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Narutowicza 11/12, 80-233 Gdańsk, Poland
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ABSTRACT
The sum-over-state expressions are derived to calculate the second-order Herzberg–Teller (HT) effects in absorption and resonance Raman
spectroscopies. These effects depend on the second derivatives of the transition dipole moment with respect to the vibrational coordinates.
The method is applied to the molecule of 1,3-butadiene using density functional theory calculations. It is found that the second-order HT
effects are significant for both absorption and resonance Raman intensities, and that the calculated spectra are in good agreement with the
experimental data. The second-order HT effects originate from diagonal elements of the second derivatives matrix, whereas non-diagonal
elements have a negligible impact on the intensities of 1,3-butadiene.
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I. INTRODUCTION

The spectroscopies of absorption and resonance Raman (RR)
scattering are popular and efficient techniques to investigate the
structure, vibrations, and the early dynamics of molecular excited
states. The details and applications of these methods were reviewed
in several papers and textbooks (see, e.g., Refs. 1–4). From the
theoretical point of view, several approaches were developed
to calculate absorption and RR intensities. Some methods are
based on an explicit evaluation of the sum-over-state expression
for the Raman polarizability tensor,5–11 whereas other methods
rely on a time dependent approach based on the wave packet
dynamics.12–18

In the recent years, different studies have investigated the
impact of the Herzberg–Teller (HT) effects on the intensi-
ties.11,16,17,19–23 The HT effects are not only predominant for
dipole–forbidden transitions, but they can also provide a significant
contribution to the absorption and RR cross sections for dipole-
allowed transitions. For example, the author of this paper investi-
gated the first-order HT effects in trans-porphycene,24 which arise

from the first derivatives of the transition dipole moment. The inclu-
sion of such effects, along with the Franck–Condon (FC) contribu-
tion, is essential to accurately predict the RR intensities of trans-
porphycene. Similarly, the large first-order HT effects were also
observed for other compounds.16,21,22,25 The HT effects are intro-
duced in the theory by a Taylor expansion of the transition dipole
moment with respect to the vibrational coordinates. Therefore, a
typical issue is whether the first-order term (depending on the first
derivatives of the transition dipole moment) is sufficient to describe
the HT effects or if higher-order terms (depending on the sec-
ond and the higher derivatives) are necessary.26 The present study
addresses this question by extending a previous formalism11 in order
to include the second-order HT effects. The theory is derived within
the frame of the independent mode displaced harmonic oscillator
model, which assumes similar vibrational frequencies and modes
in the ground and excited states. The sum-over-state expressions
of the HT contributions are provided for the cross sections of
absorption and fundamental RR transitions. Finally, the approach
is applied to the molecule of 1,3-butadiene in order to illustrate the
method.
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II. THEORY
The formalism presented in this section provides expressions

for the calculation of absorption and RR cross sections. It includes
the FC contribution as well as the HT contributions arising from the
first and second derivatives of the transition dipole moment. First,
the main definitions and approximations are summarized. Addi-
tional details concerning these definitions can be found in previous
reports,4,11 in which first-order HT contributions were considered.
Then, the final expressions of the different contributions are given
for both the absorption and the RR processes.

A. Main definitions and approximations
The absorption cross section (in SI units) for transitions from

the initial state ∣i⟩ to an ensemble of the final states ∣ f ⟩ is given by

σAbs(ωL) =
π

3ε0ch̵
ωL∑

f
∑

ρ={x,y,z}
∣⟨i∣μρ∣ f ⟩∣2

Γ
π

1

(ω fi − ωL)
2
+ Γ2

, (1)

where ωL is the frequency of the incident light, ⟨i∣μρ∣ f ⟩ is a compo-
nent of the transition dipole moment, and ω fi is the Bohr frequency
between the initial (i) and final (f ) states. A homogeneous broad-
ening is described by a Lorentzian function with a damping factor
Γ.

The Raman differential cross section (for the commonly
employed 90○ scattering geometry) for a transition between the
initial ∣i⟩ and final ∣ f ⟩ vibronic states is given by1,2

dσi→ f

dΩ
=

ωLω3
S

16π2ε2
0c4

1
45
(45a2

+ 5δ2
+ 7γ2

), (2)

where ωL is the frequency of the incident light, ωS is the frequency
of the scattered light, and a2, δ2, and γ2 are the three Raman invari-
ants for randomly oriented molecules, which depend on the Raman
polarizability tensor (αρσ)i→ f ,

(αρσ)i→ f =
1
h̵∑k
{
⟨ f ∣μρ∣k⟩⟨k∣μσ ∣i⟩

ωki − ωL − iΓ
+
⟨ f ∣μσ ∣k⟩⟨k∣μρ∣i⟩
ωk f + ωL + iΓ

}, (3)

where the index k indicates a summation over all the vibronic states
of the molecule.

The following approximations are introduced:4,11

(i) The Born–Oppenheimer and harmonic oscillator approxima-
tions are employed.

(ii) The initial state is the electronic and vibrational ground state,
i.e., ∣ϕg⟩∣θg0⟩.

(iii) For the absorption process, the final states are the vibronic
states of an electronic excited state (e), i.e., ∣ϕe⟩∣θev⟩, where
the index ν indicates the associated vibrational quantum num-
bers. For the RR process, fundamental transitions (g0→ g1n)
are considered, i.e., the final state is ∣ϕg⟩∣θg1n⟩, where the index
n indicates the mode number with a vibrational quantum
number equal to 1.

