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ABSTRACT

The paper addresses non-linear vibrations of offshore jack-up drilling platforms loaded by sea waves and wind in their 
stationary condition using the perturbation method. Non-linearity of dynamic equations of motion for fixed offshore 
platforms yields from two factors. The first is load excitation generating non-linear velocity coupling in a dynamic 
system. This coupling is inherent in the modified Morison equation, involving the excitation function in the form 
of the sum of the inertial and velocity forces of sea waves, taking into account relative wave–structure kinematics. 
Moreover, the wind acting on the exciting side causes similar effects. The second source is the subsoil‒structure 
interaction problem, modelled by a system of springs and dashpots that yields stochastic non-linearity of the dynamic 
system. The matrix equations of structural motion in FEM terms are set up. The perturbation method is adopted to 
determine the mechanical response of the system, making it possible to determine response spectra of the first and the 
second approximations for displacements and internal forces of the platform. The paper is the continuation of research 
detailed in the paper  [1]. It is assumed, that the fluctuation parts of the dynamic loading forces are in line with the 
direction of sea wave propagation. Sea current and lift forces effects are neglected in this study. A numerical example 
refers to structural data of the Baltic drilling platform in the stationary configuration, i.e. when three legs support the 
deck above the seawater level. 

Keywords: Structural dynamics, Offshore structures, Loads, Fluid flexible structure interactions, Random variables, Stochastic processes, 
Spectral analysis, Perturbation method

INTRODUCTION

Complex conditions of the marine environment and the 
necessity of installing structures in increasingly deeper regions 
of the seas and oceans led to the spectacular development 
of various structural systems of offshore platforms. This 
development was linked with technological advances in ocean 
engineering, generated by the development of the oil industry, 
which triggered intensive development for new drilling sites, 
especially after the world oil crisis in 1970.

Depending on the application, different types of platforms 
can be built: for exploration, mining, or auxiliary platforms 
[2]. Taking into account the main factors that determine the 

type of the installed platform, e.g. sea depth, subsoil type, 
seismic conditions, operation in the Arctic, the following types 
may be constructed:  heavy reinforced concrete platforms, 
steel jackets, steel jack-up rigs, semi-submersible and spar 
structures or platforms moored through tethers (i.e. TLP 
- Tension Leg Platforms). Regardless of the platform type, 
computational analysis of platforms, necessary in their design 
[3], involves complex problems regarding the interaction of 
three media: water, structure, and subsoil. In each offshore 
platform case, the most important task is to determine wave 
and wind loads. With regard to environmental conditions, 
the loads produced by ship collision, ice floe pressure, sea 
current, and seismic activities should be estimated too [4]. 
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The platforms fixed in the seabed involve a particular task to 
determine the subsoil parameters and adopt an appropriate 
failure model for fatigue analysis of structural joints [5]. All 
the issues described above affect the structural response, which 
is obtained in an approximated form due to the simplifying 
assumptions of physical phenomena. And, numerical methods 
make it possible to obtain approximate solutions for such 
formulated mathematical problems [6], [7], [8], [9], [10].

The work emphasises the use of the perturbation method 
to find a solution of non-linear dynamic equations of motion. 
The origins of the perturbation method or the small parameter 
method, are included in the works of Poincaré in the nineteenth 
century (see [11]). The perturbation method was first applied 
to deterministic systems [12] and later in the analysis of non-
linear stochastic systems (see [13], [14], [15]).

The perturbation method is an asymptotic method whose 
solutions are power series. Convergence of this kind of 
expansion is usually slow, and in some cases the solution is 
divergent (see [16]). There are cases when an approximate 
solution limited to selected terms of the series is sufficient (see 
[13]). The perturbation method applied to the vibrations of a 
simplified platform model is addressed by Taylor [17], where 
the non-linearity of the system refers to damping, fluctuation 
effects in the modified Morison wave excitation formula. This 
paper does not cover the stochastic non-linearity caused by 
subsoil‒structure interaction.

This study is the continuation of research presented in the 
paper [1], and it covers a dynamic analysis of a jack-up, movable 
type drilling platform (Fig. 1). The novel elements address the 
wind impact on the platform response. The work presents 
also a detailed formalism of the perturbation approach to the 
solution of non-linear platform dynamic systems.

