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Ja, nizej podpisany(a), oswiadczam, iz jestem swiadomy(a), ze zgodnie z przepisem art. 27 ust. 1
i 2 ustawy z dnia 4 lutego 1994 r. o prawie autorskim i prawach pokrewnych (t.j. Dz.U. z 2021 poz.
1062), uczelnia moze korzysta¢ z mojej rozprawy doktorskiej zatytutowane;j:

Techniki zwigkszania efektywnosci metody elementéw skoniczonych poprzez redukcje dziedziny
obliczeniowej z wykorzystaniem wtasnos$ci geometrii struktur do prowadzenia badan naukowych lub
w celach dydaktycznych.?

Swiadomy(a) odpowiedzialno$ci karnej z tytutu naruszenia przepiséw ustawy z dnia 4 lutego 1994 r.
0 prawie autorskim i prawach pokrewnych i konsekwencji dyscyplinarnych okreslonych w ustawie
Prawo o szkolnictwie wyzszym i nauce (Dz.U.2021.478 t.j.), a takze odpowiedzialnosci cywilno-
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Niniejsza rozprawa doktorska nie byla wczesniej podstawg zadnej innej urzedowej procedury
zwigzanej z nadaniem stopnia doktora.

Wszystkie informacje umieszczone w ww. rozprawie uzyskane ze Zzrodet pisanych
i elektronicznych, zostaty udokumentowane w wykazie literatury odpowiednimi odno$nikami,
zgodnie z przepisem art. 34 ustawy o prawie autorskim i prawach pokrewnych.
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STRESZCZENIE

Wspotczesna elektronika ze wzgledu na swdj szybki rozwéj wymaga od nas efektywnego
modelowania zjawisk polowych. Celem rozprawy jest zwigkszanie efektywnosci metody elementéw
skonczonych poprzez redukcje dziedziny obliczeniowej z wykorzystaniem wtasno$ci geometrii
struktur oraz jej hybrydyzacje z uzyciem technik analitycznych. Rozprawa zawiera przeglad stanu
wiedzy na temat dostepnych obecnie technik modelowania jak réwniez opis kluczowych aspektow
metody elementdw skonczonych. W ramach przeprowadzonych badarn powstato piec algorytmow,
ktére obejmujg zaréwno rozpraszanie fali elektromagnetycznej jak i analizy prowadnic falowych czy
struktur rezonansowych. Zaprezentowane techniki wykorzystujg miedzy innymi symetrie osiowg
czy dekompozycje dziedziny. Praca zawiera hybrydyzacje metody elementéw skonczonych wy-
korzystujgca uogolniong macierz impedanciji, ktéra pozwala w tatwy sposéb modelowaé otwartg
przestrzen. Przebadane zostaty rowniez ograniczenia zwigzane z jej wykorzystaniem do mode-
lowania struktur periodycznych w poréwnaniu z periodycznymi warunkami brzegowymi. Praca
obejmuje dwie struktury rezonansowe, przy czym jedna z nich wymaga rozwigzania nieliniowego
problemu wtasnego. Dla wszystkich zaproponowanych technik w celu potwierdzenia poprawnosci
prezentowanych podej$¢, otrzymane wyniki poréwnano z rezultatami dostepnymi w literaturze oraz
otrzymanymi innymi uznanymi metodami.

ABSTRACT

Modern electronics, due to its rapid development, requires us to effectively model field
phenomena. The aim of the dissertation is to increase the efficiency of the finite element method by
reducing the computational domain using the properties of structure geometry and its hybridization
using analytical techniques. The dissertation contains an overview of state of the art on currently
available modeling techniques as well as a description of key aspects of the finite element method.
As part of the research, five algorithms were developed that cover both electromagnetic wave
scattering and the analysis of waveguides or resonance structures. The presented techniques use,
among others, axial symmetry or domain decomposition. The work contains a hybridization of the
finite element method using the generalized impedance matrix, which allows for easy modeling
of open space. Limitations related to its use for modeling periodic structures in comparison with
periodic boundary conditions were also examined. The work includes two resonance structures,
one of which requires solving a nonlinear eigenproblem. For all proposed techniques, in order to
confirm the correctness of the presented approaches, the obtained results were compared with the
results available in the literature and obtained with other recognized methods.
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SPIS NAJWAZNIEJSZYCH OZNACZEN

&j - skalarna funkcja bazowa w elemencie ¢ wezta j

v - wspotczynnik propagacii

0 - operator pochodnej czgstkowej

&, - wzgledna przenikalnos¢ elektryczna

E - wektor natezenia pola elektrycznego

E, - skladowa wektora natezenia pola elektrycznego « € {x, y,z, p, ¢}
E, - sktadowa poprzeczna wektora natezenia pola elektrycznego
F, - funkcja testujgca (skalarna), gdzie « € {z, ¢}

F, - funkcja testujaca (wektorowa)

H - wektor natezenia pola magnetycznego

H,(,f)(~) - funkcja Hankela drugiego rodzaju m-tego rzedu

i, - wersor osi Oa, gdzie « € {x,y,z, p, ¢, 0}

Jm(+) - funkcja Bessla m-tego rzedu

ko - liczba falowa w wolnej przestrzeni

ur - wzgledna przenikalno$¢ magnetyczna

m - zmienno$¢ katowa pola elektrycznego/magnetycznego po ¢
n - zmienno$¢ katowa pola elektrycznego/magnetycznego po 4
P'(-) - stowarzyszony wielomian Legendre’a

S - macierz rozproszenia

W;ﬁ - wektorowa funkcja bazowa w elemencie e krawedzi j

U - macierz jednostkowa

Z - unormowana uogolniona macierz impedanciji

Z - uogélniona macierz impedanciji

Vx - operator rotacji

Vo - operator dywergencji

X,y,z - wspotrzedne w kartezjanskim uktadzie wspétrzednych
0, ¢, z- WSpOtrzedne w cylindrycznym uktadzie wspotrzednych
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1. WSTEP

Wspotczesna elektronika i telekomunikacja w coraz wigkszym stopniu polegaja na efek-
tywnych i doktadnych metodach symulacji rozktadu pél elektromagnetycznych w r6znego typu
strukturach czy urzgdzeniach. Rozwdj elektrodynamiki obliczeniowej otworzyt drzwi chociazby
dla tacznosci satelitarnej, telefonii komorkowej pigtej generacji czy tez internetu rzeczy. Oczeki-
wania wzgledem parametréw urzgdzen rosng z dnia na dzien, a to wigze sie z koniecznoscig
doktadnej symulacji coraz bardziej ztozonych uktadéw w jak najkrétszym czasie.

1.1. Stan wiedzy

Istnieje wiele technik, ktére réznig sie miedzy sobg zaréwno efektywnoscig jak i uniwersal-
noscia. Wciaz jeszcze to do projektanta nalezy wybor, ktérg z nich nalezy wybraé, aby osiagnaé
satysfakcjonujgce rezultaty. Kazda posiada swoje ograniczenia, stad tez ich ogromna mnogosc.
Obecnie metody obliczeniowe podzieli¢ mozna na kilka podgrup. Najwiekszg doktadnoscia a jed-
noczes$nie krétkim czasem obliczen cieszg sie metody analityczne. Ich zastosowanie jest jednak
znaczaco ograniczone do struktur o prostych geometriach takich jak cylindry (takze o przekroju
eliptycznym) czy sfery. W takich przypadkach pole elektromagnetyczne opisa¢é mozna za pomocg
funkcji Bessla lub Hankela (dla struktur eliptycznych za pomocg funkcji Mathieu) i zastosowac¢
metode dopasowania rodzajow/pél [1-11]. Niestety w praktyce, w wielu przypadkach metody te
nie sg wystarczajaco elastyczne a ich stosowanie wymaga od uzytkownika duzego zaangazowania
implementacyjnego. Kolejng, bardziej uniwersalna, grupa metod sa metody réwnan catkowych
bazujgce na funkcji Greena [12H19]. Jednak ich wigksza uniwersalno$¢ okupiona jest kilkoma
problemami takimi jak catkowanie osobliwo$ci w obrebie funkciji Greena czy koniecznosé odpo-
wiedniego doboru funkcji bazowych. Do tej grupy nalezy réwniez metoda momentéw (ang. method
of moments MoM) [20H23]. Istniejg dwa typy metody momentéw: jedna oparta na réwnaniu cat-
kowym po objetosci (ang. volume intergral equation VIE) oraz druga wykorzystujgca réwnanie
catkowe po powierzchni (ang. surface intergral equation SIE). Obie metody z niezwyktg tatwo-
Scig modelujg przestrzen otwarta. Szczegdlnie drugi typ zyskat duzg popularnosé ze wzgledu
na wiekszg efektywnos$¢ w stosunku do MoM-VIE. Niestety pomimo dos$¢ duzej elastyczno$ci nadal
wystepuija trudnos$ci w modelowaniu materiatéw niejednorodnych oraz anizotropowych (zasada
rownowaznosci powierzchni nie ma woéwczas zastosowania).

Za grupe najbardziej uniwersalnych metod uznaje sie metody dyskretne. Dwie najpopu-
larniejsze to metoda réznic skonczonych (ang. finite difference FD) [24H26] i metoda elementéw
skonczonych (ang. finite element method FEM) [27,28]. Dla metod dyskretnych nie ma natozonych
ograniczen na geometrie struktury, stad tez metody te czesto znajdujg zastosowanie w komercyj-
nych pakietach oprogramowania do komputerowego wspomagania projektowania. Niemniej jednak
skomplikowane struktury pod wzgledem geometrii wymagaja czesto zastosowania bardzo gestej
siatki co znaczgco wptywa na czas obliczen. Kolejnym problemem jest zakonczenie dziedziny
dla zagadnien radiacyjnych, tak aby zasymulowaé przestrzen otwartg. Jednym z bardziej zna-
nych rozwigzan jest zastosowanie warstwy, w literaturze nazywanej PML (ang. perfectly matched
layer) [29,[30], ktéra ma na celu zniwelowac¢ odbicie od brzegu dziedziny. Takie podejscie wymaga
jednak doboru zestawu parametréw, ktére mogg mie¢ wptyw na doktadno$¢ symulacii, jak rowniez
poszerzenia dziedziny obliczeniowe;.

Odpowiedzig na powyzsze problemy wydajg sie by¢ metody hybrydowe [31-36], kt6re
taczg zalety wspomnianych technik. Takie rozwigzania pozwalajg miedzy innymi na zachowanie
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elastycznosci metod dyskretnych, zwigkszenie ich doktadnos$ci przy jednoczesnej redukcji zZtozono-
Sci obliczeniowej. Wiekszos¢ tego typu podejs¢ bazuje na dekompozycji dziedziny na mniejsze
obszary w zaleznosci od geometrii czy materiatu. W r6znych podobszarach stosowane sg rézne
metody odpowiadajgce zadanym problemom.

Dla obiektow duzych elektrycznie i wieloskalowych, takich jak anteny czy szyki ante-
nowe wzniesione na platformach, ze wzgledu na bardzo duzg liczbe niewiadomych uzyskanych
dla metody momentéw, zaproponowane zostaty metody hybrydowe majace na celu poprawienie
wydajnosci MoM. W literaturze czesto pojawia sie potgczenie metody momentéw z jednolitg geo-
metryczng teorig dyfrakcji MoM-UTD (ang. method of moments - uniform geometrical theory of
diffraction) [37,,38] oraz metody momentow z optyka fizyczng MoM-PO (ang. method of moments -
physical optics) [39H41]. Oba rozwigzania zaimplementowane zostaty w symulatorze FEKO [42,/43].
Podejscie UTD nadaje sie do analizy duzych obiektéw jest jednak bardzo silnie ograniczone do bar-
dzo prostych geometrii. Potgczenie MoM-UTD zwigksza zakres mozliwych geometrii podlegajacych
analizie dzigki MoM przy jednoczesnym umozliwieniu analizy z wtgczeniem platform. Warto tu
jednak zaznaczyé, ze takie potgczenie jest nadal silnie ograniczone w regionach zastosowania
UTD do powierzchni regularnych takich jak ptaszczyzny, cylindry czy sfery. Potgczenie MoM-PO
pozwala na znacznie wiekszg elastyczno$é wzgledem analizowanych struktur. Niemniej w obu
metodach problematyczna jest analiza struktur niejednorodnych czy anizotropowych. Kolejnym
problemem jest wptyw odlegtosci pomiedzy rejonem MoM a rejonem PO i wzajemnego sprzezenia
na doktadnos¢ obliczen.

Inng technike modelowania stanowi potaczenie podejscia globalnego (réwnania catko-
wego) i lokalnego (réwnania r6zniczkowego). Wymaga ona dekompozyciji dziedziny, a nastepnie
zastosowania réwnania catkowego dla podobszaru stanowigcego metal oraz rownania roznicz-
kowego w pozostatej czesci dziedziny (ang. surface integral equation partial differential equation
SIE-PDE) [44,45]. Gtéwng zaletg tej metody jest skuteczne modelowanie efektu naskérkowosci.
W podejsciu tym podobszary nachodza na siebie (ang. overlaping) a sam problem nie wymaga
dodatkowych warunkéw brzegowych. Nie jest ono jednak wolne od koniecznosci odwracania du-
zych macierzy oraz probleméw zwigzanych z zastosowaniem funkcji Greena. Co wiecej, dziedziny
nie moga by¢ dyskretyzowane niezaleznie i wymagana jest siatka konforemna co znaczaco ograni-
cza zastosowanie metody. Powoduje to rowniez, ze kazdorazowa zmiana siatki w obszarze SIE
wymusza konieczno$¢ ponownego dyskretyzowania catej dziedziny. Niedawno zaproponowana
zostata modyfikacja sformutowania SIE-PDE, ktéra rozwigzuje ostatnie dwa problemy [46].