(iv) In Eq. (3), the first “resonant” term in the right-hand side will
dominate for an excitation frequency ωL in close resonance

with a set of vibronic states ∣k⟩ (i.e., ωL ≈ ωki), while the second
“non-resonant” term is neglected.

(v) The potential energy surfaces (PESs) of the ground and
excited electronic states are described within the so-called
independent mode displaced harmonic oscillator (IMDHO)
model. In this case, the difference between the ground and
excited state PESs is only determined by the dimensionless
displacements Δl along the normal coordinates (ql).

The absorption and RR cross sections depend on the transi-
tion dipole moments between the vibronic states. For example, the
transition dipole moment ⟨i∣μρ∣k⟩ can be written as

⟨i∣μρ∣k⟩ = ⟨θg0∣⟨ϕg ∣μρ∣ϕe⟩∣θev⟩ = ⟨θg0∣(μρ)ge∣θev⟩, (4)

where (μρ)ge is a component of the electronic transition dipole
moment between the electronic ground state and the electronic
excited state. (μρ)ge depends on the nuclear coordinates and can be
developed as a Taylor series,

(μρ)ge = (μρ)
eq
ge +∑

l
(
∂(μρ)ge

∂ql
)

eq
ql

+
1
2∑l,l′
⎛

⎝

∂2
(μρ)ge

∂ql∂ql′

⎞

⎠
eq

qlql′ + ⋅ ⋅ ⋅ , (5)

where (μρ)
eq
ge , (∂(μρ)ge/∂ql)

eq
, and (∂2

(μρ)ge/∂ql∂ql′)
eq

are,

respectively, the electronic transition dipole moment, the first
derivative, and the second derivative of the electronic transition
dipole moment evaluated at the ground state equilibrium geome-
try (denoted by eq). The expansion is performed with respect to the
ground state (g) dimensionless normal coordinates ql. In the present
work, Eq. (5) is truncated after the quadratic term with respect to the
normal coordinates.

In the following, simplified notations are employed for the
electronic transition dipole moment and its derivatives,

μρ ≡ (μρ)
eq
ge , (6.1)

(μρ)
′

l ≡ (
∂(μρ)ge

∂ql
)

eq
, (6.2)

(μρ)
′′

ll′ ≡
⎛

⎝

∂2
(μρ)ge

∂ql∂ql′

⎞

⎠
eq

. (6.3)

Additionally, the dimensionless displacements for the excited state
(e) are denoted as Δl ≡ Δe,l.

The three terms on the right-hand side of Eq. (5) are reported
in Eq. (1) for the absorption and in Eq. (3) for the RR. This leads
in each case to six contributions, which are denoted [μμ], [μμ′],
[μ′μ′], [μμ′′], [μ′μ′′], and [μ′′μ′′]. The terms [μμ], [μμ′], and [μ′μ′]
correspond to the FC, FC/HT, and HT contributions derived in
Ref. 11, respectively. The terms [μμ′′], [μ′μ′′], and [μ′′μ′′] describe
the contributions arising from the second derivatives of the elec-
tronic transition dipole moment.
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The dependency of the six contributions with respect to the fre-
quency of the incident light ωL is described by the function Φe(ωL)

and by the functions Ae(ωL), Be(ωL), and Ce(ωL). The functions
Ae, Be, and Ce are expressed as the linear combinations of the Φe
function evaluated at different frequencies (see Sec. II D).

The function Φe(ωL) is defined as7,27

Φe(ωL) ≡∑
v

⟨θg0∣θev⟩
2

ωeg + ωv0 − ωL − iΓ
, (7)

where the summation is taken over all the vibrational states of the
electronic excited state (e), ⟨θg0∣θev⟩

2 is a FC factor, and ωeg and
ωv0 are the Bohr frequencies associated with the electronic and
vibrational energies, respectively.

B. Sum-over-state expressions for the absorption
cross section

By making use of the previous definitions and approximations,
the absorption cross section can be written as

σAbs(ωL) =
ωL

3ε0ch̵ ∑
ρ={x,y,z}

∑
e≠g
{[μμ]Abs

ρ,e + [μμ′]Abs
ρ,e

+ [μ′μ′]Abs
ρ,e
+ [μμ′′]Abs

ρ,e
+ [μ′μ′′]Abs

ρ,e
+ [μ′′μ′′]Abs

ρ,e
}. (8)

The expressions for the different contributions are listed below.
Moreover, the terms are separated with respect to the different
orders for the displacements Δl, which are indicated by an additional
superscript. For example, the contribution [μ′μ′]Abs

ρ,e
is the sum of the

terms [μ′μ′]Abs,0
ρ,e

(order 0) and [μ′μ′]Abs,2
ρ,e

(order 2).
The FC contribution is

[μμ]Abs
ρ,e = μρμρIm{Φe(ωL)}. (9)

The FC/HT contribution is

[μμ′]Abs
ρ,e
=∑

l
μρ(μρ)

′
l ΔlIm{Ae,l(ωL)}. (10)

The HT contribution is

[μ′μ′]Abs
ρ,e
= [μ′μ′]Abs,0

ρ,e
+ [μ′μ′]Abs,2

ρ,e
(11.1)

with

[μ′μ′]Abs,0
ρ,e
=

1
2∑l
(μρ)

′

l(μρ)
′

l Im{Φe(ωL − ωl)}, (11.2)

[μ′μ′]Abs,2
ρ,e
=

1
4∑l,l′
(μρ)