The stationary work condition of a jack-up platform requires 
it to be attached to the seabed. The soil subsystem interacts 
with the structure through the foundation, therefore a subsoil‒
structure interaction problem is essential here, introducing 
non-linearity to the dynamic system. The study refers to the 
perturbation approach to the analysis of stochastically non-
linear systems. 

A simplified subsoil‒structure interaction model is assumed 
as a system of springs and dashpots, representing the elastic 
and damping properties of the subsoil.

Fig. 1. General view of the platform

In the case of slender, elastic cylindrical members subjected 
to sea waves, the wave‒structure interaction problem is 
inherently non-linear (see [18]). Waves produce kinematic 
variations of elastic members coupled with dynamic loads. The 
following relations hold: H/D > 1, D/L < 0.2, where H is the 
wave height, L is the wave length, and D is the cylinder diameter 
(potential theory is applied, with no diffractions effects). 

The results of the proposed dynamic analysis contain the 
spectral densities of displacements and support reactions. 
Second-order response spectra are discussed. Detailed analysis 
of a damping part of the wave forces is provided. A numerical 
example of the jack-up platform shown in Fig. 1, formulated 
in real engineering categories, is presented. Numerical 
calculations were carried out with the help of the FEMAP 
software system version 10.1.1, the Excel environment, and 
the authors’ computer programs written in Fortran.

DYNAMIC EQUATIONS OF MOTION 

In the adopted analysis, it is possible to neglect or 
include the probabilistic parameters of the structure and its 
environment. Inertia, damping, and stiffness matrices may 
take a deterministic or probabilistic form. In such a system, 
the uncertainty of matrix terms generates excitation forces and 
subsoil layers. Dynamic equations of motion take a general 
form:

    (1)

where γ is an element from a set of elementary events Γ1 . M(γ) 
represents the global inertia matrix, involving the structural 
mass and the mass of surrounding water (the latter called 
hydrodynamic, associated or added mass); C(γ) is the global 
damping matrix (deterministic or random) composed of 
three elastic continuous media: the structure, subsoil, and 
water; K(γ) is the global stiffness matrix involving subsoil 
and structural stiffness;  is the global 
vector of forces produced by sea waves and the wind acting on 
the platform. The latter time-variant vector with structural 
velocity vector  and acceleration vector  affect 
the dynamic performance of the platform. Kinematic wave–
structure coupling makes Eq. (1) non-linear. The orders of 
the listed matrices and vector are n×n and n×1, respectively, 
where n is the number of dynamic degrees of freedom.

M,C,K 

1 This set contributes the component of probability space (Γ,F,P), where F is 
a σ-algebra of subsets of Γ, P is a probability measure defined on F [16]. 
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MASS MATRIX

The mass of the oscillating platform is concentrated at 
nodes of its discrete FEM model, thus the kinetic energy of 
the system involves translational degrees of freedom only. 
This simplification meets the expected accuracy of numerical 
computations, where the rotational inertia is negligible (e.g., the 
Timoshenko model in the structural dynamics of bars [22]).

The platform masses and the subsoil parameters are 
assumed independent of frequency. The mass of the added 
water is affected by the submerged element shape (see [5], [9], 
[10]). The work [21] indicates a relation between the added 
masses and the wave frequency. Due to small variations, it is 
routine in numerical computations of platform response that 
the added masses are constant throughout the wave excitation 
frequency range.

The total mass of the dynamic system follows the 
summation:

                         (2)

where matrices MP, MS, MH are the global mass matrix of 
the structure, subsoil, and associated (hydrodynamic) water,  
respectively. 

The terms of the matrix MS are based on [23]. Taking into 
account the additional subsoil mass matrix MS, the lumped 
soil is considered in the form of a cube (see Fig. 1), and its 
empirical coefficient depends on the oscillating mass (Table 1).

