spectral methods and the approach to discretising
the analysed area particular to the finite element method [82]. The finite element properties of
the method are represented by the fact that every simple geometrical object is defined particular
points (called nodes) with certain approximating functions (called shape functions or node functions).
Those functions describe the distribution of the analysed physical properties inside the element
and on its boundaries. The non uniform distribution of nodes within a single element (Figure 2,
the abbreviation explanation has been supported at the article end) results from the distance between
zeros of certain polynomials. This allows for avoiding the Runge phenomenon i.e., large oscillations of
approximating polynomials near the area edges [128]. This fact is the background of employing the
high-order polynomials in this method, which is impossible with equally distributed nodes in classical
finite element methods.

1D

2D

3D

Figure 2. Exemplary node distribution in TDSFEM element formulation.

The process of defining and solving the mathematical model by the use of TDSFEM is similar to
FEM and may be shortly represented by the following steps:
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1. Divide the analysed structure into a finite number of geometrically simple elements, called spectral
finite elements with a certain number of characteristic points called nodes. The spectral finite
elements are connected together in a finite number of nodes located at their edges. The number
of nodes in the element indicates a selection of the function used for description of the
distribution of the physical properties inside the spectral finite elements, depending on their node
values. These functions are called node functions or shape functions—Lobatto, Chebyshew or
Laguerre polynomials.

2. Transform the ordinary or differential equations describing the analysed physical phenomenon to
the equation of the spectral finite element method. This transformation may be a weak formulation
of the method where the weighted residual method is applied or the strong formulation where the
method of minimising the variation functional of the phenomenon is applied. The aforementioned
equations being the problem description are composed at the level of individual elements and are
called local equations, whereas the transformations mentioned correspond to the characteristic
matrices of elements that are derived. At this step, the element matrices are aggregated, leading
to global characteristic matrices.

3. Implement the boundary conditions.
4. Start the solution process with an appropriate numerical method leading to obtaining values of

the sought physical properties in the nodes of individual elements. In the case of non-stationary
problems, steps of matrices aggregation until the solution is obtained are repeated until the
relevant completion condition is met.

For more detailed information about the TDSFEM procedures, the reader is encouraged to get
familiarised with [82]. An implementation of the TDSFEM with numerous examples of elaborated
models applied to different structural elements have been presented by [129], where numerical models
for wave propagation with dispersion effect have been described. The models have been experimentally
verified and applied for damage detection analysis.

4.1. Wave Propagation in 1D Elements

As in the case of FDSFEM, the process of modelling the phenomenon of elastic wave propagation
by the use of TDSFEM is also usually based on the force-displacement method. This approach in
connection with well-known rod theories from the area of strength of materials has been analysed by a
research group from Gdańsk, Poland [130–132]. The first two papers cover the problem of comparison
of different rod theories and the influence of the proper choice of theory on the obtained results
reliability, the third paper comprises the experimental verification of proposed numerical models for
modelling of longitudinal waves in structural rod elements.

Apart from the numerical and experimental analysis of the wave propagation in elements of the
rod type, the researchers have also been interested in the same process in elements of the beam type.
For example, in the case of beam elements modelled with FDSFEM, among the interesting scientific
reports, one can find e.g., [133], where the comparison of different beam theories is given in terms
of the correlation of the accuracy of the results obtained and the theory applied for different wave
propagation parameters. Numerical and experimental analysis of wave propagation in beam and
rod structures has also been examined in [132]. This research has been extended to include L-joint
structure [134]. It has been shown that the proposed numerical procedure is suitable for damage
detection in a frame structure, modelled by the use of TDSFEM.

4.2. Wave Propagation in 2D Elements

The previous subsection shows that the TDSFEM can be used to efficiently model the phenomenon
of mechanical wave propagation in one-dimensional elements. The changes in wave propagation
may be successfully used to diagnose the analysed components. However, the excellent majority of
technical devices requires more complex geometries to be used in the modelling process. The examples
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of modelling two-dimensional structures will be discussed here, in particular shell and plate elements
designed and analysed with TDSFEM.