′
l(μρ)

′
l′ΔlΔl′ Im{Ae,l,l′(ωL)}. (11.3)

The first second-order HT contribution is

[μμ′′]Abs
ρ,e
= [μμ′′]Abs,0

ρ,e
+ [μμ′′]Abs,2

ρ,e
(12.1)

with

[μμ′′]Abs,0
ρ,e
=

1
2∑l

μρ(μρ)
′′
ll Im{Φe(ωL)}, (12.2)

[μμ′′]Abs,2
ρ,e
=

1
4∑l,l′

μρ(μρ)
′′
ll′ΔlΔl′ Im{Ae,l,l′(ωL)}. (12.3)

The second second-order HT contribution is

[μ′μ′′]Abs
ρ,e
= [μ′μ′′]Abs,1

ρ,e
+ [μ′μ′′]Abs,3

ρ,e
(13.1)

with

[μ′μ′′]Abs,1
ρ,e
=

1
2∑l,l′
(μρ)

′
l(μρ)

′′
ll′Δl′ Im{Be,l;l′(ωL)}

+
1
4∑l,l′
(μρ)

′
l(μρ)

′′
l′ l′ΔlIm{Ae,l(ωL)}, (13.2)

[μ′μ′′]Abs,3
ρ,e
=

1
8 ∑l,l′ ,l′′

(μρ)
′
l(μρ)

′′
l′ l′′ΔlΔl′Δl′′ Im{Ae,l,l′ ,l′′(ωL)}. (13.3)

The third second-order HT contribution is

[μ′′μ′′]Abs
ρ,e
= [μ′′μ′′]Abs,0

ρ,e
+ [μ′′μ′′]Abs,2

ρ,e
+ [μ′′μ′′]Abs,4

ρ,e
(14.1)

with

[μ′′μ′′]Abs,0
ρ,e
=

1
8∑l,l′
(μρ)

′′
ll′(μρ)

′′
ll′ Im{Φe(ωL − ωl − ωl′)}

+
1

16∑l,l′
(μρ)

′′
ll (μρ)

′′
l′ l′ Im{Φe(ωL)}, (14.2)

[μ′′μ′′]Abs,2
ρ,e
=

1
8 ∑l,l′ ,l′′

(μρ)
′′
ll′(μρ)

′′
ll′′Δl′Δl′′ Im{Be,l;l′ ,l′′(ωL)}

+
1

16 ∑l,l′ ,l′′
(μρ)

′′
ll′(μρ)

′′
l′′ l′′ΔlΔl′ Im{Ae,l,l′(ωL)}, (14.3)

[μ′′μ′′]Abs,4
ρ,e
=

1
64 ∑

l,l′ ,l′′ ,l′′′
(μρ)

′′
ll′(μρ)

′′
l′′ l′′′ΔlΔl′Δl′′Δl′′′

× Im{Ae,l,l′ ,l′′ ,l′′′(ωL)}. (14.4)

C. Sum-over-state expressions for the resonance
Raman cross section

By making use of the previous definitions and approximations,
the RR polarizability tensor for fundamental transitions (g0→ g1n)
can be written as

(αρσ)
RR
g0→g1n

=
1

h̵
√

2
∑
e≠g
{[μμ]RR

ρσ,n,e + [μμ′]RR
ρσ,n,e

+ [μ′μ′]RR
ρσ,n,e
+ [μμ′′]RR

ρσ,n,e
+ [μ′μ′′]RR

ρσ,n,e

+ [μ′′μ′′]RR
ρσ,n,e
}. (15)
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The expressions for the different contributions are listed below.
The FC contribution is

[μμ]RR
ρσ,n,e = μρμσΔnAe,n(ωL). (16)

The FC/HT contribution is

[μμ′]RR
ρσ,n,e
= [μμ′]RR,0

ρσ,n,e
+ [μμ′]RR,2

ρσ,n,e
(17.1)

with

[μμ′]RR,0
ρσ,n,e
= μρ(μσ)

′

nΦe(ωL − ωn) + (μρ)
′

nμσΦe(ωL), (17.2)

[μμ′]RR,2
ρσ,n,e
=

1
2∑l
{μρ(μσ)

′

l + (μρ)
′

l μσ}ΔnΔlAe,n,l(ωL). (17.3)

The HT contribution is

[μ′μ′]RR
ρσ,n,e
= [μ′μ′]RR,1

ρσ,n,e
+ [μ′μ′]RR,3

ρσ,n,e
(18.1)

with

[μ′μ′]RR,1
ρσ,n,e
=

1
2∑l
(μρ)

′

n(μσ)
′

l ΔlAe,l(ωL)

+
1
2∑l
(μρ)

′

l(μσ)
′

nΔlBe,n;l(ωL)

+
1
2∑l
(μρ)

′

l(μσ)
′

l ΔnBe,l;n(ωL), (18.2)

[μ′μ′]RR,3
ρσ,n,e
=

1
4∑l,l′
(μρ)

′

l(μσ)
′

l′ΔnΔlΔl′Ae,n,l,l′(ωL). (18.3)

The first second-order HT contribution is

[μμ′′]RR
ρσ,n,e
= [μμ′′]RR,1

ρσ,n,e
+ [μμ′′]RR,3

ρσ,n,e
(19.1)

with

[μμ′′]RR,1
ρσ,n,e
=

1
2∑l

μρ(μσ)
′′

nlΔlBe,n;l(ωL) +
1
2∑l
(μρ)