Jedng z dobrze znanych grup metod hybrydowych jest potgczenie metody elementéw
skonczonych wraz z metodg réwnan catkowych w literaturze znanych jako FE-BI [47,/48] czy tez
FEM/MoM [49H51]. Metody te umozliwiajg analize osrodkéw niejednorodnych i anizotropowych
(dzieki wykorzystaniu metody elementéw skonczonych) w wolnej przestrzeni przy jednoczesnej
redukciji btedéw wynikajacych z zakonczenia dziedziny (dzieki metodzie momentéw). Potgczenie
metody elementéw skonczonych wraz z metodg elementu brzegowego umozliwia analize struktur
niejednorodnych czy anizotropowych. Wymaga ona jednak dodatkowych zatozen na granicy
dziedzin, ktére nie zawsze moga by¢ spetnione. Moze to wptywaé na doktadnos¢ obliczeh w polu
bliskim, stad tez metody te uzywane sg gtéwnie do obliczania pola w strefie dalekiej. Rozwigzanie
powyzszego problemu zostato niedawno zaproponowane w [52]. Niestety, potgczenie to tak jak inne
metody wykorzystujace funkcje Greena nie jest wolne od problemoéw zwigzanych z koniecznos$cig
wybrania odpowiednich funkcji bazowych/testujgcych [53] jak réwniez z catkowaniem osobliwosci.
W zaleznosci od sformutowania moga pojawia¢ sie rowniez rozwigzania pasozytnicze [54,55].
Co wiecej macierz wynikowg opisa¢ mozna czesciowo jako macierz gestg czesciowo zas jako
macierz rzadkg. Tak sformutowany problem jest duzym wyzwaniem w kontek$cie numerycznym.
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Jego rozwigzania obejmujg zarébwno metody bezposrednie [56] jak i iteracyjne z uzyciem operatora
Sciskajgcego [53,/57]

Inng propozycja jest potaczenie metody elementow skonczonych z technikg dopasowania
rodzajow [58159], przy czym w obu przypadkach podej$cie analityczne wykorzystane jest do opisu
pola we wrotach falowodu. Wrota te moga zosta¢ uogélnione do otwartej przestrzeni dla probleméw
radiacyjnych. Czes¢ analityczna stanowi jednak jedynie warunki brzegowe, a wiec cata dziedzina
obliczeniowa musi zosta¢ zdyskretyzowana. Potaczenie to niedawno wykorzystane zostato do ana-
lizy mikroskopijnych metapowierzchni z wykorzystaniem periodycznych warunkéw brzegowych [60].
Ze wzgledu na redukcje dziedziny jest ono niezwykle wydajne dla struktur, w ktérych warstwy
sg wzgledem siebie rownolegle (podejscie to wigze sie jednak z poszukiwaniem wielu wartosci
wihasnych, co jest zadaniem wymagajacym pod wzgledem numerycznym).

Podsumowujac, analiza struktur o ztozonej geometrii, bedgcych obiektem zainteresowan
wspotczesnej techniki mikrofalowej, wiaze sie z koniecznoscig stosowania wysublimowanych tech-
nik modelowania elektromagnetycznego. W praktyce duza cze$¢ tych uktadéw modelowana jest
za pomoca metod dyskretnych (np. metody elementéw skornczonych). Niewatpliwa uniwersal-
nosc¢ i elastycznosé metody elementéw skonczonych powoduje, ze jest ona zaimplementowana
W znacznej czesci oprogramowania komercyjnego. Niestety jej bezposrednie stosowanie moze by¢
nieefektywne lub nawet niemozliwe ze wzgledu na ograniczone zasoby, co przyczynia sie do wzro-
stu popularnosci réznego rodzaju technik hybrydowych czy tez modyfikacji metody elementéw
skonczonych. Rozwijane podej$cia zachowuja duzg elastycznos¢ szczegblnie w kwestii doboru
materiatéw przy jednoczesnym ograniczeniu niezbednych zasobdw i sg jednym z trwajgcych
trendow elektrodynamiki obliczeniowe;.

1.2. Cele i tezy pracy

Niniejsza praca oraz zatgczone w niej publikacje dotycza zwiekszenia efektywnosci metody
elementdw skonczonych poprzez jej hybrydyzacje. Najwazniejsze tezy pracy przedstawione zostaty
w nastepujgcych punktach:

1. znaczng poprawe efektywnos$ci analizy uzyska¢ mozna redukujac tréjwymiarowa dziedzine
obliczeniowa do dziedziny dwuwymiarowej ze wzgledu na symetrie osiowa struktury

2. dekompozycja dziedziny obliczeniowej z zastosowaniem hybrydyzacji metody elementéw
skonczonych i metody dopasowania rodzajéw pozwala istotnie zredukowa¢ naktady oblicze-
niowe oraz czas analizy (ograniczenie dyskretyzowanej czesci dziedziny obliczeniowej)

3. metody hybrydowe umozliwiajg poprawe doktadnosci analizy przy wykorzystaniu tych samych
zasobow (mozliwos$¢ stosowania bardzo gestej siatki)

4. redukcja liczby zmiennych umozliwia analize uktadéw o duzej ztozonosci obliczeniowej (np.
rozwigzywanie nieliniowych probleméw wtasnych)

Algorytmy potwierdzajgce powyzsze tezy przedstawione zostaty na kartach pigciu artykutow z listy
filadelfijskiej jak réwniez na licznych konferencjach miedzynarodowych.

Rozdziat pierwszy jest czesScig wprowadzajgca i prezentuje obecny stan wiedzy wraz z catg
mnogoscia istniejacych juz algorytmow jak réwniez tezy niniejszej pracy. W rozdziale drugim za-
prezentowane zostaty podstawowe zatozenia metody elementéw skonczonych jak réwniez przyjete
w analizie funkcje bazowe skalarne oraz wektorowe. Znajduje sie tu opis wspétrzednych barycen-
trycznych, konieczny do zdefiniowania elementéw krzywoliniowych (elementéw wyzszych rzeddéw),
a rowniez przedstawiona zostata ogélna idea redukcji dziedziny obliczeniowej poprzez jej dekom-
pozycje czy wykorzystanie cech szczegdélnych struktury. Rozdziat ten przedstawia jak wykorzystac
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symetrie osiowg struktury oraz zawiera szczegétowy opis stosowanego w pracy sformutowania
mieszanego tj. skalarno-wektorowego. Znajduje sie tu zaréwno sformutowanie dopuszczajace
wymuszenie na brzegu dziedziny (np. struktura zawierajgca wrota - problem deterministyczny)
jak i sformutowanie bezzrédtowe (np. do analiz problemoéw wtasnych). Kolejny rozdziat (rozdziat
trzeci) skupia sie na aplikacjach oraz prezentuje metody hybrydowe, a jednoczes$nie stanowi
on opis gtéwnych osiggnieé niniejszej pracy. Przedstawiona zostata w nim metoda wyznaczenia
uogodlnionej macierzy impedancji dla dwoch typdw struktur. Pierwszym z nich sg obiekty homo-
geniczne w jednym kierunku, drugim za$ niejednorodne, posiadajgce jednakze symetrie osiowa.
W obu przypadkach podejscie to obejmuje redukcje zagadnienia tréjwymiarowego do analizy
struktury zdyskretyzowanej w dwéch wymiarach. Nastepnie zdefiniowana zostata uogélniona
macierz impedancji dla sekcji falowodowych jak réwniez opisano dwa podejscia do analizy struktur
periodycznych: periodyczne warunki brzegowe oraz wykorzystanie macierzy rozproszenia. Ko-
lejno, podejscie z macierza rozproszenia zastosowane zostato do analizy otwartego rezonatora
Fabry-Perot. Ostatnig czes$¢ tego rozdziatu stanowi rozwigzane nieliniowych probleméw wiasnych
na przyktadzie sferycznego rezonatora obcigzonego ferrytowa kulkg. W rozdziale czwartym zapre-
zentowane wyniki oraz tezy pracy zostaty krétko podsumowane.
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2. METODA ELEMENTOW SKONCZONYCH

Poczatki metody elementow skonczonych siegajg lat czterdziestych dwudziestego wieku.
Pierwszy opis, autorstwa Richarda L. Couranta [61], dotyczyt rozwigzywania probleméw me-
chanicznych. Metoda ta znalazta zastosowanie w zagadnieniach elektromagnetycznych prawie
dwadziescia lat p6zniej (problemy z dziedziny mikrofal opisane zostaty wéwczas w dwéch nieza-
leznych artykutach [624/63]). Swoja popularnos¢ FEM zdobyt wraz z rozwojem coraz szybszych
komputerdw.

Metoda elementéw skonczonych jest wariacyjng metodg rozwigzywania réwnan rézniczko-
wych, w tym réwniez réwnan Maxwella. Podejscie to polega na podziale dziedziny obliczeniowej
na mniejsze podobszary, nazywane elementami skonczonymi, a nastgpnie znalezieniu rozwia-
zania w postaci kombinacji liniowej funkcji aproksymujgcych (funkcji bazowych) zdefiniowanych
na tych podobszarach. Zastosowanie takiej aproksymaciji pozwala sprowadzi¢ problem do uktadu
réwnan algebraicznych, ktérego wielko$¢ zwigzana jest z liczbg elementéw. Sam uktad skitada sie
z odpowiednich iloczynéw skalarnych funkcji bazowych (oraz ich gradientéw czy rotacji), a szukane
wspotczynniki reprezentujg wagi tych funkcji w koncowym rozwigzaniu. W ten sposoéb otrzymy-
wane jest optymalne rozwigzanie, w sensie warto$ci $rednich, a jego dokfadnos¢ rosnie wraz
ze wzrostem liczby elementow. Istotny wptyw na wyniki ma rzad funkcji bazowych, ktéry przektada
sie réwniez na liczbe funkcji aproksymujacych zastosowanych w obrebie elementu i ostatecznie
na obnizenie btedu aproksymacji oraz poprawe zbieznosci metody.

2.1. Sformutowanie i agregacja

Dwie najpopularniejsze metody rozwigzywania problemu brzegowego réwnania rézniczko-
wego to metoda Ritza (zwana réwniez metodg Rayleigha-Ritza) oraz metoda Galerkina [27},64].
Zacznijmy od zdefiniowania problemu w dziedzinie Q jako

Lf=g (2.1)

gdzie f jest szukang funkcja, £ liniowym operatorem rézniczkowym, g natomiast funkcjg po-
budzenia lub wymuszenia. Przy czym operator rézniczkowy jest operatorem samosprzezonym,
to znaczy:

(Lf.h)y={f.Lh) (2.2)

dla iloczynu skalarnego (przy pominieciu warunkéw brzegowych) zdefiniowanego jako:

(fs h>=/fh* dQ (2.3)
Q
jak i jest on dodatnio okreslony
0 #0
Lf. ) {> ! (2.4)
=0 f=0

Metoda Ritza dla tak zdefiniowanego problemu polega wiec na znalezieniu punktu stacjonarnego
nastepujacego funkcjonatu

F() = 507 1) = 5F.0) = 568 1) (25)

10
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przy czym f jest funkcjg prébna. Inne podejscie reprezentuje metoda Galerkina, gdzie okreélane
jest residuum
r=Lf-g (2.6)

i poszukiwane jest rozwigzanie dla ktérego przyjmuje ono najmniejszg warto$é. Dla metod residuéw
wazonych wymuszany jest warunek

/ wir dQ2=0 (2.7)
Q

gdzie w; jest funkcja testujaca. W metodzie Galerkina funkcje te powinny by¢ tozsame z funkcjami
aproksymujacymi. Jesli operator £ jest samosprzezony to zaréwno metoda Galerkina jak i metoda
Ritza sg réwnowazne i prowadzg do nastepujgcego uktadu réwnan

Ke=b (2.8)
gdzie
K['j = %/(Wl,LWj +ijw,~) dQ (29)
Q
oraz
b; = / wig dQ (2.10)
Q

a aproksymowane rozwigzanie przyjmuje postac
~ N
F=>cm, 2.11)

Warto zauwazy¢ réwniez, ze o ile metoda Ritza skupia sie na kazdym elemencie o tyle me-
toda Galerkina wykracza dziedzing poza pojedynczy element. Wiecej szczegbtéw dotyczacych
rozwigzywania problemu brzegowego réwnania rézniczkowego znalez¢ mozna w [27].

Warto mie¢ na uwadze, ze tak zdefiniowana macierz K zalezy od wygenerowanej siatki.
Dyskretyzacja dziedziny obliczeniowej prowadzi do utworzenia struktury, dla ktérej poszczegoine
elementy posiadajg odpowiednig liczbe weztéw i krawedzi (w problemach tréjwymiarowych réwniez
§cian), przy czym pomiedzy poszczeg6lnymi elementami wystepujg czesci wspoine (wierzchotki,
krawedzie, $ciany). Stworzenie uktadu réwnan wymaga wiec obliczenia macierzy lokalnych
(dla pojedynczych elementéw) a nastepnie utworzenie macierzy globalnej poprzez agregacje [64].
Innymi stowy wyliczenia iloczynéw skalarnych dla poszczegdlnych elementdéw a nastepnie od-
powiedniego zawarcia ich w macierzy globalnej. Zat6zmy, ze problem ktéry opisujemy zwigzany
jest z dwuwymiarowa dyskretyzacjg dziedziny. Wowczas w pierwszym kroku utworzenie macierzy
globalnej wymaga od nas utworzenia zerowej macierzy K x K, gdzie K jest wymiarem problemu,
na ktérego wielkos¢ wptywa liczba wierzchotkéw, krawedzi czy rzad funkcji aproksymujacych. Na-
stepnie macierze wyliczone dla elementu o numeracji lokalnej wprowadzamy do macierzy globalne;
zgodnie z jej numeracja. Przyktadowo niech wierzchotki o numerze 1 i 2 dla elementu numer 8
oraz 2 i 3 dla elementu 9 stanowig wierzchotki 5 i 6 w numeracji globalnej, wéwczas podmacierz
dotyczgca tych wierzchotkdw stanowi sume podmacierzy wyzej wspomnianych elementow (8 i 9)
w rzedzie 5 kolumnie 6 oraz rzedzie 6 i kolumnie 5.

2.2. Dyskretyzacja dziedziny obliczeniowej

Dyskretyzacja dziedziny obliczeniowej jest najbardziej charakterystycznym a jednocze$nie
kluczowym elementem metody elementéw skonczonych. Polega ona na podziale nieregularnej
a réwniez czesto niejednorodnej dziedziny na skonczong liczbe wielokgtow (zagadnienia dwu-

11
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Rys. 2.1. Element siatki: po transformacji w uktadzie (x, y) oraz przed transformacja w uktadzie(u, v)

wymiarowe) albo wieloscianéw (zagadnienia trojwymiarowe) tzn. elementéw skonczonych. Taka
dyskretyzacja jest zasadniczo zastgpieniem dziedziny o nieskonczonej liczbie stopni swobody
ekwiwalentnym ukfadem z ich ograniczong liczbg. Elementy powstate w procesie dyskretyzaciji
nie moga naktadac sie na siebie ani pozostawia¢ wolnych przestrzeni. Ich wezty powinny znaj-
dowac sie w miejscu weztéw innych elementéw a same elementy nie powinny by¢ zbyt waskie
(nie posiada¢ matych katéw wewnetrznych) [65]. Te ostatnie choé sg dopuszczalne, moga po-
wodowac¢ wzrost btedu aproksymaciji co nie jest pozadane. Najczesciej uzywanymi elementami
sg elementy trojkatne dla zagadnieh dwuwymiarowych oraz czworos$ciany dla zagadnien tréjwy-
miarowych ze wzgledu na tatwo$¢ odwzorowywania nieregularnych dziedzin. Dyskretyzacja wraz
z numerowaniem globalnym jest procesem skomplikowanym i podlega optymalizacji. W niniejszej
pracy do dyskretyzacji dziedziny uzyto programu Netgen [66].