Table 1. Coefficients of co-oscillating subsoil masses

Degree of freedom of added mass Added mass

Vertical 1.50ρsR3

Horizontal 0.28ρsR3

Rotational 0.49ρsR5

Torsional 0.70ρsR5

In Table 1 ρs is the soil density, R is the radius of the rigid 
disc resting on the subsoil (see Fig. 1).

The elements of the matrix MH are derived from the modified 
form of the Morison formula (see [1], [6], [21]). It should be 
emphasised that non-zero hydrodynamic masses occur only at 
nodes corresponding to structural elements immersed in water. 

 DAMPING MATRIX

The global damping matrix C is the superposition of three 
matrices:

                            (3)

where the P, S, and H indices refer to structural damping, 
subsoil, and co-oscillating (hydrodynamic) water damping, 
respectively.

Structural damping, i.e., material damping produced by 
internal friction in the element material and damping in the 
joints between the structural elements, is approximated by 
the equivalent viscous damping according to the formula  

 (see [24]), and the coefficients αM, 
αK are defined by the so-called proportional damping (Rayleigh 
damping) of a “dry” structure. i.e., without a subsoil and 
surrounding water impact (see e.g. [23]). 

Thus, the CP matrix is a linear combination of a kinetic 
energy measure (mass matrix) representing external damping 
and a potential energy measure (stiffness matrix) expressing 
the internal damping of a dynamic system.

Subsoil damping (the matrix CS in Eq. (3)) is reflected by 
a system of dashpots of frequency-variant parameters. These 
parameters are discussed in [1], [6], where the subsoil model 
is an elastic half-space. A weightless plate rests on an elastic 
subsoil and it is subjected to harmonic excitation. This pattern 
refers to radiation-type damping. The hysteretic (internal) 
damping of the subsoil is associated with its viscoelastic model 
(see [25]).

The damping part related to hydrodynamic damping 
CH occurs only in the nodes immersed in water. This issue 
is addressed in detail in [7], where the stochastic averaging 
method is used to solve non-linear platform vibrations. 

STIFFNESS MATRIX

The system stiffness covers the structural stiffness (3D beam 
finite elements) and stiffness of the subsoil, represented by six 
springs along the DOFs (degrees of freedom) of the support 
nodes of the discrete platform model.

We assume the following superposition of the global 
stiffness matrix: 

                                   (4)

where KP represents the global stiffness matrix of a platform 
made of 3D beam elements, and KS is a matrix representing 
contact between the platform structure and the subsoil.

While the structure–subsoil contact is modelled by a system 
of six springs and dashpots, the matrices KS and CS include six 
diagonal elements, referring to three translations and three 
rotations. In the probabilistic terms, the soil shear modulus G 
is represented by a Gaussian random variable, while Poisson’s 
ratio ν and mass density ρs are assumed to be deterministic. 
The mean values and variances of the stiffness and damping 
parameters are presented in [1], [6]. 

EXCITATION FORCES

The right-hand side of the equation of motion (1) specifies 
the marine environment of the offshore structures. Excitation 
forces are affected by the environment, i.e., waves, wind, 
and subsoil deformations (e.g., support settlement, seismic 
interactions, etc.).

The force vector in Eq. (1) includes components derived from 
a field of sea waves and wind. The random event identifier γ 
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is neglected here. 
Let the total force vector be: 

    
(5)

where PF is a sea wave load vector at structural nodes in the 
immersed part, PW is a wind load vector at nodes above sea 
level.

The vectors PF and PW are time functions, with the structural 
velocity vector  and the acceleration vector  (see Eq. (A.1) 
in Appendix).

In the probabilistic approach, the vectors PF  and PW are the 
functions of random parameters, i.e., wave height, wave period, 
hydrodynamic coefficients, wind speed, sea current velocity, 
biological growth of elements immersed in seawater, etc. In 
papers [1], [6], it was assumed that wave and wind loads given 
a linear form are considered Gaussian, ergodic, stationary, and 
independent processes with zero means. Thus the linear sum 
of the processes expressed in formula (5) is also a stationary 
and ergodic Gaussian process.

SUBSOIL‒STRUCTURE INTERACTION 
PROBLEM

The components of the dynamic equation of motion (1), 
based on the structure–subsoil interaction problem, are defined 
by the mass, damping, and stiffness matrices, i.e., MS, CS and 
KS (see Eqs. (2), (3), (4), and Table 1, respectively). 