′′

nlμσΔlAe,l(ωL)

+
1
4∑l
{μρ(μσ)

′′

ll + (μρ)
′′

ll μσ}ΔnAe,n(ωL), (19.2)

[μμ′′]RR,3
ρσ,n,e
=

1
8∑l,l′
{μρ(μσ)

′′

ll′ + (μρ)
′′

ll′μσ}ΔnΔlΔl′Ae,n,l,l′(ωL). (19.3)

The second second-order HT contribution is

[μ′μ′′]RR
ρσ,n,e
= [μ′μ′′]RR,0

ρσ,n,e
+ [μ′μ′′]RR,2

ρσ,n,e
+ [μ′μ′′]RR,4

ρσ,n,e
(20.1)

with

[μ′μ′′]RR,0
ρσ,n,e
=

1
2∑l
(μρ)

′

l(μσ)
′′

nlΦe(ωL − ωn − ωl)

+
1
2∑l
(μρ)

′′

nl(μσ)
′

l Φe(ωL − ωl)

+
1
4∑l
(μρ)

′

n(μσ)
′′

ll Φe(ωL)

+
1
4∑l
(μρ)

′′

ll (μσ)
′

nΦe(ωL − ωn), (20.2)

[μ′μ′′]RR,2
ρσ,n,e
=

1
4∑l,l′
{(μρ)

′

l(μσ)
′′

ll′ + (μρ)
′′

ll′(μσ)
′

l}ΔnΔl′Be,l;n,l′(ωL)

+
1
8∑l,l′
{(μρ)

′

n(μσ)
′′
ll′ + 2(μρ)

′′

nl(μσ)
′

l′}ΔlΔl′Ae,l,l′(ωL)

+
1
8∑l,l′
{2(μρ)

′

l(μσ)
′′

nl′ + (μρ)
′′

ll′(μσ)
′

n}ΔlΔl′Be,n;l,l′(ωL)

+
1
8∑l,l′
{(μρ)

′

l′(μσ)
′′

ll + (μρ)
′′

ll (μσ)
′

l′}ΔnΔl′Ae,n,l′(ωL),

(20.3)

[μ′μ′′]RR,4
ρσ,n,e
=

1
16 ∑l,l′ ,l′′

{(μρ)
′

l(μσ)
′′

l′ l′′ + (μρ)
′′

ll′(μσ)
′

l′′}

× ΔnΔlΔl′Δl′′Ae,n,l,l′ ,l′′(ωL). (20.4)

The third second-order HT contribution is

[μ′′μ′′]RR
ρσ,n,e
= [μ′′μ′′]RR,1

ρσ,n,e
+ [μ′′μ′′]RR,3

ρσ,n,e
+ [μ′′μ′′]RR,5

ρσ,n,e
(21.1)

with

[μ′′μ′′]RR,1
ρσ,n,e
=

1
8∑l,l′
(μρ)

′′

nl(μσ)
′′

l′ l′ΔlAe,l(ωL) +
1

16∑l,l′
(μρ)

′′

ll (μσ)
′′

l′ l′ΔnAe,n(ωL) +
1
4∑l,l′
(μρ)

′′

nl(μσ)
′′

ll′Δl′Be,l;l′(ωL) +
1
8∑l,l′
(μρ)

′′

ll (μσ)
′′

l′nΔl′Be,n;l′(ωL)

+
1
4∑l,l′
(μρ)

′′

ll′(μσ)
′′

nlΔl′Ce,n,l;l′(ωL) +
1
8∑l,l′
(μρ)

′′

ll′(μσ)
′′

ll′ΔnCe,l,l′ ;n(ωL), (21.2)

[μ′′μ′′]RR,3
ρσ,n,e
=

1
16 ∑l,l′ ,l′′

(μρ)
′′

nl(μσ)
′′

l′ l′′ΔlΔl′Δl′′Ae,l,l′ ,l′′(ωL) +
1

32 ∑l,l′ ,l′′
{(μρ)

′′

ll′(μσ)
′′

l′′ l′′ + (μρ)
′′

l′′ l′′(μσ)
′′

ll′}ΔnΔlΔl′Ae,n,l,l′(ωL)

+
1
8 ∑l,l′ ,l′′

(μρ)
′′

ll′(μσ)
′′

ll′′ΔnΔl′Δl′′Be,l;n,l′ ,l′′(ωL) +
1

16 ∑l,l′ ,l′′
(μρ)

′′

ll′(μσ)
′′

nl′′ΔlΔl′Δl′′Be,n;l,l′ ,l′′(ωL), (21.3)
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[μ′′μ′′]RR,5
ρσ,n,e
=

1
64 ∑

l,l′ ,l′′ ,l′′′
(μρ)

′′

ll′(μσ)
′′

l′′ l′′′

× ΔnΔlΔl′Δl′′Δl′′′Ae,n,l,l′ ,l′′ ,l′′′(ωL). (21.4)

D. Definition of the functions A, B, and C
This section defines the functions Ae, Be, and Ce appearing

in the contributions reported in Secs. II A–II C. First, simplified
notations are introduced for the function Φe,

Φ ≡ Φe(ωL), (22.1)

Φl1,...,lN
≡ Φe(ωL −∑

N
i=1ωli), (22.2)

where l1, . . . , lN are N mode numbers and Φl1 ,...,lN is invariant for
any permutation of the indices l1, . . . , lN .

