
Applied Mathematical Modelling 33 (2009) 3421–3429
Contents lists available at ScienceDirect

Applied Mathematical Modelling

journal homepage: www.elsevier .com/locate /apm
Study of free convective boundary layer of isothermal lateral
surface of axisymmetrical horizontal body

Sergiej Leble a,*, Witold M. Lewandowski b

a Faculty of Applied Physics and Mathematics, Department of Theoretical and Mathematical Physics, Gdańsk University of Technology,
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Approximate analytical solution of simplified Navier–Stokes and Fourier–Kirchhoff equa-
tions describing free convective heat transfer from isothermal surface has been presented.
It is supposed that the surface has the horizontal axis of symmetry and its axial cross-sec-
tion lateral boundary is a concave function. The equation for the boundary layer thickness
is derived for typical for natural convection assumptions. The most important are that the
convective fluid flow is stationary and the normal to the surface component of velocity is
negligibly small in comparison with the tangential one. The theoretical results are verified
by two characteristic cases of the revolution surfaces namely for horizontal conic and ver-
tical round plate. Both limits of presented solution coincide with known formulas.

� 2008 Elsevier Inc. All rights reserved.
1. Introduction

The applied mathematical modeling of the convective heat transfer phenomena is traditional based from the celebrated
papers of Prandtl and Schlichting on a notion of boundary layer [1]. The introduction of boundary layer theory allowed to
solve this complicated (especially for natural convective) problem of heat transfer in terms of the functions that describes
the boundary layer form and the velocity and temperature profiles across the layer. Such approach was very useful to deter-
mine convective heat losses from apparatus, devices, pipes in industrial or energetic installations, electronic equipment,
architectonic objects and so on by engineers and designers. It especially important now in microfluidics phenomena and
need a study of bodies with various configurations and high precision [2].

The results of theoretical and experimental study of free convective heat transfer from different configurations of heating
objects are widely published. From the analysis of literature data it is obvious that heat transfer from the objects’ surfaces is
described mainly by Nusselt–Rayleigh relations Nu ¼ CRan with constants C and exponents n individual for each cases of sur-
face. In the review Churchill’s paper [3] among about 120 theoretical and experimental results only a few positions of rota-
tional surfaces (spheres, hemispheres, horizontal cylinders). For such surfaces may also be included a vertical round plate
investigated by Lewandowski et al. [4] and horizontal conic experimentally studied by Oosthuizen [5]. At our recent papers
[6,7] free convective boundary layer on isothermal horizontal cone have been studied theoretically and experimentally as
well. Such cone is a specific case of a rotational body as for example the mentioned above vertical round plate, hemisphere
with horizontal axis of symmetry, hemispheroid and so on.
. All rights reserved.
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In this paper we are going to consider a convective heat transfer from general concave rotational isothermal surface
with horizontal axis of symmetry. Such generalization is based on the same geometric idea that was used in the case
of cone: we build the curves on the heated surface along which the boundary layer develops. Such curves is defined by
the resulting force (the sum of gravitation, buoyancy and reaction) which moves the liquid elements in each point near
the surface.

We use this same basic equations and assumptions typical for the natural convection heat transfer from isothermal sur-
faces in the steady condition of a convective fluid flow as in [6]. A solution of such problem is generated on the base of energy
and momentum balance on control fluid volume restricted by surface built by the coordinate curves.

The main result of our paper is the derivation of the boundary layer thickness equation which is the ordinary differential
equation in the variable along the curve described above. Each such curve is marked by its initial cylindrical coordinate
(boundary layer starting point) that enter the resulting equation as a parameter. This resulting equation is rather easy for
a numerical treatment.

2. Geometry

Assume the cylindrical variables z0, q, u are defined so that the Cartesian variable z ¼ z0 coincides with cylindrical one and
for others the relations x = qcosu and y = qsinu are valid.

Due to the physical symmetry with respect to the reflection of y! �y, instead of the variable u 2 ð0;2pÞ we introduce
the variable e 2 ð�p=2;p=2Þ that is e ¼ �uþ p=2 (see Fig. 1).