Multi-mode formulation of a higher order transversely deformable shell-type spectral finite
element (SFE) for dynamic analysis of isotropic structures is presented and analysed in [135]. A method
to generate the dispersion curves associated with the displacement fields obtained is presented by
the authors, which utilises Hamilton’s principle and which leads to a set of associated equations of
motion. These equations have been presented in the paper for the case of the analysed shell SFE
as well as the dispersion curves resulting from them. The accuracy of the formulation proposed is
assessed by comparison of dispersion curves obtained for the current model with dispersion curves
obtained for exact solutions of the problem as well as comparison with shell theories well-known
from the literature. Finally, in order to demonstrate the effectiveness of the current formulation of
a higher order transversely deformable shell-type SFE, a series of numerical tests were performed.
These comprised the analysis of natural frequencies and modes of vibration of an isotropic spherical
shell as well as the wave propagation analysis in the case of the same spherical shell and a half-pipe
shell-like structure. Combined application of TD-SFEM and the higher order transversely deformable
shell SFE developed by the authors helps to reduce significantly modelling and discretisation errors of
numerical investigation providing excellent accuracy, especially in comparison to the classical FEM
and typical FEs commonly used for that purpose.

A TDSFEM deformed thin-walled spherical shell element for modal analysis and for an effective
structural health monitoring technique based on propagation of guided elastic waves has been given
in [87,136]. The first paper deals with certain problems related to static and modal analysis of isotropic
shell structures representing a pressure vessel. The robustness and effectiveness of the spectral
approach have been successfully demonstrated. Static and modal responses of the structure have been
investigated by the use of transversally deformable shell-type spectral finite elements and the results
of this investigation have been compared to known analytical solutions as well as those obtained by
the use of commercially available software for the finite element method. The second paper takes
advantage of the TDSFEM modelling technique in application to certain structural health monitoring
(SHM) strategy. This has been realized based on results of numerical calculation and experimental
investigations obtained with laser scanning vibrometry (LSV) and subsequent application of two
different integral-based indices for damage quantification, these being the integral mean value (IMV)
and the root mean square (RMS). Numerical tests by SFEM have been carried out for a square plate
with through-hole damage, a cracked fuselage section with two stiffeners and a cracked wing section
skin, all made out of aluminium. Experimental measurements by LSV included tests on a square
aluminium plate, composite plate and a composite stabilizer of a PZL W-3A helicopter, all with
simulated damage. During numerical and experimental investigations, damage sensitivity of both
IMV and RMS indices was tested by considering various displacement components, signal time-scales
or weighting factors. A certain practical method for quick construction of RMS damage maps based on
experimental measurements by LSV has been also presented.

A novel formulation of a spectral plate element for wave propagation in isotropic structures
is presented in [137]. In this formulation of the spectral plate finite element as approximation
functions, Chebyshev polynomials of the first kind have been employed. The element makes use
of on an extended form of the displacement field that enables one to investigate selectively or
simultaneously both symmetric and anti-symmetric modes of Lamb waves propagating in plate
structures. In addition, the dispersion relations associated with the extended displacement field have
been presented and discussed in the paper. The effectiveness of the new spectral plate finite element
has been illustrated on examples of propagation of elastic waves in a flat aluminium panel in the case
of the fundamental symmetric and anti-symmetric modes of Lamb waves.

A pseudo-spectral Mindlin plate element with Chebyshev polynomials chosen as the elemental
interpolating functions as they are proper for wave propagation modelling has been proposed by [138].
A diagonal system matrix has been obtained and therefore the equations of motion could be easily
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solved in the time domain by applying the central difference method of reducing the computational
cost. Static, dynamic and elastic wave propagation problems have been analysed to obtain the efficiency
of the proposed pseudo-spectral Mindlin plate element using two integration schemes for elemental
stiffness matrix.

In [139], the authors have presented an interesting node distribution (Figure 3) for the proposed
plate element model based on TDSFEM. The intention of these investigations has been the effective,
computing time reducing simulation of Lamb wave propagation using methods for the numerical
calculation. For this purpose, high-order shape functions and the Gauss–Lobatto–Legendre integration
scheme has been introduced. Using the example of 2D plane strain plate elements, it has been shown
that this method is able to provide an efficient analysis for the wave propagation in damaged and
undamaged structures. The presented procedure has been verified by analytical computations as well
as by alternatively obtained references.

Figure 3. A node distribution in the plate element proposed by [139].