Three models are possible to analyse the structure–subsoil 
co-oscillating system:

1. Deterministic model 1 ‒ constant parameters of 
stiffness and subsoil damping. This simplifying 
approach leads to a system of differential equations with 
constant coefficients. It is a numerical problem to apply 
equations uncoupled by modal reduction, while soil 
damping is high compared to structural damping, so 
the Rayleigh proportional damping may be irrelevant. 
In numerical terms, the modal transformation makes 
the mass and structural damping matrices diagonal, 
but the subsoil damping matrix does not follow; hence 
the equations are coupled. The work [23] shows that 
the subsoil damping matrix may be diagonalised if 
the least-squares method is applied to minimise the 
error function. This work assumes that the motion 
components associated with the rigid body structural 
vibrations are uncoupled.

2. Deterministic model 2 – variable parameters of 
stiffness and subsoil damping, the latter frequency 
variant. A system of differential equations with variable 
coefficients is solved. Relevant approximation functions 
are applied to the variable equation parameters (see 
[25]).

3. Random model ‒ here the stiffness and subsoil damping 
parameters are random variables. The stiffness 
coefficients are Gaussian random variables while they 

are with Gaussian distributed soil shear modulus G. 
Poisson’s ratio and the mass density are deterministic. 
The damping factors are non-linear with regard to 
the shear modulus, so the mean values and variances 
of these parameters are achieved by an approximate 
solution ‒ Taylor’s series expansion. The mean values 
and variances of the subsoil stiffness and damping 
coefficients are presented in [1] and [6].

Deterministic models allow one to solve the contact 
problem in the time or frequency domains [19]. If the second 
deterministic model is applied, it is convenient to perform the 
analysis in a frequency domain. The stiffness terms associated 
with structural degrees of freedom decrease with increasing 
frequency, more for translational than rotational DOFs 
[23]. In the case of random models the solution may involve 
approximation methods, e.g., spectral analysis, a perturbation 
approach, averaging and simulation methods, etc.

PERTURBATION SOLUTION APPROACH 

The dynamic equations of motion of the platform belong 
to a non-linear class of equations in both deterministic and 
probabilistic terms. The origin of non-linearity is the velocity 
component of force summation in a dynamic system and the 
coefficients of substitute springs and dashpots modelling the 
subsoil–structure interaction. These coefficients are frequency-
variant, affected by the random subsoil shear modulus [6]. 

Different methods can be used to solve  Eq. (1) (see [1], [7], 
[17]). In this study, the perturbation method is used. 

The perturbation method is an asymptotic method, whose 
solutions are power series. Limiting an approximate solution 
to selected terms of a series makes a sufficient approximation 
in a variety of problems (see [11], [13]).

The fluctuations of random coefficients of the matrix in 
Eq. (1) are assumed to be small, and the perturbations of 
random magnitudes are limited to the first- or second-order 
approximations of the response series expansion (see [17]). The 
reference work regards the interaction of non-linear damping 
wave forces with a structural response, but neglects the soil‒
structure interaction problem.

Thus the matrix coefficients of Eq. (1) defined by the inertia, 
damping, and stiffness matrices are random variables as 
follows:

                           (6)

where index “0” is the mean coefficient, index “1” represents 
fluctuation, γ is an elementary event of an elementary space 
Γ, and ε is the small parameter, ε << 1.

The solution of Eq. (1) takes the perturbation expansion 
form:
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(7)

where terms up to ε2 are retained, since the variable linear 
parts associated with the small parameter ε are not correlated 
with the excitation forces. 

The operator of Eq. (1), , triggers:

                                          (8)

where    is defined 
by Eq. (7),    
(see the Appendix and the load vector P).

Expanding Eqs. (6) and (7) and comparing the corresponding 
terms, the set of equations takes the form:

                                     (9)

where .