2.2.1. Wspdtrzedne barycentryczne

Metoda elementow skonczonych wymaga wyliczania wartosci odpowiednich iloczynéw
skalarnych dla wszystkich elementéw. Obliczenia te wykona¢ mozna dla kazdego podobszaru
osobno lub tez utworzy¢ element wzorcowy zwigkszajac tym samym efektywno$¢. Zabieg ten
umozliwia tatwiejsze wyliczenie wartos$ci rotacji czy tez gradientu a nawet catego iloczynu skalar-
nego. Cho¢ mozliwe sg rézne figury geometryczne bedgce wzorcami, w niniejszych rozwazaniach
ogranicze sie do tréjkatéw. Woéwczas elementem wzorcowym jest rownoramienny tréjkat prosto-
katny o przyprostokatnych o dtugosci jednostkowej. Element ten zdefiniowany jest w oddzielnym
uktadzie wspotrzednych nazywanych wspotrzednymi barycentrycznymi.

Niech wyzej wymieniony tréjkat prostokatny znajduje sie w uktadzie (u,v) (patrz Rys. [2.7),
woéwczas wspdtrzedne punktéw w odpowiadajgcym mu uktadzie (x, y) wyrazi¢ mozna w nastepu-
jacy sposob:

X =ag+au+axy (2.12)
y =bo+biu+ by (2.13)

Podstawiajac wspétrzedne kolejnych wierzchotkdw (x1, y1),(x2, y2) oraz (x3, y3), za pomoca kilku
prostych przeksztatcen, otrzymujemy:

x=x1(1 —u—-v)+xu+x3v (2.14)
y=y1(1—u—v)+yu+ysv (2.15)
12
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Rys. 2.2. Element krzywoliniowy: po transformacji w uktadzie (x, y) oraz przed transformacjg w uktadzie(u, v)

co stanowi relacje transformacji miedzy uktadami - definiuje jakobian, ktory wykorzystywany jest
w dalszych obliczeniach.

2.2.2. Elementy krzywoliniowe

Elementy tréjkatne cieszg sie popularnoscig ze wzgledu na tatwos$¢ zageszczania siatki
w miejscach o duzej zmiennosci pola. Niemniej, odwzorowywanie krzywizn struktury moze wy-
magac znaczacego zageszczenia siatki w obrebie krzywej a w rezultacie mozliwe jest znaczne
obnizenie efektywnosci obliczeniowej modelu. W takim przypadku zastosowanie elementéw krzy-
woliniowych moze przyczyni¢ sie do skrécenia czasu obliczen. Wymaga to jednak zastosowania
elementéw krzywoliniowych, a co za tym idzie zwigekszenia liczby funkcji bazowych na elemencie.
Elementy te pozwalajg na uzyskanie szybszej zbieznosci w stosunku do elementéw pierwszego
rzedu. Oznacza to, ze btagd aproksymacji maleje szybciej wzgledem zageszczania siatki. Elementy
wyzszych rzedéw powodujg tez o wiele mniejszg dyspersje numeryczna, dzieki czemu sa chetnie
uzywane dla struktur duzych elektrycznie. Aby zdefiniowac elementy drugiego rzedu ponownie
nalezy skorzysta¢ ze wspétrzednych barycentrycznych opisanych w powyzszym punkcie. W ele-
mencie wzorcowym pomiedzy kazda pare wierzchotkow dodawany jest dodatkowy wezet (patrz
Rys. [2.2). Tak jak wczesniej wspétrzedne elementu siatki wyrazamy za pomoca uktadu (u, v):

X =ao+au+ay +azu’ +asv? +asuv (2.16)

y = bo + biu + byv + b3u® + byv? + bsuv (2.17)

W efekcie otrzymujemy nastepujace relacje transformacyjne do uktadu (x, y)

x = (1=3u—=3v+2u®+20% + 4uv)x; + (2v* = v)xa + (2u® — u)xs + (4v — 40> — 4uv)xy (2.18)
+  duvxs + (4u — 4u* — 4uv)xg

y o= (1-3u—-3v+2u> + 202 +4uv)y; + (2v* = v)y2 + (2u? — u)y3 + (4v — 4% — 4uv)y4 (2.19)
+ duvys+ (4u — 4u® — duv)ye

Co wazne, wezly o numerach 4,5 i 6 (patrz Rys. nie muszg leze¢ na prostych taczacych
wierzchotki 1,2 i 3, a tym samym powstaty element moze nie by¢ tréjkatem (staje sie on elementem
krzywoliniowym).
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2.3. Funkcje bazowe

Funkcje bazowe sa funkcjami aproksymujgcymi szukane rozwigzanie (moze by¢ to np. pole
elektryczne) i posiadajg warto$¢ niezerowg wytgcznie w obrebie elementu. Ostateczne rozwigzanie
opisywane jest jako suma wsp6tczynnikéw (wag) i poszczegdblnych funkcji bazowych. Funkcije te
zwyczajowo dzielimy na funkcje skalarne oraz funkcje wektorowe. Przy czym stopien swobody
przypisany jest do weztéw siatki dla funkcji skalarnych i do krawedzi siatki dla funkcji wektorowych.

2.3.1. Skalarne funkcje bazowe

Funkcje ksztattu sg funkcjami skalarnymi i aproksymujg warto$¢ szukanej funkcji we-
wnatrz odpowiadajgcego im elementu. Przewaznie reprezentowane sg w postaci wielomiandw
przy czym rzad aproksymaciji jest rzedem wielomianu. Charakterystyczna cechg tych funkgiji jest to,
ze przyjmujg warto$¢ réwna jednosci w jednym z weztéw oraz zero we wszystkich pozostatych
weztach elementu. Cecha ta gwarantuje ciggto$¢ rozwigzania wzdtuz krawedzi. Funkcije te moga
by¢ konstruowane we wszelaki sposéb. Jednym ze sposobdéw jest wykorzystanie wielomiandw
interpolacyjnych Lagrange’a, co pozwala na szybkg i prostg konstrukcje funkcji wyzszych rzedow.

Dla funkcji pierwszego rzedu rozwigzanie moze zosta¢ zapisane jako suma trzech funkcji
ksztattu o (u, v) i odpowiadajacych im wspbdtczynnikow ¢; [27]:

3
¢ = Z @4 (u,v); (2.20)

=1

gdzie e symbolizuje numer elementu, natomiast funkcje o (u, v) przyjmuja postaé

af(u,v) =1-u-v, (2.21)
ag(u,v) =u,

ag(u,v) =v.

Dla drugiego rzedu rozwigzanie jest sumg
6
$=> aluv)g; (2.22)
j=1

a funkcje ksztattu prezentujg si¢ nastepujgco:

af(u,v)=(1-u-v)(1-2u-2v), a5(u,v)=uu-1) (2.23)
as(u,v) =v(2v-1), ag(u,v) =41 —u—-v)u
al(u,v) = duv, ag(u,v) =41 —u—-v)v

Warto zaznaczy¢, ze funkcje bazowe nie musza by¢ tego samego rzedu co element. Elementy,
dla ktérych rzad funkcji bazowych zgadza sie z rzedem elementu, nazywamy elementami izome-
trycznymi. Jesli natomiast rzad funkcji interpolujgcej jest nizszy, mamy do czynienia z elementami
subparametrycznymi (wyzszy - superparametrycznymi) [67].

14
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2.3.2. Wektorowe funkcje bazowe

Opis probleméw elektromagnetycznych wytgcznie za pomoca funkcji skalarnych wigze sie
z kilkoma problemami. Przede wszystkim zagadnienia, w ktérych pole elekiryczne lub magnetyczne
posiada wiecej niz jedng sktadowg, wymagaja modelowania kazdej sktadowej pola oddzielnie.
Jest to jednak nieefektywne i nie zapewnia spetnienia warunku zerowej dywergencji. Co wiecej,
wymuszenie warunkéw brzegowych na granicy o$rodkéw oraz powierzchniach przewodzacych
bywa ktopotliwe, podobnie jak modelowanie pola przy wystepowaniu osobliwosci. Rozwigzaniem
powyzszych probleméw staty sie elementy wektorowe pierwszy raz zaproponowane przez Hasslera
Whitneya [68] i zastosowane w zagadnieniach elektromagnetycznych przez Jean-Claude Nedeleca
[69]. Funkcje wektorowe W przypisuja stopieri swobody do krawedzi elementu nie zas do wezidw jak
to miato miejsce dla funkcji skalarnych. Witasciwoscig tych funkcji jest niezerowa sktadowa styczna
wytgcznie wzdtuz krawedzi elementu co pozwala zapewnié¢ ciggtos¢. Wymuszenie ciggtosci pola
stycznego przy jednoczesnym braku koniecznos$ci ciggtosci sktadowej normalnej jest szczegélnie
korzystne przy modelowaniu osrodkéw niejednorodnych. Inng wazng wtasciwoscia jest zapewnienie
warunku dywergencyjnego VoW=0w obrebie elementu, co pozwala na uzycie ich w analizie
problemoéw bezzrodtowych. Dla funkcji pierwszego rzedu rozwigzanie przyjmuje postac:

3
o= W)y, (2.24)
j=1
gdzie
V_Vf(u, v) = ajVa; - a5Vay, (2.25)

e _ e e _ e e
Wz(u,v)—oszoz3 a3V(12,

e _ € e _ e e
W5 (u,v) = a5Vayi — aiVas.

Dla elementow krzywoliniowych drugiego rzedu funkcje drugiego rzedu wygladajg nastepujgco:

8
=) Wiluv)y; (2.26)
J=1
gdzie
V_f/f (u,v) = afVas - asVay, Wf(u, v) = a;Va; —asVa; (2.27)
W;(u, v) = a5Vayi —ajVas, Wf(u, v) = a{Vas +a5Vay
V_ffg(u, v) = a5Vas +a5Vas, Wg(u, v) = a5Vai +ajVaj

WS (u,v) =2a5a5Vay — afa{Vas —afasVai Wg(u,v) =2a5a{Va; —aja;Vas — asa5Vay

2.4. Redukcja dziedziny obliczeniowej

Zwiekszanie liczby elementéw siatki jest bezposrednio zwigzane ze zwigkszeniem rozmia-
row problemu. To za$ wigze sie z wydtuzeniem czasu obliczen jak réwniez wiekszymi wymaganiami
dotyczacymi pamigci. Redukcja dziedziny obliczeniowej pozwala wiec na znaczace obnizenie wy-
korzystanych zasobow. Zmniejszenie dziedziny otrzymac¢ mozna wykorzystujac cechy szczegdlne
struktur jak réwniez poprzez hybrydyzacje metody obliczeniowe;.
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Najbardziej znanym podejsciem redukcji dziedziny jest zastosowanie opisu analitycznego
w kierunku propagaciji oraz wykorzystanie symetrii osiowej. Pierwszy z nich pozwala na analize
struktury w dwoch wymiarach przy jednoczesnym zatozeniu zmienno$ci pola w kierunku prostopa-
dtym do przekroju poprzecznego, o ile struktura jest jednorodna w tym kierunku. Dla przykfadu,
jesli struktura jest nieskofnczona w kierunku z to jej zmienno$¢ w tymze kierunku zapisa¢ mozna
jako e¢~7% dla zagadnien propagacyjnych. Dla struktur rezonansowych w kierunku z natomiast, pola
zapisane sg za pomoca sinusoéw i kosinuséw. Innym podejsciem jest wykorzystanie osi symetrii
uktadu i podejécie to nazywamy BOR (ang. Body-of-Revolution). Zmienno$¢ katowa pola opisujemy
wowczas jako e/™¢ i niejako zaktadamy zmiennos$¢ po ¢ reprezentowana literg m. Funkcje e/™¢
dla réznych m sa wzgledem siebie ortogonalne, i o ile nie wystepuje sprzezenie to r6zne zmienno-
$ci moga by¢ rozpatrywane oddzielnie. Wéwczas pomimo, ze struktura jest skonczong strukturg
tréjwymiarowa mozliwa jest jej analiza wytacznie poprzez dyskretyzacje przekroju poprzecznego,
ktory podlega obrotowi tworzac analizowang bryte obrotowa.

W praktyce geometrig struktury, ktérg badamy opisujemy w trzech wymiarach. Analiza
takich struktur przy uzyciu metody elementéw skonczonych wigze sie jednak z koniecznoscig
zdefiniowania bryt przestrzennych jako elementéw skonczonych a co za tym idzie znacznie
wiekszej liczby weztow/krawedzi siatki. Przedstawiona powyzej redukcja dziedziny, dla ktorej
niejako zmieniamy wymiar analizy z trojwymiarowej na tak zwang dwuip6twymiarowg wymaga
wcigz zamodelowania wszystkich trzech sktadowych pola elekirycznego lub magnetycznego.
Problemy te nie sg jednak problemami dwuwymiarowymi jak sugeruje dziedzina obliczeniowa.
Aby zamodelowac catkowite pole korzystne jest zapisanie go w postaci sumy dwdéch pdl: sktadowej
skalarnej oraz wektorowej. Przy czym sktadowa skalarna zwigzana jest z kierunkiem, w ktérym
zmienno$¢ pola jest zatozona, natomiast sktadowa wektorowa wyraza pozostate dwie sktadowe
(poprzeczne). Takie podej$cie wymaga wykorzystania zaréwno funkcji bazowych skalarnych
jak i wektorowych do petnego zamodelowania analizowanej struktury.

Innym podejsciem jest potgczenie metody dyskretnej (w naszym przypadku metody ele-
mentdéw skonczonych) z metodg analityczng czy tez quasi-analityczng. Wéwczas dziedzina obli-
czeniowa dzielona jest na dwa lub wiecej podobszaréw. Cze$¢ uktadu najbardziej skomplikowana
pod wzgledem geometrii czy tez opisu matematycznego materiatu modelowana jest za pomocg
metod dyskretnych, a nastepnie zapisywana w sposéb, ktéry pozwala na potaczenie tej czesci
z metodg analityczna. Fragmenty uktadu takie jak falowody czy wolng przestrzen modelujemy
w sposéb analityczny a w kolejnym kroku czesci te zostajg potgczone. Taka hybrydyzacja pozwala
na wykorzystanie trzech najwigkszych zalet metod analitycznych: szybkos$ci obliczen, fatwosci
modelowania wolnej przestrzeni oraz braku dyspersji numerycznej zwigzanej z dyskretyzacjg
dziedziny, przy jednoczesnym zachowaniu dos¢ duzej uniwersalnosci metod dyskretnych. Do opisu
czesci dyskretnej wykorzysta¢ mozna na przyktad macierz rozproszenia, macierz impedanciji
czy macierz transmisji. Jednakze niniejsza praca skupia sie szczego6lnie na dwéch macierzach:
uogélnionej macierzy impedancji oraz macierzy rozproszenia. Co wiecej, powstate w taki sposéb
macierze mozna wykorzysta¢ w analizie uktadu wiecej niz raz, a zatem jesli dany element wyste-
puje wielokrotnie w obrebie analizowanej struktury jego macierz moze zosta¢ wielokrotnie uzyta,
jeszcze bardziej redukujac wykorzystywane zasoby.