Using these notations, the Ae functions are defined as

Ae,n(ωL) ≡ Φ −Φn, (23.1)

Ae,n,l(ωL) ≡ Φ −Φn −Φl +Φn,l, (23.2)

Ae,n,l,l′(ωL) ≡ Φ −Φn −Φl −Φl′ +Φn,l +Φn,l′ +Φl,l′ −Φn,l,l′ ,
(23.3)

Ae,n,l,l′ ,l′′(ωL) ≡Φ −Φn −Φl −Φl′ −Φl′′ +Φn,l +Φn,l′

+Φn,l′′ +Φl,l′ +Φl,l′′ +Φl′ ,l′′ −Φn,l,l′

−Φn,l,l′′ −Φn,l′ ,l′′ −Φl,l′ ,l′′ +Φn,l,l′ ,l′′ , (23.4)

Ae,n,l,l′ ,l′′ ,l′′′(ωL) ≡Φ −Φn −Φl −Φl′ −Φl′′ −Φl′′′ +Φn,l +Φn,l′

+Φn,l′′ +Φn,l′′′ +Φl,l′ +Φl,l′′ +Φl,l′′′ +Φl′ ,l′′

+Φl′ ,l′′′ +Φl′′ ,l′′′ −Φn,l,l′ −Φn,l,l′′ −Φn,l,l′′′ −Φn,l′ ,l′′

−Φn,l′ ,l′′′ −Φn,l′′ ,l′′′ −Φl,l′ ,l′′ −Φl,l′ ,l′′′ −Φl,l′′ ,l′′′

−Φl′ ,l′′ ,l′′′ +Φn,l,l′ ,l′′ +Φn,l,l′ ,l′′′ +Φn,l,l′′ ,l′′′

+Φn,l′ ,l′′ ,l′′′ +Φl,l′ ,l′′ ,l′′′ −Φn,l,l′ ,l′′ ,l′′′ . (23.5)

The Ae,l1 ,...,lN (ωL) function is invariant for any permutation of the
indices l1, . . . , lN .

The Be functions are defined as

Be,n;l(ωL) ≡ Φn −Φn,l, (24.1)

Be,n;l,l′(ωL) ≡ Φn −Φn,l −Φn,l′ +Φn,l,l′ , (24.2)

Be,n;l,l′ ,l′′(ωL) ≡ Φn −Φn,l −Φn,l′ −Φn,l′′ +Φn,l,l′ +Φn,l,l′′

+Φn,l′ ,l′′ −Φn,l,l′ ,l′′ . (24.3)

The Be,n;l1 ,...,lN (ωL) function is invariant for any permutation of the
indices l1, . . . , lN .

The Ce function is defined as

Ce,n,l;l′(ωL) ≡ Φn,l −Φn,l,l′ . (25)

III. COMPUTATIONAL METHODS
Quantum chemical calculations were carried out for 1,3-

butadiene with the GAUSSIAN 16 program.28 All the calculations
were performed in a vacuum by means of density functional the-
ory (DFT) and time dependent DFT (TDDFT) using the B3LYP
exchange correlation functional with the 6-311++G(2d,2p) basis set.
The geometry, harmonic vibrational frequencies, and normal coor-
dinates of the ground state S0 were obtained by DFT. The C2h sym-
metry of 1,3-butadiene was maintained in these calculations. The
obtained frequencies were all positive, confirming that the S0 geom-
etry corresponds to a minimum of the potential energy surface. To
correct the lack of anharmonicity and the approximate treatment of
electron correlation, the harmonic frequencies were scaled by the
factor 0.97. The vertical excitation energies and transition dipole
moments of the S1 state were computed by TDDFT. The conver-
gence parameter (Conver = N) on the energy and wavefunction was
set at N = 9. This tight criterion is used for the numerical calcula-
tion of the transition dipole moment derivatives, which requires well
converged values of the transition dipole moments.

Equations (8) and (15) were implemented in a local program
to calculate the absorption and RR cross sections. This necessitates
the computation of the displacements Δl, derivatives of the tran-
sition dipole moments (μρ)

′

l and (μρ)
′′

ll′ , and FC overlap integrals
⟨θg0∣θev⟩. Within the IMDHO model, the displacements were cal-
culated from the excited state energy gradients evaluated at the S0
geometry according to

Δl = −
1
ωl
(
∂Ωeg

∂ql
)

eq
, (26)

where Ωeg is the vertical transition frequency. The FC overlap inte-
grals were computed from the displacements using recursive rela-
tions.29 A nearly complete convergence of the FC factors summation
was obtained, with a value of ∑v⟨θg0∣θev⟩

2
> 0.999. The first deriva-

tives (∂Ωeg/∂ql)eq and (μρ)
′

l were calculated by a two-point numer-
ical differentiation from the TDDFT transition frequencies and the
transition dipole moments,

(
∂Ωeg

∂ql
)

eq
=

Ωeg(qeq
l + Δql) −Ωeg(qeq

l − Δql)

2Δql
, (27.1)

(μρ)
′

l =
μρ(qeq

l + Δql) − μρ(qeq
l − Δql)

2Δql
, (27.2)

where Δql represents a finite displacement along the normal coordi-
nate ql, which is added or subtracted to the ground state geometry.
Similarly, the second derivatives of the transition dipole moment
were calculated with the finite difference expressions. The diagonal
terms were computed from