Numerical analysis of physical phenomena occurring in elements of machines and devices
requires a certain level of awareness of the differences between real structures and their numerical
equivalents. For this reason, it is worth mentioning here the work on estimating numerical errors
of specific modelling methods. Some research results concerned on this subject has been performed
by [140]. In this work, the Legendre spectral finite elements have been examined through numerical
experiments for static and dynamic Reissner–Mindlin plate bending and a mixed-quadrature scheme.
Legendre spectral finite elements are high-order Lagrangian-interpolant finite elements with nodes
located at the Gauss–Lobatto–Legendre quadrature points. Solutions on unstructured meshes
have been examined in terms of accuracy as a function of the number of model nodes and total
operations. While nodal-quadrature Legendre spectral finite elements have been shown elsewhere to
be free of shear locking on structured grids, locking has been demonstrated on unstructured grids.
Legendre spectral finite elements with mixed quadrature have been, however, locking free and are
significantly more accurate than low-order finite-elements for a given model size or total computation
time. An example of similar elements but regarding composite plates for static and dynamic
deformation on unstructured grids has been analysed by [141]. The authors have analysed Legendre
spectral finite elements application to Reissner–Mindlin composite plates. Nodal quadrature has been
employed for mass-matrix calculations, and that has yield diagonal mass matrices. Full quadrature
or mixed-reduced quadrature has been used for stiffness-matrix calculations. Solution accuracy has
been examined in terms of model size, computation time, and memory storage for Legendre spectral
finite elements and for quadratic serendipity elements calculated in a commercial finite-element code.
Linear systems for both model types have been solved with the same sparse-system direct solver.
At their best, Legendre spectral finite elements provide many orders of magnitude more accuracy than
the quadratic elements for a fixed measure (e.g., computation time). At their worst, Legendre spectral
finite elements provide the same accuracy as the quadratic elements for a given measure. The Legendre
spectral finite elements have been insensitive to shear locking and were shown to be more robust in
the thin-plate limit than their low-order counterparts.

As a type of composite material may be considered as media with solid and fluid layers, which
is commonly used for marine seismic exploration. The data analysis of wave propagation in such
media has been performed in [142]. In this paper, the authors have compared the accuracy of grid
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dispersion criteria and numerical examples based on methods like: the classical finite-difference
method (FDM) based on the second-order displacement formulation of the elastic wave equation
(DFDM), the staggered-grid finite difference method (SGFDM), the velocity-stress FDM with a standard
grid (VSFDM) and the time domain spectral finite element method (TDSFEM). All of the considered
methods yield limited accuracy for the surface waves because the proper boundary conditions are not
incorporated into the numerical scheme. Overall, it has been demonstrated both by analytic treatment
and numerical experiments, which a first-order velocity stress formulation can, in general, be used in
dealing with fluid–solid interfaces without using staggered grids necessarily.

Functionally graded (FG) composite materials have been modelled by [143] where a cylinder
subjected to an impulsive loading starting elastic wave propagation has been studied in detail.
The displacement and stress distributions and the time histories of displacement and stress components
have been obtained for various grading patterns. The results have shown that the compositional
gradient exponent n does not have a distinct effect on the displacement or stress profiles but has
an obvious influence on the wave travelling speed as well as the displacement and stress levels.
The proposed method can be used to other types of axisymmetric FG structures like thick truncated
cones and hollow cylinders, and also various loading and boundary conditions can be considered to
these problems.

4.3. Wave Propagation in 3D Elements

3D elements, which should in fact be called solid elements, are useful in situations where complex
fields of variables (displacement, deformation, electric potential, etc.) have to be modelled. In such
cases, typically the three-dimensional theory of elasticity is applied. Thanks to TDSFEM modelling
simplicity, it is relatively easy to derive it, especially for the analysis of elastic waves’ propagation.
The important disadvantage of 3D analysis is that there are more degrees of freedom, which in turn
leads to more calculation time [82].

The successful application of TDSFEM to the novel formulation of a 3D spectral element for
wave propagation in reinforced concrete has been described here [144]. The reinforcement has been
modelled as the truss spectral element and has been embedded in the 3D solid spectral finite element.
Both elements have an equal number of nodes in the reinforcement direction and have the same number
of degrees of freedom per each node. It has been assumed that there exists kinematic consistency
between nodal displacements of the truss element and the solid element. This simplifying assumption
has been justified by a linear character of wave propagation; however, this makes it impossible
to diagnose material nonlinearities such as, for instance, de-bonding between steel and concrete.
The developed 3D spectral element has been applied for modelling of wave propagation in reinforced
concrete subjected to mechanical degradation. Different degradation models have been considered
to reflect the real behaviour of bended beams. It has been shown that the models incorporating the
uniform reduction of the beam stiffness worked well at the early stage of the degradation. The model
with the distributed reduction of the stiffness enables for reflecting the behaviour of wave propagation
at the stage, when macro-cracks are being developed. This model supports the possibility of the use
of various spatial functions to analyse different stages of degradation. The formation of physical
macro-cracks of large sizes in the more advanced phase of the bending process requires appropriate
representation in the numerical model in the form of rows of nodes with a significantly reduced value
of the Young’s modulus. The author declares that the results of the paper may be treated as pilot
activities, requiring further work in this area.