2.4.1. Jednorodnos¢ wzdtuz wybranej osi

Dla struktur jednorodnych wzdtuz wybranej osi mozliwe jest zapisanie pola elektrycznego
lub tez magnetycznego w postaci iloczynu skifadnika opisujgcego dang wielko$¢ w przekroju
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przeanalizowany zostanie wylgcznie przypadek propagacji wzdtuz osi z, dalej wykorzystywany
w rozdziale trzecim. Dla tak zdefiniowanego problemu wektor pola elektrycznego zapisa¢ mozna
w nastepujacy sposob:

E(x,y,2) = E(x,y)e™? (2.28)

gdzie y jest zespolonym wspoétczynnikiem propagacji wzdtuz osi z. Wowczas pole elektryczne
wyrazi¢ mozna jako sume sktadowej poprzecznej i wzdtuznej:

E(x,y,2) = Et(x,7.2) + E.(x,7.2) (2.29)

gdzie
E (x,y,2) = Ex(x,y)e Y iy + Ey(x,y)e 7% 0 (2.30)
E,(x,y,2) = E;(x,y)e " I, (2.31)

Jesli operator nabla zapisany zostanie w nastepujgcy sposéb

V=V, +V, (2.32)
gdzie

Vv, = TX% +iy ;y (2.33)

Vv, = ?Za% (2.34)

to po podstawieniu (2.30),(2.31) oraz do réwnania falowego
VX (u'VXE) - k2e,E=0 (2.35)
uzyskujemy nastepujace rownania
Vv, x (p;lﬁz X Et) +V, x (,u;lﬁ X EZ) —k2e E, =0 (2.36)

oraz
V, x (,u,‘ﬁt X E,) +V, X (,u;lﬁ, X EZ) +V, x (,u,‘li X Et) —k2e,E; =0 (2.37)

Posta¢ staba powyzszych réwnan po zastosowaniu wtasnosci (2.28) jest punktem wyjscia do ana-
lizy metoda elementéw skonczonych i przyjmuje forme

- ‘//ﬁtFZ o (i, x ﬁr_lfz X §,EZ) ds — ké ‘//FzerEZ ds
s s

—y[/ V/F, o (i, x i, 'i, x E;) ds = jwﬂoj{ Fi, o (i, x H,) dl (2.38)
S L
oraz

yﬂﬁt o (i, x -1, X V,E,) + //(%, x ) o (u:1¥, x Ey) ds
S S

_kéﬂﬁfoérgl dS+’yz[/ﬁ,O(iz X/j;IFZXE_:I) ds
S S

= jwpuo 7{ Fyo (i, x Hy) dl (2.39)
L
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2.4.2. Symetria osiowa

Wykorzystanie osi symetrii struktury jest mozliwe wytgcznie jesli mamy do czynienia z brytg
obrotowg (patrz Rys. [2.3). Zaktadajac uktad cylindryczny (p, ¢, z), 0$ obrotu przebiega wzdtuz

o

A
T
i
1

Rys. 2.3. Przykladowa bryta obrotowa

osi z, obr6t zas zgodnie z wektorem Zp. Zmienno$¢ po ¢ jest z goéry zatozona a catkowite pole
elektryczne (jak réwniez jego dowolna sktadowa) moze zosta¢ wyrazone w nastepujacy sposob:

(o)

E(p.¢.2)= Y. E(p,2)e™? (2.40)
gdzie m jest liczbg catkowitg oznaczajgcg zmienno$é po ¢. W ogdlnym przypadku catkowite
pole jest sumg poszczegdlnych pdl o réznym m. Analogicznie, rzecz sie ma w przypadku pola
magnetycznego, jednak dla zachowania zwiezto$ci w niniejszej pracy zaprezentowane zostang
sformutowania dla pola elektrycznego. Pole elektryczne wyrazi¢ mozna jako sume dwéch sktado-
wych:

E_:(p,QO,Z) =Ez(Ps¢,Z)+E¢(P,¢,Z) (241)
gdzie
Epe.)= 3 (Ep(p.2)el™i, + Ex(p.2)eT, (2.42)

stanowi sktadowg poprzeczng do kierunku wersora Zp, natomiast

E¢(p,go,z)= Z Ew(;o,z)ej""pti‘7 (2.43)

m=—oo

sktadowg wzdtuzng. Analogicznie operator nabla zapisa¢ mozna nastepujgco:

V=V, +V, (2.44)

. -9 .0
V: = Zp% -l-lza—Z (245)
. .9
Vo=log, (2.46)

Podstawiajac wyrazenia (2.41) i (2.44) do réwnania falowego (2.35) otrzymujemy dwie sprzezone
relacje

Vo (1719 X o) + 90 x (4719, x By ) - Ko By = 0 (2.47)
oraz
v, x (/1;16, X E,) +V, x (,u;lﬁ, X Ifw) +V, x (,u;lﬁp X E,) —k2e,E, =0 (2.48)
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zaprezentowane w [MW2]. Przy czym dla uktadu wspoétrzednych cylindrycznych cze$ciowe opera-
tory rotacji zdefiniowane sg nastepujaco:

-

ip, Ppiy I

O |
VtxA=; % 0o £ (2.49)
A, pA, A,
oraz
X iy piy I
V¢><A=; 0 % 0 (2.50)
A, pA, A,

Projekcja rownan (2.47) i (2.48) przy pomocy funkcji testujgcych F,, (skalarnej) i F, (wektorowej)
prowadzi do sformutowania stabego.Przyjmujac, ze analizowana struktura posiada co najmniej
jedne wrota, réwnania zapisa¢ mozemy nastepujgco dla zatozonej zmiennosci m:

_— )
_//J; [Vz(pF¢)OM;1Ez] dpdz—kgﬂpF¢£rE¢ dpdz
N

S
1 (/= - . o
+// - [(Vz(PFw)) o (/Jert(pEtp))] dpdz +JL¢),U0£F¢(1¢ x H) oi,pdp =0 (2.51)
S

oraz
// p(V, x Fo) o (u'V, x Ey) dpdz - K2 // pF, 0 &,y dpdz + // PUF o i VoE,) | dpd:
S S S
m? - = > S -
+‘// ?F, o (u'E,) dpdz + jwug ?é. p(Fy xHy)oipdp =0. (2.52)
L
S

gdzie ?,f = fpg—z +7Zg—£, S oznacza powierzchnie dziedziny obliczeniowej a L brzeg dziedziny zawie-

rajgcy wrota. Jesli struktura jest zamknieta lub tez nie bedzie fgczona z metodg analityczna, catki
po konturze sg réwne zero co wigze sie z usunieciem ich z rownan i uproszczeniem sformutowania

do postaci:
—//Jﬂ ¥ (0Fp) o117 E: | dpdz—k[‘;//pFwerw dpdz
s o S
I[/(z -1g _
[ 3 Sro) o o) = e

oraz

//p(ﬁz x Fy) o (u;'V, x E;) dpdz — k2 //pﬁz o&E; dpdz
S

N

jm -19 m? - -7
+”//?F,o [ur V,(pE‘p)] dpdz+//7F,o(,ur E.) dpdz = 0. (2.54)
S S
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3. APLIKACJE METOD HYBRYDOWYCH

Hybrydowe metody obliczeniowe taczg ze sobg uniwersalno$¢ metod dyskretnych i zalety
metod analitycznych takie jak szybko$¢ obliczen, tatwo$¢ modelowania wolnej przestrzeni czy
brak dyspersji numerycznej zwigzanej z dyskretyzacja. Takie podej$cie wymaga od nas przede
wszystkim podziatu na podobszary, w ktorych zastosujemy r6zne metody. Nastepnie wybra¢ nalezy
sposob w jaki opiszemy czes$¢ uktadu analizowang metoda dyskretng. Wiaze sie to ze zdefi-
niowaniem powierzchni na granicach podobszaréw, ktére stang sie interfejsem pozwalajacym
na potgczenie metod. Dwoma dobrze znanymi sposobami opisu czesci dyskretnej sg macierz
rozproszenia S oraz uogolniona macierz impedancji Z (ang. generalized impedance matrix GIM),
ktore zostang zaprezentowane w niniejszej pracy. Rozdziat ten zawiera osiggniecia giowne
autorki.

3.1. Rozpraszanie fal elektromagnetycznych

Zjawisko rozpraszania fal elektromagnetycznych w otwartej przestrzeni wigze sie z ko-
niecznoscig modelowania pola w strefie dalekiej. Dyskretyzacja tak wielkiego obszaru ze wzgledu
na zasoby obliczeniowe oraz dyspersje numeryczng jest podej$ciem nieefektywnym, wrecz nie-
mozliwym, a co za tym idzie niezbedne sg inne zabiegi pozwalajace na skuteczne symulacje takich
probleméw. Niewatpliwg zaletg podejscia hybrydowego jest tatwo$¢ modelowania otwartej prze-
strzeni, ktéra nie wprowadza tez dodatkowych rozwigzan pasozytniczych i pozwala na osiggniecie
lepszej dokladnosci w stosunku na przyktad do wspomnianej wczes$niej metody PML. W ninigjszej
pracy zaproponowana zostata uogdélniona macierz impedanciji, ktéra jest macierza niezalezng
od pobudzenia. Wyznaczona w danym punkcie czestotliwosci, moze by¢ wiec pobudzana réznymi
falami padajgcymi bez koniecznosci jej rekalkulacji. Uog6lniona macierz impedanc;ji jest macierza,
ktéra pozwala na wyliczenie z niej wielu innych macierzy takich jak macierz rozproszenia (co zosta-
nie zaprezentowane w dalszej czesci rozdziatu) czy macierz transmisji. Opisuje ona relacje miedzy
polami elektrycznym i magnetycznym, i jest najbardziej uniwersalng macierzg ze wszystkich wyzej
wymienionych.

W niniejszej pracy przedstawione zostaty dwa typy struktur, dla ktérych wykorzystano
techniki oparte na uogélnionej macierzy impedancji. Pierwszym z nich sg struktury jednorodne
w jednym kierunku, dla ktérych przedstawiony zostanie problem rozpraszania na obiektach o do-
wolnym przekroju poprzecznym. Drugim typem struktur sg struktury niejednorodne posiadajace
jednak symetrie osiowa. Symetria ta, jak zostato zaprezentowane w poprzednim rozdziale, pozwala
na znaczacg redukcje dziedziny obliczeniowej (rozmiaru problemu) a wiec réwniez czasu obliczen.

3.1.1. Struktury jednorodne w jednym kierunku

Zatbézmy, ze analizowany obiekt ma dowolny przekréj poprzeczny w ptaszczyznie (x, y)
i jest jednorodny wzdtuz osi z. Wéwczas zmiennoéé w kierunku i, opisaé mozna jako ¢~7% a pro-
blem zredukowa¢ do problemu dwuipotwymiarowego. Aby jeszcze bardziej ograniczy¢ dziedzing
obliczeniowa poprzez wykorzystanie uogdlnionej macierzy impedancji, dzielimy jg na dwa pod-
obszary jak zaprezentowano na Rys. Kontur L jest granicg dwoch podobszarow, przy czym
w pierwszym podobszarze wykorzystana jest metoda elementéw skonczonych, w drugim zas
metoda dopasowania pél/rodzajéw. Macierz impedancji opisana jest na powierzchni walcowej,
ktéra reprezentowana jest w przestrzeni dwuwymiarowej przez kontur L. W podobszarze Il pole
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obszarll  .obszar]l RN
€ Ho / 7N

zdyskretyzowana L
dziedzina S | __---~" \_granica L

Rys. 3.1. Podziat dziedziny na podobszary

elektryczne zapisa¢ mozna nastepujaco:

M

Elp,p.2) = ) (abdm(xp) + bEHL (kp)) 7726, (3.1)
m=-M
M .

H(p,0.2)= ) (aZJm(Kprfinf)(Kp))e_”e""“’iz (32)
m=—M

za$ w podobszarze | pole obliczane jest metoda elementéw skonczonych. Pole na powierzchni
cylindra bedacego granicg miedzy podobszarami mozna wyrazi¢ nastepujgco:

M

Ec(Rg.2)= D Vemlem(p.2) (33)
m=—M

- M -

He(R¢,2)= D Lemhem($,2) (3.4)
m=—M

przy czym & = {z, ¢}, m opisuje zmienno$¢ katowa, funkcje bazowe ¢, ., oraz Tzf,qm przyjmujg
postac

Com(@.2) = €YML, Eum(p,2) = —e VM0,

e
ﬁwm(cp, 7) = e‘”ejm‘p?w, h

wm(9,2) = e—yzejmgo;’z_
Potaczenie dwéch podobszaréw uzyska¢ mozna poprzez uogdlniona macierz impedanciji, ktéra
jest macierzg opisujaca relacje pomiedzy polem elektrycznym i magnetycznym na granicy

V=17I (3.5)

gdzie wektory V = [V, V_ ]Til=[I, I,]” zlozone sg ze wspdtczynnikdw rozwiniec pola elek-
trycznego i magnetycznego a Z jest uogdlniong macierzg impedancji. Macierz te
otrzyma¢ mozna z metody elementdw skoriczonych. W pierwszym etapie podstawiamy [
do réwnania oraz (2.39), jako wymuszenie na brzegu L. Nastepnie, w wyniku dyskretyzacji
otrzymujemy ukfad réwnan

(0]
G v = jwuoBI, (3.6)
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przy czym zaréwno macierz G jak i macierz B zdefiniowane zostaty w artykule [MW1]{| natomiast
wektory @ i ¥ sg wektorami wspétczynnikdw stojacych przy funkcjach bazowych odpowiednio
skalarnych i wektorowych. Kolejnym krokiem jest powigzanie wspotczynnikéw wektora V ze wspot-
czynnikami pola dzigki relaciji:

@
B v = AV, (3.7)

Ostateczny wz6r na uog6lniong macierz impedancji wyglada nastepujaco:

1
7= ﬁBHG 'B (3.8)
Rozpraszanie na tak opisanym obiekcie nie musi odbywa¢ sie wytacznie w wolnej przestrzeni,
jednak wymaga to ustalonej zmiennos$ci wzdtuz osi z. Podejscie to mozna zatem wykorzystac
do modelowania obiektéw wewnatrz sekcji falowodowej pod warunkiem, ze zajmuje on "petng
wysoko$¢" falowodu. Niewatpliwg zaletg zaproponowanego podejscia jest mozliwos¢ wielokrotnego
uzycia takiej macierzy w réznych cze$ciach uktadu jak zaprezentowano na Rys. Dzieki temu,

% AVAVAVAVAVAVZ VAVAN D WAVAVAVAY S VAVAVAVAVZ b “AVAVAVAVAVAVAVAVAVA'
S RS R KA KA
S %

RV AV
fé%gumwzgsm

RROOKRER
SVAVAY 4N rarsa V)
RRKRIARKRRIRKS

dziedzina
analityczna

dziedzina
dyskretna

[
@:] :]:]

Rys. 3.2. Przykfady wielokrotnego uzycia pojedynczej uogélnionej macierzy impedanciji

ze obiekt nie jest konkretnie umiejscowiony wzgledem na przyktad scian falowodu, w kolejnym
etapie modelowania mozemy ustawia¢ go dowolnie w falowodzie, powielaé¢ a réwniez zmienia¢
wymiary falowodu w procesie optymalizacji.