(μρ)
′′

ll =
1

ΔqlΔql
[μρ(qeq

l + Δql) − 2μρ + μρ(qeq
l − Δql)], (28)
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whereas the non-diagonal terms (i.e., l ≠ l′) were obtained from

(μρ)
′′

ll′ =
1

2ΔqlΔql′
[μρ(qeq

l + Δql, qeq
l′ + Δql′)

− μρ(qeq
l + Δql) − μρ(qeq

l′ + Δql′) + 2μρ

− μρ(qeq
l − Δql) − μρ(qeq

l′ − Δql′)

+ μρ(qeq
l − Δql, qeq

l′ − Δql′)]. (29)

It can be noted that the numerical calculation of the derivatives
represents the main computational cost of the method, whereas the
evaluation of the expressions for the absorption [Eq. (8)] and the
RR [Eq. (15)] represents only a small fraction of the total computa-
tional cost. The accuracy of the calculated derivatives was checked
by using two different finite displacements (Tables S1–S4) as well
as by extrapolating the transition dipole moment between the S0
and S1 geometries and comparing the results with the direct TDDFT
calculation at the S1 geometry (Table S7).

A value of Γ equals to 500 cm−1 was employed in the simula-
tion of the absorption and RR spectra. This value reproduces the
experimental broadening of the absorption spectrum.30 The adia-
batic transition frequency ωeg was set to the value of 46 200 cm−1,
which corresponds to the experimental 0–0 transition in the vapor
phase.30 The RR spectra were calculated for an excitation frequency
ωL of 46 200 cm−1 in exact resonance with the 0–0 transition. Finally,
a Lorentzian function with a full width at half maximum of 5 cm−1

was employed to broaden the Raman intensities.

IV. APPLICATION TO 1,3-BUTADIENE
As an example, the theory described in Sec. II is applied to

the molecule of 1,3-butadiene. The absorption and RR properties of
1,3-butadiene have been the subject of several experimental and the-
oretical studies.23,30–39 This compound is considered here because
of its small size, which allows the numerical calculation of the sec-
ond derivatives of the transition dipole moment with a reasonable
computational cost. Additionally, experimental data are available in
the vapor phase, which facilitates the comparison between calculated
and measured intensities.

A. Absorption spectra
The first singlet excited state 1Bu was calculated with a verti-

cal excitation energy of 5.63 eV. It can be noted that the basis set
dependence is significant for this state and that a large basis set, such
as 6-311++G(2d,2p), should be employed to obtain the converged
TDDFT results. For example, the vertical excitation energy is cal-
culated 0.3 eV higher with the smaller 6-311G(d,p) basis set, i.e., at
5.93 eV. The difference is mainly ascribed to the effects of diffuse
functions in the basis set as described in Hsu et al.34 As a result, the
calculated value with the larger basis set (5.63 eV) is underestimated
by about 0.3 eV in comparison to the experimental absorption max-
imum (5.92 eV) measured in the vapor phase.30,40 This is the typical
accuracy of TDDFT for linear polyene oligomers.34

Figure 1 presents the absorption spectra in the FC approxi-
mation ([μμ]), including the first-order HT effects ([μμ] + (1)), the
first- and second-order HT effects ([μμ] + (1) + (2)), and the exper-
imental spectrum in the vapor phase. The experimental spectrum

FIG. 1. Comparison between the experimental absorption spectrum30 measured
in the vapor phase (black line) and the calculated spectra in the FC approximation
(gray line), including the first-order HT effects (dashed line) and the second-order
HT effects (blue dotted line). (1) stands for [μμ′] + [μ′μ′] and (2) stands for
[μμ′′] + [μ′μ′′] + [μ′′μ′′].

was digitized from the spectrum reported by Phillips et al.30 To
correct the TDDFT inaccuracy of the excitation energy, the theo-
retical absorption spectra were calculated with the 0–0 transition
set to the experimental value of 46 200 cm−1. Moreover, the experi-
mental broadening was simulated using a Γ equals to 500 cm−1. As
shown in Fig. 1, the inclusion of the first-order HT effects leads to
a small increase of the cross section for the two first bands at about
46 200 and 47 800 cm−1, whereas a small decrease is obtained above
50 000 cm−1. The second-order HT effects have a larger impact
on the spectrum than the first-order contributions, and they gen-
erate a global decrease of the absorption cross section. The vibronic
structure of the experimental spectrum is properly reproduced by
the calculations. Additionally, it is seen that the inclusion of the
second-order HT effects improves the agreement with the exper-
iment regarding the absolute cross section. However, the vibronic
band spacing is slightly overestimated by the theory. This disagree-
ment might originates from the neglect of frequency changes and
Duschinsky mixing between the ground state and excited state vibra-
tions,30,31 as well as from contributions arising from the out-of-plane
torsional motions.36–39

Figure 2 describes the effects of different terms composing the
first- and second-order HT effects. The top of Fig. 2 shows that the
first-order HT effects arise from the term [μμ′], whereas the [μ′μ′]
contribution has a negligible impact on the spectrum. Overall, this
difference originates from the large value of the transition dipole
moment in comparison to its first derivatives (μρ)

′

l (Tables I and
S1–S4). Similarly, the bottom of Fig. 2 shows that the term [μμ′′]
dominates the second-order HT effects, whereas the [μ′μ′′] and
[μ′′μ′′] contributions are nearly negligible in this case.