Formula (9) is a hierarchical set of linear equations 
of static equilibrium with deterministic coefficients and 
random excitations: Z0, Z1 and Z2. Regarding a vector Z1, its 
approximation Z1 ≈-L1q0 follows the linearisation method of 
Malhotra and Penzien [27] applied to the drag term of wave 
forces. Note that the excitation of the second equation is caused 
by the solution of the first equation, etc. 

RESPONSE SPECTRA

The first Eq. (9) covers the stochastically linear problem 
in terms of the spectral density function Sqoqo(ω), while the 
second and third equations are related to higher-order spectra. 
Regarding the order ε2, the response spectral density is:

       
(10)

where the indices qrqs, (r,s = 0,1,2) refer to the displacement 
components defined by Eq. (7). 

The spectral density matrices in Eq. (10) associated with 
the small parameter ε equal zero (the autocorrelation function 
between vectors q0 and q1 is Rqoq1(τ) = 0, thus Sqoq1(ω)=0). Two 
issues are vital here: zero-mean stochastic processes of the 
excitation process and cumulants of an order higher than two 
may be neglected for Gaussian approximation [17]. 

The following remarks are highlighted in the inquiry above:
1. Random variables M1(γ), C1(γ), K1(γ) are small-

valued and independent of q0 (γ, t). Thus the vector 
process Z1 is stationary in a broad sense and ergodic 

in autocorrelation;
2. Fluctuating components of the matrices in Eq. (6) are 

defined by diagonal matrices: 

             (11)

where MSi (γ) is defined by soil masses (according to Table 1 
including the mean values), while CSi(γ) and KSi(γ) are the 
random damping and stiffness of the soil addressed by Jesien 
[6] and [1];

3. The full correlation holds between the fluctuation 
components listed above;

4. Spectral density matrices Sqoqi(ω) = Sqiqo(ω), i = 1,2 show 
all zero terms (see [17]).

The presented argument leads to:

             (12)

where

, and
.

The spectral density matrix of Z1 is:

     
     

(13)

 where: 

and σM=diag(σMii), σC=diag(σCii), σK=diag(σKii) are diagonal 
matrices, whose elements show standard deviations by Eq. (13).

The spectral density matrices of q0(γ, t) and q1(γ, t) take 
the form:

          (14)

where  is the 
complex transfer function matrix (see [1]), and  is its 
complex conjugate transpose, r = 0,1.

Similarly to Eq. (14), the spectral density matrix in the 
reduced modal space , where  is the matrix of 
eigenvectors of order (n × h), h < n, has the form:

      (15)
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where , 
,  r = 0,1, 

The spectral density matrix of the displacement vector q(γ, t) 
in Eq. (7) reads:

           (16)

Following Eq. (16), the response spectral density matrix 
Sqq(ω) is the sum of the two components. The first, i.e., the   

matrix, is the first approximation, the second 
component, , is the second approximation. 

The response spectral density matrix of the internal forces 
of the jth beam element is: 

                    (17)

where  and  denote the spectral density 
matrices of the internal forces and displacements for the 
element j respectively, and  is the stiffness matrix of the 
element j. 

NUMERICAL EXAMPLE

A discrete 3D beam model of the platform is presented in 
Fig. 1. The axial, torsional, and bending stiffness parameters of 
the deck and columns of the platform are based on structural 
details shown in Fig. 2, 3, and 4.

Fig. 2. Platform deck projection 

Fig. 3. Longitudinal cross-section of the platform

Fig. 4. Cross-sections of the platform leg

3D beam finite elements and the corresponding numbers 
of nodes are shown in Fig. 5 (see [1], [6]). The model specifies 
elastic supports and dashpots representing the stiffness and 
damping of the subsoil, respectively. This model involves 
72 degrees of freedom. The axial, bending, and torsional 
stiffness parameters of the FEM beam model are (see [1]): 
EA={8.40∙105;0.79∙105 } [MN], EJ={2.53∙106; 8.93∙105} [MNm2], 
GJs={1.94∙106; 6.86∙105} [MNm2], the first part related to the 
deck, the second part referring to the legs of the structure. 
The total mass of the structure is 7710∙10^3 [kg], regarding 
the deck and the legs. 