Rozwazmy filtr sktadajacy sie z pieciu metalowych kotkdw zaprezentowany w [70] (patrz
Rys. [3.2). Zbudowany jest on z sekcji falowodowej WR-90, w ktérej umieszczone sg metalowe
prostokatne kotki o wymiarach w; = 6 mm, w, = 3 mm oraz wysokosci rownej wysokosci falowodu
h =10.16 mm. Rozmieszczenie w obrebie falowodu jest nastepujace d; = 5.76 mm d, = 3.00 mm,
d3 =227 mm, [ = 18.31 mm oraz I, = 21.31 mm a jego schemat znajduje sie na Rys. Tak zbu-
dowany filtr mozna analizowaé¢, wykorzystujac metode elementéw skonczonych, na kilka sposobow.
Pierwszym z nich jest dyskretyzacja catego filtru, co jest jednak podej$ciem najbardziej wymaga-
jacym obliczeniowo. Mozliwy jest takze podziat struktury na czesci zawierajgce metalowe kofki
modelowane metodg elementdw skonczonych oraz czesci jednorodne modelowane analitycznie jak
zaproponowano w [59] (patrz Rys.[3.2). Podejscie to pozwala na wykorzystanie symetrii struktury,
a wiec wyliczenia metodg dyskretng wykonywane sg wytacznie dla trzech fragmentéw falowodu.
Ostatnim zaproponowanym podej$ciem jest metoda zaprezentowana w niniejszym rozdziale, gdzie
dyskretyzacja nastepuje wytacznie dla niewielkiego obszaru wokét kotka. Dla tak zdefiniowanego
problemu przeprowadzona zostata analiza, ktérej wyniki znajdujg sie po prawej stronie na Rys.

W artykule [MW1] wektor wspoétczynnikdw utozony jest w odwrotnej kolejnosci, co wptywa na kolejnos¢ wystepowania
podmacierzy w macierzy G oraz B. W niniejszej pracy kolejno$é ta zostata zmieniona, aby zachowaé sp6jno$¢ z pozostatymi
artykutami.
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Czas symulacji dla analizy metoda elementéw skofnczonych, gdzie dyskretyzacji zostata poddana
cata struktura, wyniést okoto 10 minut dla obliczen wykonanych w 101 punktach czestotliwosci
(siatka zawierata 3574 elementéw). Wykonanie analizy wykorzystujgc podejscie tgczace metode
elementéw skonczonych oraz dopasowania rodzajow zajeto 2 min 13 s (pojedyncza sekcja za-
wierata 1260 elementéw), natomiast czas obliczen z wykorzystaniem zaproponowanej metody
wynidst 30 s (siatka 556 elementéw). Na Rys. [3.3|zaprezentowana zostata takze charakterystyka
filtru otrzymana z wykorzystaniem programu InventSim [71], metody dopasowania pél [72] oraz
proponowanej techniki, wyniki sg wzgledem siebie zgodne.

0
5t
-10 +
-15 +
3
| | —-20
W1 -
|
|| I -25 "
,,,,,,,,,,,,,,,,,,,,,,,,,,, WQCW ¢II 821
30
d3d2d1\
== proponowana metoda
I 1 el ' o™
I,] |2 |2 |1 = |nventSim

0 L L
9 92 94 96 98 10 10.210.410.610.8 11
czestotliwos¢ [GHZ]

Rys. 3.3. Schemat pogladowy rozmieszczenia postow w obrebie filtra oraz jego charakterystyka
Algorytm ten opisany zostat na kartach publikacji:

[MW1] P. Kowalczyk, R. Lech, M. Warecka, A.Kusiek, "Electromagnetic plane wave scattering
from a cylindrical object with an arbitrary cross section using a hybrid technique." Journal of
Electromagnetic Waves and Applications 33.2 (2019): 178-192.

W artykule znajduje sie szczegbtowy opis wszystkich podmacierzy jak rowniez wieksza liczba
przyktadéw numerycznych, takze dla przestrzeni otwartej, ktére nie zostaty umieszczone w niniej-
szej pracy w celu zachowania jej zwieztosci. Zawiera on réwniez badanie zbieznosci; zbieznos¢
metody zostata potwierdzona. Zaprezentowane podejscie dowodzi tezy numer dwa - dekompo-
zycja dziedziny obliczeniowej pozwolita na okoto dwudziestokrotne skrécenie czasu w stosunku
do metody elementéw skonczonych z dyskretyzacja catej dziedziny dla przedstawionego filtra.
Whkiad autorki: optymalizacja kodu, dobér przyktadow numerycznych i przeprowadzenie symulaciji
dla przyktaddw opisanych w artykule.

3.1.2. Struktury niejednorodne o symetrii osiowej

Dla obiektéw o skonczonych wymiarach mozliwe jest otoczenie ich sferg. Powierzchnia
sfery staje sie powierzchnig wrot, dla ktérych definiujemy uogdlniong macierz impedanciji. Zatézmy,
ze obiekt posiada symetrie osiowg. Wéwczas problem ponownie redukujemy do problemu dwuipét-
wymiarowego a sfera, na ktorej definiowane sg wrota, reprezentowana jest poprzez potowe okregu
(patrz Rys. [3.4). Macierz impedancji zbudowana jest analogicznie do poprzedniego przypadku.
Wektory definiujgce uogblniong macierz impedancji we wzorze prezentujg sie nastepujaco

V = [VTE,vIM] (3.9)
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Rys. 3.4. Przyktadowe bryly obrotowe oraz ich dyskretyzacja

oraz
I=[I"E 1™ (3.10)

przy czym poszczego6lne podwektory uporzadkowane sg wedtug schematu

) _ v v yO O ) () 1T

v = Vi Vi Vit Ve Lo Vo Vi ln] (3.11)
BRSO RO RS RS ) () 1T

10 = g I L e I s I ] (3.12)

Pole opisane na powierzchni sfery o promieniu R jest sumg funkcji bazowych i odpowiednich
wspétczynnikéw:

N n
E(R0,6)= > D (Vamenn + Vo énm (3.13)
n=1 m=—n
N n
H(R,6,¢) = (L P, + Dot B (3.14)
n=1 m=—-n

gdzie funkcje bazowe przyporzadkowane zostaty w nastepujacy sposob

e = Iyt = N, (3.15)
oraz
ot = 208 = M}, (3.16)
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przy czym

, , 0P (cosf)>  jm >
N!, =em¢ ( "69 ig+ sinHP"m(COS 0)i,
- imo [ IM - 0P (cosf)-
M}, = e™¢ (_sinHP" (cos@)ig — —”69 iy

Analogicznie jak w poprzednim przypadku wyniku wyprowadzenia otrzymujemy wzér na uogélniona
macierz impedanciji
Z = jouoA 'BEG™'B (3.17)

Zarbéwno macierz B jak i G oraz A szczegbtowo opisane zostaty w artykule [MW3]. Pomimo,
ze wzory oraz wygladajg podobnie, zaréwno macierz B jak i macierz G sg wyrazone
roznymi wzorami. Tym razem wynikajg one bezposrednio z réwnan odpowiednio i
(nie z i (2.39)). W wyniku prébkowania zdyskretyzowany zostaje obszar obejmujacy potowe
kota, nastepnie mozliwe jest policzenie pola rozproszonego na obiekcie umieszczonym w wolnej
przestrzeni lub falowodzie czy wnece rezonansowe;.

Takie podejscie posiada liczne zalety wzgledem innych rozwigzan. Obiekt, dla ktérego
wyliczona jest uogdélniona macierz impedanciji moze byé dowolnie obracany, a wszelkie obroty
i przemieszczenia w obrebie falowodu nie wymagaja ponownego obliczania macierzy impedan-
cji. Cze$¢ dyskretna jest najbardziej czasochtonng czescia obliczen, a unikniecie ponownego
wyliczania macierzy impedancji w procesie optymalizaciji znaczaco przy$piesza obliczenia. Jak
w poprzedniej metodzie macierz impedanciji moze by¢ wykorzystywana wielokrotnie o ile w uktadzie
wystepujg elementy o tej samej geometrii. Obiekty umieszczane sg w falowodzie zamodelowanym
analitycznie co zmniejsza zaréwno obszar podlegajacy siatkowaniu oraz rozmiar rozwigzywanego
problemu jak i zwigksza doktadnos¢ obliczen.

W celu weryfikacji poprawnos$ci metody przebadane zostaty charakterystyki rozpraszania
fali ptaskiej na dielektrycznym stozku o wymiarach h, =20 mm, r = 6 mm (patrz Rys[3.5). Stozek
otoczony zostat wirtualng sferg o promieniu R = 12 mm i o$wietlony falg ptaska o kierunku propa-
gacji wzdtuz osi z i czestotliwosci 20 GHz. Wyniki przedstawione zostaty na Rys. linig ciggta
oraz poréwnane z wynikami otrzymanymi w programie HFSS (linia przerywana). Uzyskana zostata
dobra zgodnos$é, przy czym w wyniku redukciji wymiaru oraz dziedziny obliczeniowej osiggnieto
szescdziesieciokrotny zysk w stosunku do metody referencyjne;.

Powyzsze podejscie opublikowane zostato w:

[MW3] M. Warecka, R. Lech and P. Kowalczyk, "Hybrid Analysis of Structures Composed of
Axially Symmetric Objects," IEEE Transactions on Microwave Theory and Techniques, vol. 68, no.
11, pp. 4528-4535, Nov. 2020, doi: 10.1109/TMTT.2020.3014944.

Artykut zawiera szczeg6towy opis podmacierzy jak réwniez szeroki zakres przyktadéw takich
jak rozpraszanie w wolnej przestrzeni, filtry czy struktura periodyczna. Zaprezentowane podej-
Scie dowodzi tez pierwszej, drugiej i trzeciej - wykorzystana zostata tu symetria osiowa do
poprawy efektywnos$ci co pozwolito na zastosowanie gestszych siatek i uzyskanie doktadniejszych
wynikow, dekompozycja dziedziny przyczynita sie réwniez do poprawy czasu obliczen. Wktad au-
torki: modyfikacja sformutowania dla metody elementéw skonczonych uwzgledniajgcego symetrie
osiowg struktur obejmujgca opis uogdlnionej macierzy impedancji na powierzchni sfery oraz jego
implementacja, przeprowadzenie analiz numerycznych prezentowanych przyktadéw.
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Rys. 3.5. Rozpraszanie fali ptaskiej na stozku dielektrycznym (a) rysunek pogladowy (b) stozek otoczony
sferg (c) opis wymiardw struktury oraz siatka (d) charakterystyka rozproszenia w ptaszczyznie xz
(e) charakterystyka rozproszenia w ptaszczyznie yz

3.2. Prowadnice falowe

Od kilkudziesieciu lat ro$nie popularnos¢ struktur periodycznych ze wzgledu na ich szcze-
go6lne wiasciwosci takie jak prowadzenie fal typu LH (left-handed) czy fal wstecznych (patrz
Rys.[3.6). Struktury te sg czesto skomplikowane pod wzgledem geometrii co nastrecza trudnosci
w analizie i wigze sie z koniecznoscia poszukiwania sposoboéw ich efektywnego modelowania.
W przeciwienstwie do rozwigzan analitycznych zwykle ograniczonych do prostych struktur opi-
sanych w literaturze [73], metoda elementéw skonczonych nie wprowadza ograniczen w kwestii
dielektrycznego wypetnienia ani ztozonych geometrii metalizacji. W niniejszej czesci przedstawiony
zostanie opis algorytmu pozwalajgcego na modelowanie zaréwno prowadnic periodycznych (o sy-
metrii osiowej) jak i 0 skoficzonej dtugosci oraz opisane zostang ograniczenia wynikajgce z takiego
podejscia.

3.2.1. Sekcje falowodowe o symetrii osiowej

Zatézmy, ze struktura posiada symetrie osiowg oraz dwoje wroét (tak jak przedstawiono
na Rys. [3.7), ktére mozna opisac¢ jako wrota falowodu cylindrycznego. Wéwczas dziedzina obli-
czeniowa ograniczona jest przez cztery krzywe, L; oraz L, odpowiednio dwa kolejne wrota (patrz
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(c)

Rys. 3.6. Przekroj wzdtuz osi (a) filtru mikrofalowego (b) periodycznej struktury prowadzacej fale spowolniong
(slow wave periodic structure) (c) falowod kotowy prowadzacy wigzke elektronéw

Rys. , L, 0$ symetrii oraz L;,, $cianke falowodu. Wektory i| oraz i, sg wektorami normalnymi
do pOW|erzchn| przekroju poprzecznego portu przy czym sg one skierowane na zewnatrz dzie-
dziny. Dla tak zdefiniowanej struktury macierz S obliczy¢ mozna korzystajgc ze sformutowania
na uogdiniong macierz impedancji Z wedtug wzoru [73]:

S=z+U)'(z-0) (3.18)

gdzie U jest macierzg jednostkowg a macierz z jest unormowang macierzg impedanciji. Macierz Z
normalizujemy w nastepujacy sposob:
z=N""ZN (3.19)

gdzie N = diag{Zy "%, Zpx'/*} a Zy; jest wektorem impedancji we wrotach i-tych, ktéry wyglada
nastepujaco Zo; = [Z{",...,Z[F, z[M, ..., Z[M]. Tak obliczong macierz rozproszenia potaczy¢
mozna z sekcja falowodowa zamodelowang analitycznie, z innymi sekcjami lub tez korzystajac
z odpowiednich wzoréw stworzy¢ strukture periodyczna lub quasi-periodyczna.