An investigation of the contributions composing the term
[μμ′′] [Eq. (12.1)] demonstrates that the second-order HT effects

arise almost entirely from the term [μμ′′]0 of order 0 in the displace-

ments (Fig. 3). The term [μμ′′]0 [Eq. (12.2)] has a comparable form
as the FC term [μμ] [Eq. (9)], in which the dependency with respect
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FIG. 2. Top: Comparison of absorption spectra calculated in the FC approximation
(gray line), including the first-order term [μμ′] (dashed line) and all the first-order
HT effects (blue dotted line). Bottom: Comparison of spectra for the second-
order HT effects, including the term [μμ′′] (gray line), the terms [μμ′′] + [μ′μ′′]
(dashed line), and all the second-order HT effects (blue dotted line). (1) stands for
[μμ′] + [μ′μ′] and (2) stands for [μμ′′] + [μ′μ′′] + [μ′′μ′′].

TABLE I. Vibrational frequencies (cm−1), displacements Δ (dimensionless), first
derivatives (μρ)

′

l
, and diagonal second derivatives (μρ)

′′

ll
of the transition dipole

momenta (a.u.) for the Ag modes below 3000 cm−1.

Frequencies

Mode Cal.b Expt.c Δ (μX)
′

l (μY)
′

l (μX)
′′

ll (μY)
′′

ll

3 504 510 0.593 −0.013 −0.026 0.001 0.005
6 873 884 −0.025 0.016 0.028 0.001 0.004
12 1193 1203 −0.620 0.026 0.045 0.001 0.005
13 1280 1283 −0.825 0.004 0.019 0.002 0.004
16 1437 1440 0.360 −0.010 −0.034 0.000 0.003
18 1647 1643 −1.629 0.029 0.082 0.004 0.015
aThe transition dipole moment has the components μX = −0.610 a.u. and μY = −2.064
a.u. at the S0 geometry.
bCalculated harmonic frequencies scaled by a factor of 0.97.
cExperimental vibrational frequencies measured in the vapor phase.30

FIG. 3. Comparison of calculated absorption spectra for the second-order HT
effects, including the term [μμ′′] (gray line) and only the term [μμ′′]0 of order
0 in the displacements (dashed line).

to the excitation frequency ωL is given by Im{Φe(ωL)}. The dipole
strength∑ρ={x,y,z}μρμρ in the FC term [μμ] has a value of 4.632 a.u.,
whereas the corresponding quantity ∑ρ={x,y,z}

1
2∑lμρ(μρ)

′′
ll in the

term [μμ′′]0 is equal to −0.763 a.u. As a result, the term [μμ′′]0 pro-
vides a negative correction to the absorption cross section. The main
contribution in the summation appearing in [μμ′′]0 [Eq. (12.2)]
comes from the Au modes (Table S2). In particular, the Au mode
calculated at 522 cm−1 gives a significant contribution because it
has the largest diagonal second derivatives of the transition dipole
moment, i.e., (μX)

′′

ll = 0.144 a.u. and (μY)
′′

ll = 0.372 a.u. (Table S2,
Fig. S1).

B. RR spectra
Table I presents the properties of the six Ag vibrational modes

below 3000 cm−1, while the results for the other modes are reported
in Tables S1–S5. The fundamental RR transitions associated with
these six Ag modes are experimentally observed for excitation wave-
lengths in resonance with the 0–0 absorption band.30 The calculated
vibrational frequencies are in good agreement with the experimental
values, as shown by the mean absolute deviation of 6.2 cm−1. The
displacements and the non-zero components of the first and sec-
ond derivatives of the transition dipole moment are also reported
in Table I. From these values, it is expected that the RR scattering of
the Ag modes is dominated by the FC contribution (i.e., term [μμ])
because of the large value of the transition dipole moment in com-
parison to the values of the derivatives (Tables I and S5). Therefore,
the HT effects should appear as corrections to the RR intensities
obtained in the FC approximation.

Figure 4 presents RR spectra calculated for an excitation fre-
quency in resonance with the 0–0 transition. The relative RR inten-
sities in the FC approximation follow qualitatively the values of the
squared displacements as expected from Eq. (16). The inclusion of
the first-order HT effects leads to an increase of the RR intensi-
ties (Fig. 4, top), whereas the further inclusion of the second-order
HT contribution produces a decrease of the RR intensities (Fig. 4,
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FIG. 4. Comparison of RR spectra obtained for an excitation in resonance with
the 0–0 transition in the FC approximation (top: gray line), including the first-order
HT effects (top: dotted line, bottom: gray line) and the second-order HT effects
(bottom: dotted line). (1) stands for [μμ′] + [μ′μ′] and (2) stands for [μμ′′] +
[μ′μ′′] + [μ′′μ′′].

bottom). This behavior correlates with the changes of intensity
obtained for the first absorption band (Fig. 1). Additionally, mode
18 presents the largest variation of absolute intensity arising from
the HT effects. This is due to the fact that this mode has the largest
displacement as well as the largest first and second derivatives of the
transition dipole moment of all Ag modes.

Figure 5 describes the impact of the different terms composing
the first-order HT effects. Figure 5 (top) shows that, similar to the
absorption, the first-order HT effects in the RR spectra arise from
the term [μμ′]. Figure 5 (bottom) shows that both terms [μμ′]0 and
[μμ′]2 [Eq. (17.1)] contribute to the first-order HT effects.