Another 3D solid spectral element has been derived with shape functions based on Lagrange
interpolation and Gauss–Lobatto–Legendre points here [145]. This particular approach has been
applied for displacement approximation suited for fundamental modes of Lamb waves as well as
potential distribution in piezoelectric transducers. A reliable numerical model of a transducer improves
the quality of numerical analysis of any structural health monitoring algorithm. The novelty of the
proposed research is the model geometry extension from flat to curved elements for application
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in shell-like structures. Exemplary visualisations of waves excited by the piezoelectric transducers
in curved shell structure made of aluminium alloy have been presented. Simple signal analysis of
wave interaction with a crack is performed. The crack is modelled by separation of appropriate
nodes between elements. An investigation of influence of the crack length on wave propagation
signals is performed. Additionally, some aspects of the spectral element method implementation have
been discussed.

The importance of a reliable method of numerical modelling and simulations of PZT-induced
Lamb wave propagation in plate-like structures has been also presented by [85]. The authors derive
here a novel finite spectral plate element, which can efficiently model the three-dimensional behaviour
of Lamb waves. In the formulation, linear displacement distributions in the thickness direction
have been assumed for both the PZT layer and the base plate. A method to avoid the thickness
locking has been proposed and used in the formulation. Two examples, one for the validation
of the proposed spectral finite element and the other for the demonstration of crack detection in
plates, have been presented and discussed. The contact between the two faces of crack has been
considered. The discussion of numerical says that only the anti-symmetric mode is prone to thickness
locking, thus a remedy should be made only on this part. The proposed spectral finite element can
adequately model the Lamb wave propagation in plate-like structures and the complex scattering for
the crack. Finally, the crack location can be well determined by a PZT-induced Lamb wave-based
diagnosis algorithm.

A versatile character of the TDSFEM for modelling of different environments has been shown
by [146], where the numerical simulation of acoustic waves in complex three-dimensional media
has been proposed. This problems have been a subject of interest in many branches of science,
from exploration geophysics to non-destructive testing and medical imaging. The article itself presents
and validates a numerical technique based on an axisymmetric formulation of a TDSFEM in the time
domain for heterogeneous fluid–solid media. Taking advantage of axisymmetry enables the study of
relevant 3D configurations at a very moderate computational cost. The authors have presented and
validated a numerical method based on time-domain spectral elements for coupled fluid solid full-wave
propagation problems in an axisymmetric setting, including in cases with significant backscattering,
which cannot be modelled, e.g., based on the parabolic equation approximation.

5. Discussion

The best summary of the literature analysis conducted will be a simple comparative example of
selected numerical methods. For this purpose, the simplest structural element, i.e., a 1D rod made
out of isotropic material with the parameters given in a Figure 4 has been chosen. This element has
been modelled using three numerical methods—the classic FEM, FDSFEM and TDSFEM. The results
of the numerical analysis are shown in Figure 5. In each of these cases, the rod has been excited by a
100 kHz carrier frequency signal. The excitation signal has been applied at one end of the rod, while the
response has been recorded at the midpoint of the length of the element.

E=67.5 GPa

�=0.33
�=2700 kg/m3

0.5

A=�d /4
2

d=0.01m

L=1m

F(t)

q(t)