Let us define the surface R by the function (one-to-one correspondence) q = q(z), z 2 ½0; h�. Assume that a circumference
z = h creates the edge of the heated isothermal surface R of temperature Tw. For example for the cylinder one has
q ¼ R; ð1Þ
where R is the radius of the cylinder base; for the cone:
q ¼ z cot a; ð2Þ
where a is the cone angle. The spherical segment case z < h is determined by its radius R
q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zð2R� zÞ

p
: ð3Þ
The Cartesian coordinates (x,y,z) on the surface are expressed in the terms of the cylindrical ones (z,q,e), the notation of the
axisymmetrical coordinate z is preserved
x ¼ qðzÞ sin e; y ¼ qðzÞ cos e: ð4Þ
We use the variables (z,e) as ones that define a point on the surface. At arbitrary point M of the lateral surface R one may
distinguish two tangent unit vectors sz and se
sz ¼
or
oz
; se ¼

or
oe

ð5aÞ
ρ
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Fig. 1. Coordinate system of free convective heat transfer from isothermal rotational surface with horizontal axis of symmetry.
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and one normal r to surface
r ¼ sz � se

jsz � sej
; ð6Þ
where r ¼ ðx; y; zÞ 2 R.
The Cartesian coordinates of the vectors se, sz;r are
szx ¼
ox
oz
¼ q0ðzÞ sin e; szy ¼

oy
oz
¼ q0ðzÞ cos e; szz ¼

oz
oz
¼ 1 ð7Þ

sex ¼
ox
oe
¼ qðzÞ cos e; sey ¼

oy
oe
¼ �qðzÞ sin e; sez ¼

oz
oe
¼ 0 ð8Þ

rx ¼
sin effiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ ðq0ðzÞÞ2
q ; ry ¼

cos effiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðq0ðzÞ2

q ; ð9Þ

rz ¼
�q0ðzÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ ðq0ðzÞÞ2
q ; ð10Þ
where q0ðzÞ ¼ q0 is the derivative dq/dz.
The vector of gravity acceleration (Fig. 2) in our coordinates is
gx ¼ �g; gy ¼ 0; gz ¼ 0: ð11Þ
It is convenient to built the local coordinate system by the three orthogonal vectors, one - normal to the surface r, next – s,
which is based on the gravitational vector g with the extracted projection to r
s ¼ g� gr

jg� grj
¼ g� ðg;rÞr
jg� ðg;rÞrj : ð12Þ
Cartesian coordinates of the s are correspondingly
sx ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q02 þ cos2 e

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ q02

p ;

sy ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

q02 þ cos2 e
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ q02
p sin e cos e;

sz ¼ �
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

q02 þ cos2 e
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ q02
p ðsin eÞq0: ð13aÞ
The third vector of the local basis is chosen as n = [r � s].
Let us remark that the gravitation vector g belongs to the plane, built by the vectors r, s so decomposition of the gravity

according to these coordinates gives two components of gravity force along unit vectors r and s that acts in normal and in
tangent direction to the lateral surface (see Fig. 2).
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Fig. 2. Construction of curve S on considered rotational surface with horizontal axis of symmetry.
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Let us define a curve S on the surface R, as a curve for which the unit vector s is tangent. This curve is created by the cross-
section of the surface R with a vertical surface of the gravity vector action. At any point M the components of gravity gr and
gs are the normal and tangent ones to the curve S.

3. Physical model

We consider and solve the stationary problem for equations: Navier–Stokes, Fourier–Kirchhoff and continuity with re-
spect to the three mentioned characteristic directions r, s and n. We do not consider the projection of the Navier–Stokes
equations over the direction of n because the gravity force component in this direction is zero. Hence, we consider the fluid
flow over the heated surface along the curve S only.

In these notations and after typical for natural convection assumptions such as [8]

– temperature of the considered surface R is constant and equal Tw,
– temperature of the fluid outside the disturbed region T1 is also constant,
– physical parameters a, qf , m, b, k of the fluid inside the boundary layer are taken as constant; in comparison with exper-
iment it is taken at average temperature Tav ¼ ðTw þ T1Þ=2,
– fluid is incompressible and its flow is laminar,
– inertia terms are negligible in comparison with viscosity ones,
– thicknesses of the thermal and hydraulic boundary layers are the same,
– tangent component of the velocity inside the boundary layer is significantly larger than normal one Ws �Wr.