Fig. 5. Space FEM discrete model of the platform 
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The following data of the subsoil, wind and wave parameters 
are assumed:

subsoil parameters: E = 60[MPa], ν = 0.4, E(G) = 
21.4[MPa], σG=E(G) ⁄2 = 10.7[MPa] (Young’s modulus, 
mean value, and standard deviation of the shear 
modulus, respectively). 
wind parameters:  = 40[m⁄s], K =0.005, L=1200 [m], 
a = b= c = 1 (mean wind speed 10 m above the surface, 
surface drag coefficient, the length scale of turbulence, 
and empirical coefficients in Davenport’s formula 
[28], representing the cross-spectral density of the 
longitudinal wind fluctuation velocity, respectively).
wave parameters: =14m,  =10s,  =180m, 

 (mean height, period, and 
length for long-crested waves, empirical inertia, and 
drag coefficients of the Morison equation). 

Fig. 6 presents the three lowest mode shapes of the free 
vibration problem.

Fig. 6. The first three mode shapes of the platform: (a) ω1 =2.16  rad⁄s, (b) 
ω2 =2.17  rad⁄s, (c) ω3 =3.36  rad⁄s

Fig. 7. Spectrum moduli of the responses of the FEM platform model loaded 
by waves and wind (the bending moment at the node 10 about OX-axis. 1:  

solution of a linear stochastic problem for waves and wind loads, 2: solution by 
stochastic averaging method [1], [7] (sea waves only), 3: perturbation solution 

of a non-linear stochastic problem, 4: solution of a stochastic linear problem 
for wind load only (see [6]) 

The cross-spectral density functions of the wave and wind 
loads are presented in [1].

Fig. 7 shows the bending moment power spectrum modules 
in the spring of the rotating support node (10), taking into 
account the solution of a linearised stochastic problem for 
wave and wind loads (curve 1), the stochastic averaging 
method regarding wave loads only (curve 2), the stochastic 
non-linear case with uncertain subsoil parameters (curve 
3) and the solution regarding wind loads only (curve 4). The 
results were obtained for modal space reduction with h = 7 
eigenvectors. In the spectrum waveform, the characteristic 
values are observable along the frequency axis ω, corresponding 
adequately to the frequency of the extreme wind spectrum 
(ω = 0.2 rad⁄s), the frequency of the extreme wave spectrum 
(ω = 0.5 rad⁄s) and the mean value of the first natural  frequency 
(ω = 2.16 rad⁄s). Numerical integrations of these four response 
spectra variants lead to the following standard deviations of the 
bending moment at node 10: σM={47.3; 44.5; 54.9; 20.9}[MNm].

DISCUSSION

The perturbation method was used 
to study the non-linear vibration effects 
of the platform‒wave‒wind‒subsoil 
interaction system. Two types of non-
linear problems occur here. The first 
type stems from the modified Morison 
equation for wave loading (wave‒
structure interaction problem), the 
second one involves coefficients of the 
system of dynamic equations of motion 
containing components in the form 
of random variables (soil‒structure 
interaction effects) defining the system 

as stochastically non-linear. The wave‒structure interaction 
problem is included here by the added mass and hydrodynamic 

damping terms (see Eqs. (A.2) and (A.3)), 
and the fluctuating damping part of 
the wave force associated with a small 
parameter. Neglecting this part and 
assuming the stochastically linearised 
wind forces, the response spectra with 
the second-order terms of the jack-up 
structure considered in real engineering 
categories were presented. 
1. Based on the numerica l 
computations in this study and other 
published research, the following 
observations can be made: The response 
spectral density functions highlight 
two important features of structural 
behaviour. The first is that the variances 

are statistical parameters of the analysed processes. 
The second is that the distribution of the response 
spectra shows the dominant content in the frequency 
range associated with the structural natural frequencies 
(resonance zones). 
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2. A linearised structural response spectrum is a frequency 
function employing a linearised form of damping 
forces, which includes deterministic parameters of 
the subsoil. The introduction of random parameters 
converts the problem from a stochastically linear to a 
stochastically non-linear problem (the system equation 
operator is random).