Figure 6 presents the effects of the different terms composing
the second-order HT effects. In Fig. 6 (top-left), it is seen that the
second-order HT effects originate from the term [μμ′′]. Figure 6

(top-right) reveals that only the term [μμ′′]1 [Eq. (19.1)] of order

FIG. 5. Comparison of RR spectra obtained for an excitation in resonance with the
0–0 transition, including all the first-order HT effects (top: dotted line), the first-order
term [μμ′] (gray line), and only the term [μμ′]0 of order 0 in the displacements
(bottom: dotted line). (1) stands for [μμ′] + [μ′μ′].

1 in the displacements plays a role. Moreover, Fig. 6 (bottom-left)
shows the RR spectrum obtained by including only the diagonal ele-
ments of the second derivatives in the term [μμ′′]1. It is found that
the non-diagonal elements have a negligible effect. This is because
only the non-diagonal elements between Ag modes contribute to the
term [μμ′′]1 [i.e., in the two first terms of Eq. (19.2), the summation
runs only over the Ag modes because only these modes have non-
zero displacements], and these non-diagonal elements have small
values (Table S5). However, the diagonal elements of all modes
contribute to the term [μμ′′]1 via the third term of Eq. (19.2). In
particular, similar to the absorption spectrum, it is found that the
diagonal second derivatives of the Au mode 4 at 522 cm−1 pro-
vide a significant contribution to the RR intensities of the Ag modes
(Table S2 and Fig. S2). Figure 6 (bottom-right) presents a com-
parison between the calculated RR spectrum and the experimental
spectrum in the vapor phase reconstructed from the fundamental
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FIG. 6. Comparison of RR spectra obtained for an excitation in resonance with the 0–0 transition, including all the second-order HT effects (top-left: dotted line, bottom-right:
green line), only the second-order term [μμ′′] (gray line), only the term [μμ′′]1 of order 1 in the displacements (top-right: dotted line), and only the term [μμ′′]1 with
diagonal second derivatives (bottom-left: dotted line). Bottom-right: Reconstructed experimental spectrum30 in the vapor phase at an excitation wavelength of 215.0 nm
(black line). (1) stands for [μμ′] + [μ′μ′] and (2) stands for [μμ′′] + [μ′μ′′] + [μ′′μ′′].

RR intensities reported in the work of Phillips et al.30 The calculated
relative RR intensities are in good agreement with the experimental
spectrum. The main discrepancy concerns the relative intensities of
the modes 12 and 13 at 1193 and 1280 cm−1, respectively. Addition-
ally, the total RR cross section1 calculated at 3.3 × 10−23 cm2 for an
excitation wavelength of 215.0 nm (i.e., 46 510 cm−1) is in general
agreement with the experimental value of 5.1 × 10−23 cm2. It can
be noted that this quantity strongly depends on the excitation fre-
quency ωL, for example, at an excitation frequency of 46 200 cm−1,
the total cross section is calculated at 4.3 × 10−23 cm2. Further-
more, it can be mentioned that only the fundamental transitions
for the Ag modes are observed in the experiment. This is in agree-
ment with the calculations, in which the Au, Bg, and Bu modes
(Tables S2–S4) have negligible RR cross sections. In particular, the
Au mode 4 at 522 cm−1 can only obtain the RR intensity from terms
involving non-diagonal elements of the second derivatives, which
are calculated to be small. However, the overtone transition of this
mode is observed in the experimental spectrum at 1044 cm−1 (i.e., 2
× 522 cm−1), which indicates that the HT effects might contribute to
its intensity.

V. CONCLUSIONS
In this paper, the sum-over-state expressions described in

Ref. 11 have been extended in order to include the second-order
HT effects. These expressions allow the calculation of the absorption
spectrum as well as the RR cross section for fundamental transitions
within the IMDHO model. The formulas are provided for differ-
ent terms [μμ], [μμ′], [μ′μ′], [μμ′′], [μ′μ′′], and [μ′′μ′′], which
depend on the transition dipole moment and of its first and second
derivatives with respect to the normal coordinates. Various contri-
butions are also separated according to the different orders in the
geometrical displacements Δl. A first application was presented for
1,3-butadiene. It was found that the calculated absorption and RR
cross sections are in good agreement with the experimental spectra.
Furthermore, the second-order HT effects are significant for both
the absorption cross section and the absolute RR intensities. The
detailed analysis of the different contributions has demonstrated
that the second-order HT effects originate from the term [μμ′′]0

in the case of absorption and from the term [μμ′′]1 in the case of
RR intensities. It was also found that the Au modes (in particular
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mode 4) mainly contribute to these terms due to their significant
diagonal second derivatives. Moreover, because the HT effects are a
consequence of non-adiabatic couplings, the large second-order HT
effects of the Au modes are consistent with the out-of-plane torsional
motions obtained in the excited state non-adiabatic dynamics of 1,3-
butadiene.38,39 However, the non-diagonal second derivatives have
a negligible effect in the case of 1,3-butadiene. If a finite difference
expression is employed to calculate the first derivatives numerically
[Eq. (27.2)], then the diagonal second derivatives can be obtained
with nearly no additional computational cost [Eq. (28)]. Therefore,
the inclusion of the second-order HT effects originating only from
the diagonal second derivatives can be used as a first approxima-
tion to estimate the convergence and importance of the HT effects.
This aspect can be of interest for investigating the HT effects in
larger molecules, for which the calculation of the complete matrix
of second derivatives might be too cumbersome.

SUPPLEMENTARY MATERIAL

See the supplementary material for additional details about the
vibrational modes properties, derivatives of the transition dipole
moment, absorption spectrum, and RR spectrum.
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