The last assumption is not valid for two marginal regions: first one is where the boundary layer arises at e ¼ �p=2 and
second where the layer is transformed into the free buoyant plum at e ¼ p=2.

On the bases of such assumptions the Navier–Stokes equations may be written as
m
o2Ws

or2 � gsbðT � T1Þ �
1
qf

op
os
¼ 0; ð14Þ

� grbðT � T1Þ �
1
qf

op
or
¼ 0; ð15Þ
where Ws ¼ ðs;WÞ, gs ¼ ðs;gÞ, gr ¼ ðr;gÞ are components of velocity and gravitation acceleration vectors in the direction of
the unit vectors s and r. The corespondent components of pressure gradient are denoted as op=os, op=or. From the Eqs. (6)–
(12), respectively, one can found the gravity acceleration vector components:
gr ¼ �
g sin effiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ q02Þ

p ; gs ¼
g
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðq02 þ cos2 eÞ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ q02Þ

p : ð16Þ
We assumed that relation for temperature distribution inside boundary layer can be used as solution of Fourier–Kirchhoff
equation [8]:
H ¼ T � T1
Tw � T1

¼ 1� r
d

� �2
; ð17Þ
or
T � T1 ¼ DT 1� r
d

� �2
: ð18Þ
Plugging, Eqs. (16) and (17) into Eqs. (14) and (15) gives
m
o2Ws

or2 � gbDT 1� r
d

� �2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðq02 þ cos2 eÞ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ q02Þ

p � 1
qm

op
os
¼ 0; ð19Þ

� gbDT 1� r
d

� �2 sin effiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ q02Þ

p � 1
qm

op
or
¼ 0: ð20Þ
4. Transformations of basic equations

Integration of the Eq. (20) for the boundary condition pðs;rÞ ¼ p1 at r = d gives a formula for the pressure distribution
across the boundary layer
p ¼ �p1 � gqmbDT r� r2

d
þ r3

3d2 �
d
3

� �
sin effiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ q02ð Þ

p : ð21Þ
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Pressure p1 represents the excess of pressure over the hydrostatic pressure outside the boundary layer. Because our consid-
erations are concerned with unlimited space the value of this pressure p1 is constant.

Differentiating of the Eq. (21) with respect to s along the curves S gives
op
os
¼ op

oe
oe
os
; ð22Þ
where
op
oe
¼ � gqmbDTffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1þ ðq0Þ2Þ
q r� 1

dðeÞr
2 þ 1

3d2ðeÞ
r3 � 1

3
dðeÞ

 !
cos eþ 1

d2ðeÞ
r2 � 2

3d3ðeÞ
r3 � 1

3

 !
ðsin eÞ odðeÞ

oe

" #
: ð23Þ
Calculation of the derivative oe=os along the curve S needs some explanations. Let us remind that the vector s is tangent in
each point of the curve S from the starting point z ¼ h; e ¼ emin until the final point z ¼ h; e ¼ emax. Introduction of Eqs.
(13a) and (4) creates Cartesian coordinates of a point on the curve S in three dimensional space. Differentiating of Eq.
(4) gives
dx
de
¼ dq

dz
dz
de

sin eþ q cos e; ð24Þ

dy
de
¼ dq

dz
dz
de

cos e� q sin e: ð25Þ
The ratio of Eq. (24) and sx Eq. (13a) is equal to the ratio of Eq. (25) and sy Eq. (13a), that give the equation for dz
de
ðq02 þ cos2 eÞ dq
dz

dz
de

cos e� q sin e
� �

þ sin e cos e
dq
dz

dz
de

sin eþ q cos e
� �

¼ 0;
or
dz
de
¼ q

q0

q02 þ 1
tan e ¼ FðzÞ tan e; ð26Þ
where FðzÞ ¼ qq0
q02þ1 is the function that depends only on the surface shape. For example for cylinder F(z) = 0, for conic

FðzÞ ¼ z cos2 a and for the spherical segment FðzÞ ¼ ð�Rþ zÞz �2Rþz
R2 .