3.2.2. Macierz impedancji - falowdd cylindryczny

Pierwszym krokiem zdefiniowania uog6lnionej macierzy impedancji jest opis pél we wrotach
struktury. Pole takie wyrazi¢ mozna z pomoca bazy funkcji odpowiadajacych kolejnym rodzajom
falowodu cylindrycznego i tak pole elektryczne zapisa¢ mozna jako:

Z(VTE p-»TE p +VTM p-»TM p) (320)
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Rys. 3.7. Przykladowa dwuwymiarowa dziedzina obliczeniowa dla sekcji falowodowej, dla ktérej definiowana
jest macierz rozproszenia [MW2]

natomiast pole magnetyczne jako:

o)

374 TE,p7TE, TM,p7TM,

HY = Z(zq Pho sl + 17 h?) (3.21)
pm

przy czym & = {t, ¢} a funkcje e*g’);’, fz(f")f zostaty opisane w dodatku A w artykule [MW2]. Analo-

gicznie jak w poprzednich podrodziatach w wyniku zastosowania metody elementéw skonczonych

otrzymujemy uogdélniong macierz impedanciji

Z = jouoA 'BEG™'B. (3.22)

z ktérej wyznaczy¢ mozna macierz S. Zaréwno macierz B jak i G oraz A szczegétowo opisane
zostaly w artykule [MW2].

3.2.3. Struktury periodyczne

Dla struktur periodycznych nie ma koniecznos$ci wyznaczania macierzy rozproszenia o ile
zastosowane zostang periodyczne warunki brzegowe. Tu zaznaczy¢ nalezy, ze takie rozwigzanie
problemu prowadzi do problemu wtasnego. Warunki periodyczne wykorzystujg relacje pomiedzy
polem we wrotach prawych L, a polem we wrotach lewych L, przy czym sa one ze sobg powigzane
poprzez wspédtczynnik propagacii [27,74]. Takie podejscie wiaze sie z kilkoma restrykcjami. Przede
wszystkim wymaga to wymuszenia weztéw siatki po obu stronach wr6t w taki sposéb by jedna
ze wspbtrzednych (p) pozostata niezmienna druga zas (z) byta przesunieta o dlugos$¢ sekgcji (okres)
p (wezty po lewej (p1, z1) odpowiadajg zatem weztom po prawej (p1,z1 + p)). Sekcja podlegajgca
dyskretyzacji musi by¢ rowna okresowi p struktury periodycznej. Korzystajac z tak zdefiniowane;j
siatki zalezno$¢ miedzy odpowiednimi polami mozna zapisa¢ nastepujgco:

DR
Yr

Wykorzystujac powyzszg relacje, eliminujac wezly i krawedzie wrot prawych oraz reorganizujac
réwnania otrzymujemy problem wilasny, dla ktérego —e~?? jest szukang warto$cig wiasna.

D,
L 43

e vP (3.23)

Innym podejéciem jest wyznaczenie macierzy rozproszenia a nastepnie skorzystanie
ze wzoru zawartego w [75]. | cho¢ podejscia te dajg podobne wyniki (patrz [MW2]) podejscie wyko-
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rzystujgce macierz rozproszenia niesie za sobg pewne ograniczenia. Dla odpowiednio niewielkiego
okresu p wystepuje problem ze Zle uwarunkowang macierzg. Dla wrét znajdujacych sie w bliskiej
odlegtosci wzgledem kotka pole jest szybko zmienne, a wiec niezbedna jest nie tylko gesta siatka
ale tez duza liczba funkcji bazowych we wrotach. Z przyczyn numerycznych zastosowanie jednak
bardzo duzej liczby funkcji Bessla czy tez Hankela zaczyna by¢ ktopotliwe. W takim przypadku
uzycie periodycznych warunkoéw brzegowych jest wiec o wiele bardziej efektywne.

Przyktadem wystgpienia takiej trudnosSci jest struktura periodyczna zaproponowana w [[11]
[patrz Rys. 3(b)] o okresie p = 0.5 mm. Wymiary sekcji byly nastepujace a = 9 mm, 2 = 3 mm
i p1 =0.1p a wzgledna przenikalno$¢ elekiryczna dielekiryka wynosita ¢, = 15. Dla poréwnania
przebadana zostata réwniez identyczna struktura o okresie p = 10 mm a wyniki dla obu sekgc;ji
przedstawione zostaty na Rys. (linia ciggta - podejscie z uogélniong macierzg impedancji,

Rys. 3.8. Charakterystyki dyspersyjne struktury periodycznej opisanej w [MW2] o okresie: p = 0.5 mm oraz
p=10mm

okregi’krzyzyki - periodyczne warunki brzegowe, trojkaty - wyniki pomiaru [11]). Wyniki otrzymane
r6znymi metodami sg w zgodnosci wzgledem siebie przy czym dla komérki o okresie 0.5 mm
siatka sktadata sie z 1060 elementow natomiast dla komérki o dtugosci 10 mm z 4799 elementow.
Powyzsze podejscie opublikowane zostato w:

[MW2] M. Warecka, R. Lech and P. Kowalczyk, "Efficient Finite Element Analysis of Axially
Symmetrical Waveguides and Waveguide Discontinuities," IEEE Transactions on Microwave The-
ory and Techniques, vol. 67, no. 11, pp. 4291-4297, Nov. 2019, doi: 10.1109/TMTT.2019.2940021.

Artykut zawiera szczegétowy opis wykorzystania symetrii osiowej, poréwnanie podejscia z macierzg
impedancji zdefiniowanej we wrotach z periodycznymi warunkami brzegowymi. Zawiera wiecej
przyktadéw oraz szczegdtowy opis funkcji aproksymujacych jak i formuty konieczne do wylicze-
nia podmacierzy. Zaprezentowana metoda dowodzi tezy pierwszej niniejszej pracy. Wktad
autorki: sformutowanie réwnan dla metody elementéw skonczonych uwzgledniajgcych symetrie
osiowg, dostosowanie wrét sekcji falowodowej o przekroju kotowym umozliwiajgce wprowadze-
nie periodycznych warunkéw brzegowych, implementacja periodycznych warunkéw brzegowych
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i sformutowania obejmujgcego wspomniang symetrie a réwniez wykonanie testow numerycznych
dla struktur periodycznych i quasi-periodycznych.

3.3. Struktury rezonansowe

Niegasngca popularnos¢ rezonatoréw spowodowana jest miedzy innymi mozliwoscig
bardzo precyzyjnego pomiaru parametréw materiatu (na przyktad przenikalnosci elektrycznej)
z ich pomoca. Analiza takich struktur czesto wymaga jednak rozwigzania problemu wtasnego, co
w przypadku ztozonej budowy lub duzych wymiaréw elektrycznych moze powodowaé trudnosci.

3.3.1. Rezonator Fabry-Pérot

Dla struktur duzych elektrycznie takich jak rezonator Fabry-Pérot podejscie, w ktorym
korzystamy wytgcznie z metody elementéw skonczonych niesie za sobg wiele problemoéw. Przede
wszystkim siatkowanie ze swojej natury obarczone jest dyspersja numeryczna, ktorg eliminowaé
mozna poprzez zageszczania siatki lub zwiekszanie rzedu funkcji bazowych. Oba te rozwigzania
znaczaco wptywajg na efektywnos¢ obliczen. Kolejnym problemem jest sam rozmiar struktury,
ktéry wigze sie z koniecznos$cig wprowadzenia ogromnej liczby zmiennych. Oba te problemy moga
zosta¢ rozwigzane przy wykorzystaniu metod hybrydowych.

Rozwazmy rezonator Fabry-Pérot - patrz Rys. Rezonator ten podzieli¢ mozna na trzy
sekcje: dwie sekcje zawierajgce zwierciadta oraz jedng, w ktdrej znajduje sie prébka. Macierze
rozproszenia zwierciadet Sy, obliczane sag przy uzyciu metody elementéw skonczonych co po-
zwala na wigkszg elastycznos¢ i dowolnos¢ zwigzang z ksztattem zwierciadet natomiast czes¢
wewnetrzna z prébkga modelowana jest analitycznie. W zwigzku z symetrig osiowg zwierciadet
analize uprosci¢ mozna do zagadnienia dwuipétwymiarowego opisanego w poprzednim rozdziale.
Analizowana struktura jest strukturg otwartg, dla ktérej rozwazane sg wytgcznie rodzaje bedace

Rys. 3.9. Otwarty rezonator Fabry-Pérot

wigzka Gaussowskg. Pole wigzki jest silnie skoncentrowane w osi i zanika wraz ze wzrostem
odlegtosci. Zamkniecie struktury poprzez wykorzystanie falowodu pozwala na znaczace uprosz-
czenie analizy przy jednoczesnym zachowaniu jej doktadnosci. Jesli dobierzemy odpowiednio
duzy promien falowodu, aby pole wigzki w odlegtosci D, /2 byto réwne zero, $cianki metalowe nie
zaburzajg rozktadu pola. W takim przypadku nalezy jednak odfiltrowa¢ czes¢ rozwigzan zwigza-
nych z umieszczonym falowodem. Rozktady pola zwigzane ze sztucznym zamknigciem struktury
falowodem dalej nazywane beda rodzajami falowodowymi. Filtracja rodzajéw falowodowych ze
zbioru wszystkich rozwigzan w artykule [MW4] zostata wykonana jako przetwarzanie koncowe.
W pierwszym kroku dla wyliczonej czestotliwosci rezonansowej wyliczony zostat wektor wtasny.
Wektor wtasny uzyty zostat do wyliczenia pola w przekroju poprzecznym falowodu w zakresie od 0
do D, /2. W nastepnym kroku obliczony zostat iloraz r6znicowy w przéd. Funkcja Gaussowska jest
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Rys. 3.10. Ptasko wklesty otwarty rezonator Fabry-Pérot

funkcjg malejgcy na przedziale (0, D, /2), stad tez wszystkie rozwigzania, dla ktorych wystepuje
pochodna dodatnia w podprzedziatach nalezy odrzuci¢. Nalezy jednak uwzgledni¢ przy tym btad
numeryczny w obszarze, dla ktérego wiazka Gaussowska ma pole bliskie zeru.

Otwarty rezonator Fabry-Pérot jest rezonatorem uzywanym do pomiaréw parametrow
materiatowych prébek. Symulacja musi, wiec obejmowaé nie tylko zwierciadta i przestrzefn miedzy
nimi, ale tez prébke dielektryczng. Samg prébke mozna zamodelowaé na kilka sposobow. Jesli
probka ma ksztatt dysku a jej promien jest wystarczajaco duzy by jej brzegi nie zaburzaty pola
wigzki, wéwczas mozliwe jest modelowanie jej jako fragment falowodu catkowicie wypetnionego
dielektrykiem o szerokosSci i, ktérego macierz S obliczona jest analitycznie. Przy takim podejsciu
macierz S,, jest kaskadowym potaczeniem macierzy fragmentéw pustego falowodu oraz falowodu
wypetnionego dielektrykiem. Dla ptytek, ktérych wielko$¢ promienia R, jest mniejsza lub tez ksztatt
jest bardziej skomplikowany, taki fragment modelowa¢ mozemy metodg elementéw skonczonych,
a nastepnie tak jak w poprzednim przypadku potgczy¢ kaskadowo z pozostatymi sekcjami.

Dla rezonatora zaprezentowanego na Rys. [3.9] macierz zwierciadta Sy, jest macierza
wyliczang wytgcznie dla jednego zwierciadia, a nastepnie dwukrotnie wykorzystywana. W tej struk-
turze probka zlokalizowana jest doktadnie w $rodku rezonatora - w maksimum pola elektrycznego
dla rezonans6w o zmienno$ci nieparzystej wzdtuz osi rezonatora. Niestety, niedawno odkryto wy-
stepowanie sprzezen tych rodzajow z wyzszymi rodzajami [76] co ogranicza maksymalng grubo$¢
badanej prébki (bez ryzyka dodatkowego odchylenia przenikalnos$ci). Rozwigzaniem tego problemu
moze by¢ eliminacja rodzajow parzystych lub nieparzystych poprzez zaburzenie symetrii tak aby
sprzezenie to nie byto mozliwe. Niedawno zaproponowany zostat rezonator nie posiadajacy takiej
symetrii [MW4] (patrz Rys. - jedno ze zwierciadet jest ptaskie - rozwigzujacy ten problem.

Dla tak zbudowanej struktury maksimum pola nie przypada w $rodku rezonatora dla rodzajow
nieparzystych. Wymaga to poszukiwania maksimum poprzez przesuwanie probki w obrebie srod-
kowej sekcji falowodowej. Zaréwno dyskretne jak i analityczne podejscie uwzgledniajgce prébke
jako oddzielng macierz rozproszenia pozwala na minimalizacje naktadu zwigzanego z obliczeniami.
W takim przypadku macierz S prébki obliczana jest dla konkretnej czestotliwosci a nastepnie
taczona jest kaskadowo z réznej dtugosci cze$ciami falowodu modelowanymi analitycznie.

Dla przedstawionej struktury rezonatora Fabry-Pérot przeprowadzona zostata analiza
zbieznosci wraz ze wzrostem liczby elementéw siatki dla r6znych zmiennosci pola wzdtuz osi a jej
wyniki zaprezentowane zostaty na Rys. Symulacje wykonane zostaty dla pustego rezonatora
ptasko-wklgstego o wymiarach D = 100 mm, R = 150 mm, D,, = 180 mm (patrz Rys. .
Najnizsza czestotliwo$¢ podlegajaca analizie wynosita 21.44 GHz natomiast najwyzsza 49.92 GHz
a jako warto$¢ referencyjng przyjeto wyniki otrzymane metoda [77]. Tabela przedstawia zmiany
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Rys. 3.11. Analiza zbieznosci dla ptasko-wklestego otwartego rezonatora Fabry-Pérot

czestotliwosci rezonansowej wraz ze zmiang potozenia ptytki dielektrycznej catkowicie wypetniaja-
cej falowodd o grubosci 2, = 2 mm. W tabeli znajduje sie czestotliwo$é rezonansowa otrzymana
opisywang metodg (kolor czarny) oraz metoda funkcji Greena [77] (kolor brgzowy) a rowniez
procentowy btad wzgledny. Badanie zmiany czestotliwosci rezonansowej wraz z potozeniem ptytki
wykonano réwniez dla dwéch innych grubosci Ay = 0.1 mm oraz 4y, = 0.5 mm a wyniki zapre-
zentowano na Rys. (linia przerywana reprezentuje wyniki otrzymane [77] natomiast wyniki
oznaczone znacznikami proponowang metodg hybrydowg). Wyniki analizy rezonatora Fabry-Pérot
opublikowane zostaty w artykule:

[MW4] B. Salski, T. Karpisz, M. Warecka, P. Kowalczyk, P. Czekala and P. Kopyt, "Microwave
Characterization of Dielectric Sheets in a Plano-Concave Fabry-Perot Open Resonator," IEEE
Transactions on Microwave Theory and Techniques, vol. 70, no. 5, pp. 2732-2742, May 2022, doi:
10.1109/TMTT.2022.3152511.