3. Modal reduction of a dynamic system significantly 
simplifies the numerical computations, incorporating 
the lowest vibration forms (the presented example 
shows a 10% reduction of dynamic degrees of freedom). 
Due to the significant material damping, the subsoil 
introduces a disturbance in the modal formulation of 
the problem.

4. The subsoil‒structure interaction effects represent 
non-linearity in the frequency range close to the first 
structural natural frequency. In the presented example 
the peak value of the bending moment spectrum at 
the first natural frequency is approximately twice the 
value of its linearised response. Beyond the resonance 
zones, the differences between linear and non-linear 
effects are negligible. 

5. Zero values in the response spectra are caused by a 
sign change in the wave load on the platform legs, a 
problem that was noted and explained by Jesien [6].

6. The mean fluctuation peak of the wind velocity 
spectrum appears at the response spectrum due to 
wind load. The values of the peak are amplified at this 
frequency, but only in the resonance zones. Fig. 7 shows 
that the impact of the wind load on the response power 
spectrum is low (6% at the peak value of the resonance 
zone, as shown in variants 3 and 4). 

7. The fluctuating part of the damping wave excitation 
force (i.e. the term P1i of Eq. (A.4) in the Appendix) 
in the structural response spectral analysis leads to 
higher-order convolution spectra of wave-particle 
kinematics (see [7], [17]). These response effects are 
insignificant for real sea states.

8. In offshore dynamic systems with small element 
diameters compared to the wave height, the main 
damping is produced by a wave velocity term of 
excitation forces. In RC platforms with significant 
dimensions of the submerged elements and significant 
mass, wave field disturbance (diffraction) occurs, and 
significant damping of the dynamic system is generated 
by the subsoil [5], [9].

CONCLUSION

The dynamic response of jack-up platforms subjected to 
wind and wave loads is more severe if the higher-order wave 
load components and uncertainty of subsoil parameters are 
included, and the problem is treated as a stochastically non-
linear dynamic system. The linearisation of the platform 
dynamic system leads to underestimation of the system’s 
dynamic response.

The inclusion of non-linear effects due to wave‒structure and 
subsoil‒structure interactions reveals substantial differences in 
the peaks of the response spectra in the resonance zone vs. the 
linearised form of the response spectra (with the non-linear 
effects being neglected).

These findings deserve future research, including the wave‒
structure kinematics interaction process.
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APPENDIX

The excitation force vector Pi (Eq. (5)) at the ith submerged 
node of the platform is defined by the modified Morison 
formula (see [1], [6], [17], [21]):

                      (A.1)

where ,
 
 , 

ρ is the density of water, Vi, Ai are the volume and projected 
area associated with the ith node, ,  
and  are fluid particle velocity and structural velocity 
vectors at node i,  “n” denotes normal to the cylinder axis,  

 are empirical coefficients affected by the cross-
sectional shape, Reynolds and Keulegan‒Carpenter numbers, 
and relative roughness (see [8], [9]).

Equation (A.1) takes the form:

      
(A.2)

where .
Assuming that the wave-particle kinematics is represented 

by a zero-mean stationary ergodic Gaussian stochastic process, 
the ith damping coefficient  takes the form [17]:

    
(A.3)

where  is the mean value of , and 
  is the standard deviation of the water-particle 

velocity vector.
The second term of Eq. (A.2), i.e., , is called 

the added mass term, while the first term of Eq. (A.3), i.e., 
, is the hydrodynamic damping term. These 

two terms are added to the corresponding structural mass (Eq. 
(3)) and damping matrices (Eq. (4)).

Considering the second term of Eq. (A.3) to be small (the 
fluctuating damping), the wave force Pi reads:

(A.4)

where 

.
The stochastically linearised wind force vector Pj at the jth 

node above the sea water level takes the form (see [6]): 

(A.5)
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where A denotes the windward area of the platform, 
ρA= 1.23 kg⁄m3  is the air density, CDA is the drag coefficient, 

 and  are the mean value and the fluctuating part of the 
wind velocity vector, respectively,  is the standard 
deviation of the fluctuating wind velocity for two points m 
and n on a vertical plane perpendicular to the mean wind 
velocity and  ,, where  
is a single-sided Davenport spectrum [28].
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