x

Figure 4. Exemplary rod element, no model dispersion, 161 degrees of freedom.
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Thus, in the case of FEM, two options have been explored: a full inertia matrix and a diagonal
one. As it can be noticed, the irresponsible use of FEM (the simplest two-node element) leads to
significant errors. Those errors are the result of a numerical dispersion of the signal. In the response,
the wave propagates either slower (in case of full inertia matrix) or faster (in case of diagonal inertia
matrix). Naturally, these errors could be avoided by improving the mesh density or by using more
advanced finite elements, or by using higher-order approximation functions. An interested reader is
encouraged to follow some literature resources regarding this problem, like [82,130,131]. The second of
the results discussed concerns the FDSFEM model. In this case, the correct time of signal propagation
has been recorded, but no further reflections have occurred. This may be easily explained. In this
method, a special throw-off element is applied at the opposite end to the excited one. This numerical
activity eliminates the periodical feature of the Fourier transform, and, as its physical meaning is an
energy conduit out of the system, there are no further internal boundary wave reflections. The third
result presented concerns the application of TDSFEM. In this case, as a shape function, the Chebyshew
polynomial of 6th order has been applied. As it can be seen from the diagram, for the time of occurrence
in Figure 5, even in the simplest case, the signal is reproduced without any dispersion and appears
exactly in the appropriate time windows (marked in each diagram as a grey background behind the
signal). Therefore, it can be concluded that TDSFEM seems to be the most appropriate method for
modelling the phenomenon of elastic wave propagation.

Figure 5. Errors resulting from numerical discretisation.
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6. Conclusions

Regarding the literature review presented, the following conclusions can be drawn:

• both described spectral methods allow for a reduction in the calculation time compared to the
analysis of the same more complex finite element geometries,

• the most often utilised FDSFEM modelling algorithm requires a simple and reverse Fourier
transforms, which can lead to significant numerical errors in two-dimensional geometry,
3D example has not been found in the literature,

• the versatile nature of the TDSFEM is confirmed by the rapidly growing number of publications
on the various examples of its use. This fact originates from the mathematical background of the
method, i.e., non-uniform nodes distribution in the element modelled. This feature seems to be
more effective for modelling problems where wave propagation in structures is considered,

• as stated in the literature [83], in the case of wave propagation modelling, the SEM reduces the
computational memory by more than a factor of 20 in terms of total nodal numbers, compared with
the FEM. Furthermore, the FEM costs more than 10 times the computational time, compared with
the SEM,

• the error is reduced when the average distance between nodes (TDSFEM) becomes shorter [84].

The author of this review is aware of the limited number of quoted works; however,
attention should be paid to the purpose of this paper, which is to specify differences in two spectral
approaches and the benefits and limitations of these differences resulting from them in terms of
wave propagation analysis in the field of damage detection. Although the topic of modelling wave
propagation by spectral methods is interesting, the author is aware of a limited number of research
centres dealing with this problem. It was not the intention of the author to specifically exclude anyone
who deals with this complicated area of mathematical interest.
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Abbreviations

The following abbreviations are used in this manuscript:

SHM Structural Health Monitoring
DOF Degree of Freedom
FEM Finite Element Method
FE Finite Element
ODE Ordinary Differential Equation
PDE Partial Differential Equation
FDSFEM Frequency Domain Spectral Finite Element Method
TDSFEM Time Domain Spectral Finite Element Method
WSFEM Wavelet Spectral Finite Element Method
PZT Piezoelectric Material
SEM Spectral Element Method
VSFDM Velocity Stress Finite Difference Method
SGFDM Staggered Grid Finite Difference Method
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137. Żak, A. A novel formulation of a spectral plate element for wave propagation in isotropic structures.
Finite Elem. Anal. Des. 2009, 45, 650–658. [CrossRef]

138. Liu, Y.; Hu, N.; Yan, C.; Peng, X.; Yan, B. Construction of a Mindlin pseudospectral plate element and
evaluating efficiency of the element. Finite Elem. Anal. Des. 2009, 45, 538–546. [CrossRef]

139. Hennings, B.; Lammering, R.; Gabbert, U. Numerical simulation of wave propagation using spectral finite
elements. CEAS Aeronaut J. 2013, 4, 3–10. [CrossRef]

140. Brito, K.; Sprague, M. Reissner-Mindlin Legendre spectral finite elements with mixed reduced quadrature.
Finite Elem. Anal. Des. 2012, 58, 74–83. [CrossRef]

141. Sprague, M.; Purkayastha, A. Legendre spectral finite element for Reissner-Mindlin composite plates.
Finite Elem. Anal. Des. 2015, 105, 33–43. [CrossRef]

142. De Basabe, J.; Sen, M. A comparison of finite-difference and spectral-element methods for elastic wave
propagation in media with a fluid–solid interface. Geophys. J. Int. 2015, 200, 278–298. [CrossRef]

143. Xu, C.; Yu, Z. Numerical simulation of elastic wave propagation in functionally graded cylinders using
time-domain spectral finite element method. Adv. Mech. Eng. 2017, 9, 1–17. [CrossRef]
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