The integral of the Eq. (26) is obtained by variables division:
Z z

h

dz0

Fðz0Þ ¼
Z e

�em

tan e0de0 ¼ � lnðcos eÞ þ lnðcos emÞ: ð27Þ
The solution of the Eq. (27) is the function z(e) that defines the curve S. In the trivial case of the cylinder z(e) = 0, while the
cone gives
Z z

h

dz0

z0 cos2 a
¼ ln z� ln h

cos2 a
¼ � lnðcos eÞ þ lnðcos emÞ; ð28Þ
or
z ¼ h
cos em

cos e

� �cos2 a
; ð29Þ
and for the segment of the sphere
Z z

h

1
ð�Rþ zÞz �2Rþz

R2

dz ¼ ln
1

�Rþ z

ffiffiffi
z
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð�2Rþ zÞ
p �Rþ hffiffiffi

h
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð�2Rþ hÞ
p ¼ � lnðcos eÞ þ lnðcos emÞ: ð30Þ
After simplification
1
�Rþ z

ffiffiffi
z
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð�2Rþ zÞ
p �Rþ hffiffiffi

h
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð�2Rþ hÞ
p ¼ cos em

cos e
: ð31Þ
The derivative of the pressure in the direction s (12) may be evaluated by means of the connection:
ds2 ¼ dx2 þ dy2 þ dz2
; ð32Þ
where dx, dy and dz are taken from Eqs. (24)–(26). The link Eq. (24) gives
ds ¼ de

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dq
dz

dz
de

sin eþ q cos e
� �2

þ dq
dz

dz
de

cos e� q sin e
� �2

þ dz
de

� �2
s

:
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Simplifying yields
de
ds
¼ 1

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðq0Þ2

ðq0 Þ2þ1
tan2 eþ 1

h ir : ð33Þ
In the case of a cone where q ¼ z cot a one has
de
ds
¼ sin a cos e

zðcos aÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� sin2 a sin2 e

p : ð34Þ
From Eqs. (27) and (28) the explicit expression for the variable z as a function of e on the curve z ¼ h cos em
cos e

� �cos2 a, finally
de
ds
¼ cos e

cos em

� �cos2 a sin a cos e

hðcos aÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� sin2 a sin2 e

p : ð35Þ
Introduction of the result (33) into the Eq. (22) gives
op
os
¼ �

gqf bDT cos e

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2 eþ ðq0Þ2

q r� r2

dðeÞ þ
r3

3d2ðeÞ
� dðeÞ

3

 !
cos eþ r2

d2ðeÞ
� 2r3

3d3ðeÞ
� 1

3

 !
ðsin eÞ odðeÞ

oe

" #
: ð36Þ
5. Control volume energy balance: boundary layer thickness equation derivation

Plugging the relation Eq. (36) into Eq. (19) and double integration with boundary conditions (Ws = 0 when: r = d, 0) after
averaging across the boundary layer yields
Ws ¼
1
d

Z d

0
Wsdr ¼ gbDTd2

m
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ððq0Þ2 þ cos2 eÞ

q cos eð Þd
180q

þ odðeÞ
oe
ðcos eÞðsin eÞ

72q
� ððq

0Þ2 þ cos2 eÞ

40
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ ðq0Þ2Þ

q
0
B@

1
CA; ð37Þ
where q ¼ qðzðeÞÞ is defined via the solution of the Eq. (27) on the curve S.
Taking into account the choice of the unit vector s the change in mass flow intensity is
dm ¼ �dðA �Ws � qmÞ; ð38Þ
where (A) is the cross-section area of the boundary layer (see Fig. 3).
S(ρ0)

ρ0

σ

ε=0

dτg

A

δ

(σ x τε) 

τε

dAk

ρ0+dρ0

dξ

S(ρ0+dρ0)

εm -dεm

εm

δ+dδ

σ τε

(σ x τε) 

dr

Fig. 3. Graphical explanation of estimation control surfaces A and dAk on considered heated surface.
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The amount of heat necessary to create this change in mass flux is
dQ ¼ Di � dm ¼ �qm � cp � ðT � T1ÞdðA �WsÞ: ð39Þ
Substitution of the mean value of the temperature
ðT � T1Þ ¼
1
d

Z d

0
DT � 1� r

d

� �2
dr ¼ DT

3
ð40Þ
gives
dQ ¼ �1
3
qm � cp � DT � dðA �WsÞ: ð41Þ
The heat flux described by Eq. (41) should be equal to the heat flux determined by Newton’s Eq. (42)
dQ ¼ a � DT � dAk ¼ �k � oH
or