W tej publikacji zostata wykorzystana metoda hybrydowa opisana powyzej. Otrzymane wyniki
dowodza tez pierwszej i drugiej. Analiza bez wykorzystanych zabiegéw bytaby silnie utrudniona
ze wzgledu na potrzebny czas obliczen oraz zasoby. Wkiad autorki: opracowanie i implementacja
algorytmu hybrydowego (potaczenie metody elementéw skonczonych i dopasowania rodzajow)
pozwalajgcego na analize rezonatora Fabry-Pérot. Wykonanie badania zbieznosci oraz analiz
poréwnawczych dotyczacych wptywu potozenia ptytki dielektrycznej na czestotliwos¢ rezonansowa.

3.3.2. Ferrytowy rezonator sferyczny

Ostatnie rozwigzanie zaproponowane w niniejszej pracy dotyczy rezonatora sferycznego
obcigzonego ferrytowa kulg (patrz Rys.[3.13). Ferryt jest materiatem silnie zaleznym od czestotli-
wosci, ktérego przenikalno$é magnetyczng wyrazi¢ mozna za pomoca tensora Poldera [78]:

gk 0

H=po|—jk p 0 (3.24)
0 0 pk
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Re(f,;) [GHz] - FEM
Re(f,) [GHz] - metoda [77]
btad wzgledny
&r
ds [mm] 2 5 10 12 15

21.3193 20.7608 20.4149 20.3696 20.3234

1 21.3197 20.7611 20.4156 20.3704 20.3241
(0.0019 %) | (0.0016 %) | (0.0033 %) | (0.0035 %) | (0.0035 %)

21.1052 20.7602 20.5779 20.4766 20.1673

3 21.1058 20.7609 20.5787 20.4773 20.1678
(0.0027 %) | (0.0037 %) | (0.0038 %) | (0.0035 %) | (0.0024 %)

21.2629 21.0797 20.8232 20.5948 20.1338

5 21.2636 21.0805 20.8239 20.5954 20.1344
(0.0031 %) | (0.0037 %) | (0.0033 %) | (0.0027 %) | (0.0031 %)

21.4087 21.2758 20.7409 20.4886 20.2575

7 21.4092 21.2762 20.7410 20.4890 20.2582
(0.0025 %) | (0.0019 %) | (0.0003 %) | (0.0018 %) | (0.0039 %)

21.1758 20.6415 20.4247 20.3792 20.3074

9 21.1760 20.6420 20.4255 20.3800 20.3080
(0.0010 %) | (0.0024 %) | (0.0042 %) | (0.0039 %) | (0.0029 %)

21.1492 20.8678 20.6600 20.5205 20.1395

11 21.1499 20.8688 20.6609 20.5212 20.1399
(0.0035 %) | (0.0047 %) | (0.0045 %) | (0.0038 %) | (0.0020 %)

Tabela 3.1. Czestotliwo$¢é rezonansowa dla ptytki umieszczonej w odlegtosci ds od $rodka ptytki do zwier-
ciadfa ptaskiego (czarny - czestotliwo$¢ rezonansowa FEM+BOR, brgzowy - czestotliwo$¢
rezonansowa otrzymana metodg [77] oraz btad wzgledny)

gdzie

K

w

ng — w2+ 2jagHow’

u=1+

H()r +ja/Gw

w/k

(3.25)

przy czym zewnetrzne pole magnetyczne zorientowane jest wzdtuz osi z (0si obrotu) a u, = 1. Hy,
oznacza wewnetrzne pole magnetyczne znormalizowane wzgledem M;, ac wspoétczynnik thumienia
Gilberta opisany w artykule [79], w = f/(y.M,), y. to stosunek magnetogiryczny elektronu, f jest
zespolong czestotliwoscig a M; magnetyzacjg nasycenia. W zwigzku z symetrig osiowg struktury
ponownie problem redukuje sie do dwdch i pét wymiaru.

Podane wczesniej rownania (2.53) i (2.54) wymagajg modyfikacji ze wzgledu na tensor
przenikalno$ci magnetycznej.

JL(F@F o (o x e G E)] o= [ 0oy o (i % [y x B0, )] ) ot

" //S SV (0F) o iy X 100G x E)|) dpdz — i3 //S FyerEgpdpdz =0

//S (Vi x F) o (ngy (Vi x Ep)) dpdz - //S (¥, % F) o [ 100Gy x Vi (pE)) | dpdz
+//Sjm(§t X ﬁt) o (ntpt(?cp X Et)) dpdz + //Sjmﬁt o [Zp X (nnp(V_)t X E,))] dpdz
—//Sj?mﬁz ° (Zp x [Thz (Zp x (%;(pEg;)))]) dpdz - [/S %zﬁt ° (Zp x [Un(;:p X El)]) dpdz

—k(z) [/ﬁt o 8rEtp dpdz =0
s
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Rys. 3.12. Czestotliwosci rezonansowe rodzaju TE My .14 W funkcji przesuniecia dla réznych przenikalno$ci i
ptytek o szerokosci (a) s = 0.1 mm (b) hg = 0.5 mm (C) hg = 2.0 mm

przy czym

l=n=

Mee Ty . (3.28)
Net  Mey

Tak sformutowany problem w metodzie elementéw skofczonych wigze sie jednak z powstawaniem
rodzajéw pasozytniczych zwigzanych z osig symetrii uktadu. Takie rodzaje ze wzgledu na ich
znaczacg ilos¢ znaczaco utrudniajg analize problemu wtasnego. W celu eliminacji tych rodzajéw
zastosowano nastepujace podstawienie:

E, =pE, (3.29)
i ostatecznie rownania przyjmujg postac

JL[5Fo o (i x g G E)| o= [ 25600 o (o [0y 5] ) ot

+‘[/S J?mﬁ(PFw) o (790 X [Utt(Zp x Et)]) dpdz - k(% /]S F¢8FE¢ dpdz =0 (3-30)
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4
REZONATOR

FERRYT.

Rys. 3.13. Schemat rezonatora sferycznego obcigzonego ferrytowa kulkg

oraz
J[ oG xR o (oG x B) dodz= [[ F,xF)o [nealiy x 20| dpaz
S S
# [[im @ Ey o (naniy x E) dodz+ [ nF o [T x (o (9, x )] dpaz
S S
. 2
—//Sj?mﬁ,o (e x [0 (7 x (%:E) |) dpdz—//s’%ﬁ,o (e x [ Go x E)|) dpaz

—k(2) [/ﬁ, o &Ep dpdz =0 (3.31)
s

Kolejnym problemem w sformutowaniu tego typu jest wystepowanie rozwigzan pasozytni-
czych, dla ktorych nie jest spetniony warunek dywergencyjny

VoD =0 (3.32)

Podejscie skalarno-wektorowe nie eliminuje rozwigzan z niezerowg dywergencjg a co za tym
idzie, rozwigzania te muszg zostaé¢ wyeliminowane w inny sposéb. Do rozwigzywania nieliniowego
problemu wtasnego uzyta zostata metoda Beyna [80]. Znakomitg zaletg tej metody jest mozliwos$¢
rozwigzania nawet bardzo duzych probleméw (probleméw sformutowanych przez duze macierze).
Dla tej metody mozliwe jest ograniczenie podprzestrzeni rozwigzan po przez modyfikacje wektora
wiasnego. Pierwszym krokiem redukcji podprzestrzeni jest wprowadzenie do analizy warunku
dywergencyjnego (3.32). W postaci réwnania stabego prezentuje sie on nastepujaco

- ”// Vi(pFy) o cE, dp dz + ﬂ '%(Ep oeky,) dpdz=0 (3.33)

S S

natomiast w odpowiadajgcej jej postaci macierzowej:
D[® ¥]"=0 (3.34)

gdzie
D=[D, D] (3.35)

przy czym wykorzystanie skalarnych i wektorowych funkcji bazowych pozwala na wyrazenie
powyzszych podmacierzy jako

m]  __ (nly . wlnl
[Df ]i,k B //SV’(WU) ) oeW,y dp dz (3.36)
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liczba momentow czestotliwo$¢ rezonansowa
nm fIGHZ]

10.658043318507479 + 0.000002794539791i
10.658043175442014 + 0.000002774894560i
10.658043193417889 + 0.000002739976263i
10.658043178880183 + 0.000002772576215i
10.658043179841419 + 0.000002770208034i
10.658043179709047 + 0.000002772790430i
Tabela 3.2. Tabela zbieznosci dla rodzaju TMjq; - struktura opisana w [MW5]

(o236 I NG I \C e

[n] - -m [n] [n]
[Dgo ]i,k = ‘/‘/S P (Cl(l.) osa<k)) dp dz (3.37)

Ostatnim etapem procesu ograniczania podprzestrzeni jest podstawienie redukujace podprzestrzen
dla wektora wtasnego:
[®@ ¥]" —«d-D"DD))"'D)[® W]”. (3.38)

W ten spos6b z podprzestrzeni rozpinajacej przestrzeh rozwigzan wycieta zostaje podprzestrzen,
w ktérej znajdujg sie rozwigzania dla dywergencji niezerowe;.

Algorytm Beyna do rozwigzywania nieliniowych probleméw wtasnych wymaga doboru
kilku parametréw. Wszystkie poszukiwane wartosci wtasne powinny znajdowac sie wewnatrz
zdefiniowanej przez uzytkownika elipsy (parametry: srodek elipsy f..., osie elipsy wzdtuz osi
czesci rzeczywistej i urojonej fre i fim). Kolejng grupg parametrow jest liczba punktéw na elipsie
nq, ktéra wptywa na doktadno$¢ wynikéw, oraz liczba momentéw nm, ktorej wybor jest kluczowy
dla otrzymania poprawnych wynikéw analizy. Tabela [3.2 ukazuje zbieznos¢ algorytmu dla rodzaju
T Mo, opisanego w artykule [MW5] dla ferrytowej kuli znajdujgcej sie w rezonatorze sferycznym,
przytrzymywanej przez uchwyt (patrz Rys. [3.74). W dalszych analizach zostato przyjete nm = 2.

40
REZONATOR

' FERRYT
b

€0:Mo

UCHWYT < R

Rys. 3.14. Schemat rezonatora sferycznego obcigzonego ferrytowg kulkg podtrzymywang przez szklany
uchwyt

Na dokfadnos¢ wynikow ma rowniez wptyw gestos¢ siatki co zostato przebadane i zaprezentowane
w Tab. 3.3

W pierwszym kroku weryfikacji poprawnosci metody otrzymane czestotliwosci rezonan-
sowe poréwnane zostaty z wynikami uzyskanymi z analitycznego réwnania transcendentalnego [79].
Przy czym metoda zaprezentowana w [79] ograniczyta zakres analizy do rodzajéw TE oraz budowy
rezonatora zaprezentowanej na Rys. [3:13] Kolejnym etapem byto poréwnanie wynikéw symulacji
z wynikami pomiaru (zdjecie mierzonego uktadu na Rys. [3:15). Model rezonatora wzbogacony
zostat o szklany uchwyt, ktéry zapewniat mocowanie kulki ferrytowej podczas pomiaru. Wyniki
dla r6znych warto$ci zewnetrznego pola magnetycznego zebrane zostaty w tabeli oraz przed-
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liczba elementow czestotliwo$¢ rezonansowa
/IGHZ]
1483 10.663410186646274 + 0.000002723389368i
2214 10.660166865503147 + 0.000002749357653i
3267 10.658666915329377 + 0.000002770946758i
3796 10.658282198330634 + 0.000002770039691i
4656 10.658043175442014 + 0.000002774894560i

Tabela 3.3. Tabela zbieznosci dla rodzaju TMjq; - struktura opisana w [MW5]

Tabela 3.4. Czestotliwo$ci rezonansowe dla rodzaju TEqq1

Ho, TDE [GHZz] ta metoda [GHz]
1 17.847489 +i3.39e-5 | 17.847459 +i3.47¢e-5
1.5 | 17.847506 +i2.41e-5 | 17.847478 +i2.47e-5
2 | 17.847526 +i1.94e-5 | 17.847498 +i1.98e-5
2.5 | 17.847546 +i1.66e-5 | 17.847520 +i1.71e-5
3 | 17.847569 +i1.49e-5 | 17.847543 +i1.53e-5
3.5 | 17.847593 +i1.38e-5 | 17.847568 + i1.42e-5
4 17.847618 +i1.30e-5 | 17.847595 + i1.34e-5

/\_/\\ MOST WIEDZY Pobrano z mostwiedzy.pl
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stawione na Rys. Wyniki powyzszych badan nad rezonatorem zostaty opublikowane w:

[MW5] M. Warecka, G. Fotyga, P. Kowalczyk, R. Lech, M. Mrozowski, A. Pacewicz, B. Sal-
ski, J. Krupka, "Modal FEM Analysis of Ferrite Resonant Structures," IEEE Microwave and Wireless
Components Letters, vol. 32, no. 7, pp. 819-822, July 2022, doi: 10.1109/LMWC.2022.3154532.

Artykut zawiera kluczowe informacje zwigzane z przedstawionym podej$ciem i dowodzi czwartej
tezy niniejszej pracy - dzieki zaprezentowanej redukcji dziedziny wykonana zostata modalna
analiza rezonatora ferrytowego, ktéra wymaga rozwigzania problemu wiasnego. Zgodnie z wiedzg
autorki jest to pierwsza tego typu analiza z wykorzystaniem metody elementéw skonczonych.
Whkiad autorki: rozszerzenie i implementacja sformutowania dla metody elementéw skonczonych
uwzgledniajgcego symetrie osiowg o mozliwo$¢ analizy osrodkéw tensorowych (ferrytowych).
Zastosowanie projekcji i podstawienia pozwalajgcych na redukcje rozwigzan pasozytniczych,
wykonanie implementacji oraz symulacji opisanych w sekcji wyniki numeryczne.