� �
r¼0
� DT � dAk; ð42Þ
where dAk is the control surface of the body boundary (see Fig. 3).
From simplifying assumption of the temperature profile inside boundary layer (17), the dimensionless temperature gra-

dient on the heated surface may be evaluated as
oH
or

� �
r¼0
¼ �2

d
: ð43Þ
Substitution Eq. (43) into Eq. (42) and equating the result with Eq. (41), one obtains the control volume energy balance
equation
1
6k
� qm � cp � d � dðA �WsÞ ¼ �dAk: ð44Þ
Derivation of formulas for the cross-sectional area and the control surfaces A and dAk is pictorial shown on Fig. 3 as it is pre-
sented below.

As one can see in Fig. 3 for the both control surfaces A and Ak the differential width dn is the scalar product of
dn ¼ j½r� s� � drj; ð45Þ
where the vector product of normal (6) and tangent (12) to the curve on the surface vectors is
½r� s� ¼ jðq0Þ þ k cos effiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2 eþ q02

p : ð46Þ
Differentiation of three dimensional coordinate vector (r = r(x,y,z)) on the surface with constant e and account of the rela-
tions (4) and the Eq. (27) leads to the expression for the differential form of this vector
dr ¼ dz
dem
ððq0Þ sin e; ðq0Þ cos e;1Þdem ¼ FðzÞ tan emððq0Þ sin e;q0 cos e;1Þdem: ð47Þ
Plugging (46) and (47) into (45) gives
dn ¼ FðzÞ tan emðcos eÞ 1þ ðq0Þ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ððq0Þ2 þ cos2 eÞ

q dem: ð48aÞ
Using the definition of F Eq. (26) the result allow to find the width of the control surfaces Eq. (48a) and next the relations for
the cross-sectional area A
A ¼ dn � d ¼ qq0dffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ððq0Þ2 þ cos2 eÞ

q tan em � cos e � dem: ð49Þ
Similar expression may be obtained using Eq. (33) for the control surface dAk
dAk ¼ dn � ds ¼ q2q0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ q02Þ

p tan em � de � dem: ð50Þ
Substituting the Eqs. (37), (49) and (50) into Eq. (44) leads to the nonlinear differential equation for boundary layer thickness
d ¼ dðeÞ
gbDT
6km

qmcpdd
qq0dffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ððq0Þ2 þ cos2 eÞ
q cose

d2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðq02 þ cos2 eÞ

p ðcoseÞd
180q

þ odðeÞ
oe
ðcoseÞðsineÞ

72q
� ðq

02 þ cos2 eÞ
40

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þq02Þ

p
 !0

B@
1
CA¼� q2q0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1þq0Þ
p de
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or
K � d � d qq0d3 cos e
ðcos eÞd

ððq0Þ2 þ cos2 eÞ180q
þ odðeÞ

oe
ðcos eÞðsin eÞ

ððq0Þ2 þ cos2 eÞ72q
� 1

40
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ q02

p
 ! !

¼ � q2q0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ q02Þ

p de:
Introducing the notations Xi for the coefficients one have
K � d � d X1 � d3 þ X2 � d4 þ X3 � d3 � od
oe

� �
¼ X4 � de;
where
K ¼ g � b � DT � qm � cp

6 � k � m ¼ RaR

6 � R3 ; ð51Þ

X1 ¼ �
qq0 cos e

40 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðq0Þ2

q ; ð52Þ

X2 ¼
q0 cos2 e

180 � ððq0Þ2 þ cos2 eÞ
; ð53Þ

X3 ¼
q0 sin e cos2 e

72 � ððq0Þ2 þ cos2 eÞ
; ð54Þ

X4 ¼ �
q2q0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ q02

p : ð55Þ
5.1. On formulation of a problem for the boundary layer thickness equation

After introducing dimensionless variables:
d� ¼ d � K1=3; q� ¼ q � K1=3 and z� ¼ z � K1=3 ð56Þ
and after dropping the stars in d, q and z one obtains
X3 d4 d2d
de2 þ 3d3 dd

de

� �2
 !

þ 3X1 þ 4X2dþ
dX3

de
d

� �
d3 dd

de
þ dX2

de
d5 þ dX1

de
d4 ¼ X4: ð57Þ
The resulting equation of the physical model could be solved by a simple numerical method. We however would apply ana-
lytical method to construct approximate formulas for the boundary layer thickness d as a function of variables � and �m as in
the case of a cone in [6].

The coefficients Xi Eqs. (52)–(55) are functions of q(z) which in turn depends on the zð�; �mÞ determining the form of the
curve Eq. (27) on a revolution surface via the differential Eq. (26). Let us underline that our choice of the coordinate system
allows to consider �m as a parameter. The boundary conditions of the convective fluid flow problem yields for the function of
the boundary layer thickness dð�; �mÞ
dð��m; �mÞ ¼ 0 ð58Þ
dð0; �mÞ <1 ð59Þ
The analysis of the Eq. (57) shows that the sign of the coefficient X3 changes in the point � = 0, that means that at this point
the equation has singularity (see the function sine in Eq. (54)), and the order of this equation is reduced. We used this oppor-
tunity to build the solution as a power series of � at the vicinity of the point � = 0. The construction of the series coefficients
hence could be made by means of the Eq. (57) however the only boundary condition (58) should be applied for the reason of
the singularity. The power series expansion is considered as asymptotic one. The singular term with the second derivative is
taken into account when the expansion is substituted to the Eq. (57).

6. On verification of the resulting equation

To verify the form of the Eq. (57) we choose two typical cases of the isothermal lateral surface of axisymmetrical hori-
zontal body. The first of them is conical surface (q ¼ z cot a, (2)) and the next one is the round vertical plate. The vertical
round plate is the degenerated case of the lateral axisymmetrical surface (h = 0) of the horizontal cone.

The Eq. (26) in the case of a horizontal cone gives: qðeÞ ¼ h cot a cos em
cos e

� �cos2 a. The substitution into Eq. (37) gives the expres-
sion for the average tangential component of the fluid velocity inside boundary layer:
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Ws ¼
gbDTd2ðcos eÞcos2 aþ1

m
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� sin2 e sin2 aÞ

q d cos e sin a
180q0

þ odðeÞ
oe

sina sin e
72q0

� 1� sin2 e sin2 a
40 cos eð Þcos2 aþ1

 !
: ð60Þ
This expression coincides with one derived in our previous works [6,7].
To verify the resulting equation for the boundary layer form Eq. (57) it is enough to plug the expression for the function

qðeÞ ¼ q0ðcos eÞ� cos2 a corespondent to the conical surface into the coefficients Xi:
Xc1 ¼ �
q0ðcos eÞ� cos2 aq0 cos e

40 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðq0Þ2

q ; ð61Þ

Xc2 ¼
q0 cos2 e

180 � ððq0Þ2 þ cos2 eÞ
; ð62Þ

Xc3 ¼
q0 sin e cos2 e

72 � ððq0Þ2 þ cos2 eÞ
; ð63Þ

Xc4 ¼ �
ðq0ðcos eÞ� cos2 aÞ2q0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ q02
p ; ð64Þ
where q0 ¼ h cot aðcos emÞcos2 a and q0 ¼ cot a.
These expressions and as a corollary the resulting Eq. (57) also coincide with ones derived in our previous works [6,7].
In the case of a vertical round plate (a = 0) the coefficient by the second derivative in the basic equation for the boundary

layer thickness Eq. (57)
X3 ¼
q0 sin e cos2 e

72 � ððq0Þ2 þ cos2 eÞ
¼ sin a sin e cos2 e cos a

72ð1� sin2 e sin2 aÞ
¼ 0:
The resulting equation is hence of the first order and is integrating in explicit form
d ¼ Cð�� �mÞ1=4
:

For the theoretical treatment and experimental verification see [4,9].

7. Conclusion

Solutions of the resulting equations for the boundary layer thickness Eq. (57) allow to evaluate the heat transfer from
arbitrary revolution surface with horizontal axes of symmetry. The calculation of the heat transfer is based on Newton
law Q ¼ aADT in which a ¼ 2k=d Eq. (42) in the vicinity of each point of the surface. The total heat transfer is found by inte-
gration as in [6]. To proceed with such calculation the differential Eq. (26) should be solved for a given surface defined by the
function q = q(z). The solution yields the expression for the function z = z(�) that describes the curvilinear coordinate system
on the surface used in our approach.
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