Rys. 3.15. Mierzony rezonator sferyczny obcigzony kulkg ferrytowa
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Tabela 3.5. Czestotliwosci rezonansowe dla rodzaju 7M;;

ta metoda

Hext
[Oe]

bez uchwytu
[GHZ]

z uchwytem
[GHZz]

pomiary
[GHZz]

3600
3615
3630
3645
3660
3675
3690
3705
3720
3735
3750
3765
3780
3795
3810
3825
3840
3855
3870
3885
3900

10.894340 + i1.42e-6
10.894341 + i1.58e-6
10.894342 + i1.78e-6
10.894343 + i2.02e-6
10.894345 + i2.30e-6
10.894346 + i2.66e-6
10.894348 +i3.10e-6
10.894350 + i3.67e-6
10.894353 + i4.41e-6
10.894356 + i5.40e-6
10.894359 + i6.77e-6
10.894364 + i8.74e-6
10.894370 + i1.16e-5
10.894377 + i1.64e-5
10.894388 + i2.44e-5
10.894401 +i3.97e-5
10.894416 + i7.17e-5
10.894409 +i1.37e-4
10.894316 + i1.89e-4
10.894234 + i1.25e-4
10.894234 + i6.52e-5

10.658043 + i2.77e-6
10.658045 + i3.25e-6
10.658047 + i3.88e-6
10.658049 + i4.70e-6
10.658052 + i5.83e-6
10.658056 + i7.41e-6
10.658061 + i9.73e-6
10.658068 + i1.33e-5
10.658076 + i1.92e-5
10.658088 + i2.99e-5
10.658102 + i5.10e-5
10.658112 + i9.65e-5
10.658068 + i1.69e-4
10.657959 + i1.58e-4
10.657930 + i8.62e-5
10.657941 + i4.60e-5
10.657956 + i2.71e-5
10.657967 + i1.75e-5
10.657975 + i1.21e-5
10.657981 + i8.84e-6
10.657986 + i6.71e-6

10.732419 + i4.53e-4
10.732431 + i4.54e-4
10.732442 + i4.55e-4
10.732453 + i4.56e-4
10.732464 + i4.58e-4
10.732478 + i4.62e-4
10.732493 + i4.71e-4
10.732509 + i4.85e-4
10.732523 + i5.10e-4
10.732519 + i5.54e-4
10.732467 + i5.84e-4
10.732419 + i5.40e-4
10.732421 + i4.98e-4
10.732434 + i4.73e-4
10.732450 + i4.62e-4
10.732464 + i4.58e-4
10.732473 + i4.59e-4
10.732476 + i4.57e-4
10.732481 + i4.55e-4
10.732488 + i4.53e-4
10.732493 + i4.51e-4

10.89445

10.8944

L]
10.89435; ¢ o o o o o o © °°

10.8943

10.89425

® symulacja bez uchwytu
® symulacja z uchwytem

10.8942 [
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10.73255
N 107325}
)
€ o
@ 1073245 _ °®

[ ]
L
10.7324

10.65815

10.6581

1065805, o o o © ° °

10.658

10.65795

10.6579 ;
3600 3650

3700 3750 3800
H_ . [Oe]

ext

3850 3900

Rys. 3.16. Czestotliwosci rezonansowe dla rodzaju TMyo;
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4. PODSUMOWANIE | KIERUNKI DALSZEGO ROZWOJU

Celem niniejszej pracy byto zwiekszenie efektywnosci metody elementéw skonczonych
poprzez jej hybrydyzacje oraz redukcje dziedziny obliczeniowej z wykorzystaniem wtasnosci
geometrii struktur. W ramach pracy opracowano pie¢ algorytméw, ktdrych wyniki przedstawione
zostaly na kartach pieciu dotgczonych publikacii.

4.1. Podsumowanie

W rozdziale pierwszym zaprezentowane zostaly istniejgce juz algorytmy i przedstawiono,
ze pomimo rosngcej liczby nowych metod, techniki poprawy efektywnos$ci sa wcigz waznym
tematem w dziedzinie zaréwno projektowania jak i miernictwa. Rozdziat drugi zawierat krétkie
wprowadzenie do metody elementdéw skonczonych natomiast trzeci zaproponowane metody po-
prawy efektywnosci z podziatem na analizowane typy struktur. W tej cze$ci dowiedzione zostaty
réwniez nastepujace tezy:

1. znaczng poprawe efektywnos$ci analizy uzyska¢ mozna redukujac tréjwymiarowa dziedzine
obliczeniowg do dziedziny dwuwymiarowej ze wzgledu na symetrie osiowg struktury

Redukcja dziedziny poprzez wykorzystanie symetrii osiowej uzyta zostata zaréwno dla sekgc;ji
falowodowych jak i niejednorodnych struktur, rezonatora Fabry-Pérot czy nawet rezonatora
obcigzonego ferrytem. Redukcja z problemu tréjwymiarowego do problemu dwuipétwymia-
rowego, a wiec dyskretyzowanego w dziedzinie dwuwymiarowej pozwolito na znaczace
zmniejszenie rozmiaru problemu. Dowiedziono poprawnosci i sprawnosci takiego rozwia-
zania. Co wiecej, podejscie to umozliwito analize struktur rezonansowych, ktérych analiza
z uzyciem metody elementdéw skonczonych w trzech wymiarach nie bytaby mozliwa ze
wzgledu na ograniczone zasoby.

2. dekompozycja dziedziny obliczeniowej z zastosowaniem hybrydyzacji metody elementéw
skonczonych i metody dopasowania rodzajéw pozwala istotnie zredukowa¢ naktady oblicze-
niowe oraz czas analizy (ograniczenie dyskretyzowanej czesci dziedziny obliczeniowej)

Dekompozycja dziedziny obliczeniowej zostata wykorzystana w zagadnieniach obejmuja-
cych rozpraszanie fali elektromagnetycznej jak i w analizie rezonatora Fabry-Pérot. Byta
ona kolejnym elementem, ktory pozwolit na zmniejszenie dziedziny dyskretyzowanej a tym
samym na zmniejszenie rozmiaru rozwigzywanego problemu. Dowiedziono skutecznosci
tego podejscia, przy czym analiza rezonatora Fabry-Pérot nie bytaby mozliwa bez uzycia tej
techniki ze wzgledu na czas obliczen oraz dyspersje numeryczna.

3. metody hybrydowe umozliwiajg poprawe doktadnosci analizy przy wykorzystaniu tych samych
zasobow (mozliwo$¢ stosowania bardzo gestej siatki)

W ramach dwdéch wczesniejszych tez dowiedziono, ze zaprezentowane techniki hybrydowe
umozliwiajg redukcje rozmiaru rozwigzywanego problemu, przy czym nie odbywa sig to
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kosztem doktadnosci obliczeh. Powszechnie wiadomo, ze w metodzie elementéw skonczo-
nych btad numeryczny zmniejsza sie wraz ze wzrostem gestosci siatki. Obszary opisane
analitycznie nie sg obcigzone btedem dyskretyzacji, wiec zageszczenie siatki w obszarze
dyskretyzowanym wptywa na poprawe doktadnosci.

4. redukcja liczby zmiennych umozliwia analize uktadéw o duzej ztozonosSci obliczeniowej (np.
rozwigzywanie nieliniowych probleméw wtasnych)

Obcigzenie rezonatora sferycznego ferrytem sprawia, ze problem wiasny staje sie nieliniowy
a jego rozwigzanie wymaga zastosowania odpowiednich algorytmow. Te natomiast korzystajg
z wielokrotnego wyliczenia odpowiednich macierzy metody elementéw skonczonych dla réz-
nych warto$ci parametréw znajdujacych sie na ptaszczyznie zespolonej. W przypadku bardzo
duzych macierzy metody te stajg si¢ nieefektywne lub nawet niemozliwe do zastosowania
z praktycznego punktu widzenia. Przedstawiona redukcja dziedziny poprzez wykorzystanie
symetrii osiowej przyczynita sie do zmniejszenia nieliniowego problemu wtasnego i umozliwita
modalng analize rezonatora sferycznego obcigzonego ferrytem.

Do oryginalnych osiggnie¢ autora w niniejszej pracy naleza:

» modyfikacja sformutowania dla metody elementéw skonczonych (z wykorzystaniem syme-
trii osiowej) umozliwiajgca zastosowanie uogélnionej macierzy impedancji we wrotach na
powierzchni sfery

+ implementacja i przeprowadzenie analizy poréwnawczej sekcji falowodowych dla dwoch sfor-
mutowan: opartego na macierzy rozproszenia oraz wykorzystujgcego periodyczne warunki
brzegowe

+ opracowanie algorytmu hybrydowego pozwalajgcego na analize otwartego rezonatora Fabry-
Pérot poprzez dekompozycje dziedziny obliczeniowej (potgczenie metody elementéw skon-
czonych z technikg dopasowania rodzajéw)

* rozszerzenie sformutowania dla metody elementéw skonczonych (uwzgledniajgcego symetrie
osiowg) o mozliwo$¢ analizy osrodkéw tensorowych, w szczegélnosci ferrytowych, oraz
redukcja rozwigzan pasozytniczych w nieliniowym problemie wtasnym poprzez zastosowanie
odpowiednich podstawien i projekcji na podprzestrzen o zerowej dywergenciji.

4.2. Kierunki dalszego rozwoju
W ramach dalszego rozwoju niniejszej pracy wyr6zni¢ mozna trzy kierunki:
1. dekompozycja dziedziny dla sferycznego rezonatora obcigzonego ferrytem
2. dekompozycja dziedziny w zagadnieniach tréjwymiarowych
3. rozwoj metody rozwigzywania nieliniowych probleméw wtasnych

Zauwazmy, ze rozwazany w pracy rezonator sferyczny posiada wewnatrz stosunkowo duzy
obszar pustej przestrzeni wokot ferrytu (stanowigcej proznig). Obszar ten nie wymaga dyskretyzacji
i mégtby zosta¢ opisany w sposéb analityczny. Dekompozycja rezonatora umozliwitaby znaczng
redukcje rozmiaru problemu nieliniowego. Wymagatoby to zdefiniowania odpowiedniego podziatu
dziedziny oraz przebadania wptywu takiego sformutowania na uwarunkowanie macierzy. Podejscie
miatoby jednak matg elastyczno$¢ i przez to stosunkowo ograniczone zastosowanie.
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Drugi z kierunkdw obejmuje przeniesienie zaproponowanych metod dekompozycji dzie-
dziny do sformutowania trojwymiarowego. Wéwczas analiza metodg elementéw skonczonych
wymagataby dyskretyzacji w przestrzeni tréjwymiarowej. Uogolniona macierz impedancji, tak jak
w prezentowanym podejsciu, moze zostaé zdefiniowana na powierzchni sfery przy czym brak
redukgji dziedziny tréjwymiarowej do dwuwymiarowej pozwala na wigksza ogoélno$¢ w zakresie
analizowanych struktur. Co prawda dla zaprezentowanych zagadnien bedzie prowadzi¢ to do obni-
zenia efektywnosci, bytby to jednak znaczgcy postep w zakresie uniwersalno$ci pod wzgledem
geometrii.

Trzecim obszarem rozwoju jest kierunek wyznaczony przez zagadnienie zwigzane z ferry-
towym rezonatorem sferycznym. W zwigzku z ograniczong liczbg dostepnych algorytméw umozli-
wiajgcych rozwigzywanie duzych nieliniowych probleméw wiasnych, korzystne bytoby stworzenie
narzedzia, ktore dziata w sposéb efektywny i pewny. Pewne nadzieje budzi pomyst rozwoju ist-
niejacych juz rozwigzan - algorytméw poszukiwania i sledzenia miejsc zerowych na ptaszczyznie
zespolonej (rozwijanych od kilku juz lat w naszym zespole). O ile dla duzych probleméw nie mozna
definiowa¢ funkcji wyznacznikowej, to poprzez rzutowanie na odpowiednig podprzestrzeh mozliwa
jest redukcja problemu do takiej wtasnie funkcji. Rozwdj narzedzi umozliwiajgcych rozwigzywanie
duzych nieliniowych probleméw wiasnych bytby korzystny nie tylko dla zagadnienia przedstawio-
nego w niniejszej pracy, ale réwniez w badaniu réznego typu nowych sztucznie wytwarzanych
materiatow.

41


http://mostwiedzy.pl

A\ MOST

LISTA PUBLIKACJI

Ponizej zaprezentowane zostaly artykuty potwierdzajace przedstawione tezy oraz odda-
jace w najwiekszym stopniu zakres przeprowadzonych badan autorki. Kazdy artykut zostat krétko
opisany a wszystkie wymienione publikacje zataczone zostaty na koncu rozprawy.

[MW1] P. Kowalczyk, R. Lech, M. Warecka, A.Kusiek, "Electromagnetic plane wave scatte-
ring from a cylindrical object with an arbitrary cross section using a hybrid technique," Journal of
Electromagnetic Waves and Applications, vol. 33, no. 2 pp. 178-192, 2019.

Artykut zawiera potgczenie metody elementéw skonczonych z metodg dopasowywania rodzajéw
dla obiektow rozpraszajgcych o nieskonczonej dtugosci lub o petnej wysokosci w ztaczu falowodo-
wym. Metoda elementéw skonczonych wykorzystana jest do wyznaczenia macierzy impedancji,
ktéra to potgczona jest z analitycznie zdefiniowang falg padajgca i rozproszong. Metoda dyskretna
wykorzystana jest tylko w bliskiej odlegtosci od obiektu rozpraszajgcego co redukuje zuzycie
zasobdw obliczeniowych (czasu pracy procesora) i pamieciowych. Co wiecej, tak zdefiniowany pro-
blem umozliwia wielokrotne o$wietlanie obiektu réznymi falami padajacymi w danej czestotliwosci
bez koniecznosci rekalkulaciji czesci dyskretnej a rowniez wielokrotne wykorzystanie uogélnione;
macierzy impedancji w obrebie analizowanej struktury.

[MW2] M. Warecka, R. Lech and P. Kowalczyk, "Efficient Finite Element Analysis of Axially
Symmetrical Waveguides and Waveguide Discontinuities," IEEE Transactions on Microwave Theory
and Techniques, vol. 67, no. 11, pp. 4291-4297, Nov. 2019, doi: 10.1109/TMTT.2019.2940021.

Artykut przedstawia efektywne wykorzystanie metody elementow skonczonych do badan pro-
wadnic posiadajacych symetrie osiowa. Wykorzystanie symetrii pozwala zredukowa¢ problem
do dziedziny dwuwymiarowej przy uwzglednieniu wszystkich trzech sktadowych pola. Jest to
mozliwe poprzez zatozenie zadanej zmiennosci wzgledem kata obrotu (BOR). Metoda umozliwia
analize zaréwno falowoddw jak i nieciggtosci falowodowych znacznie efektywniej niz przy uzyciu
standardowych metod tréjwymiarowych. Zaprezentowane zostaty dwa podejscia: wyznaczenie
macierzy rozproszenia oraz periodyczne warunki brzegowe, kitére zostaty ze sobg poréwnane.
Artykut zawiera kilka przyktadéw potwierdzajgcych poprawnosé i skutecznosc/efektywnos¢ zapro-
ponowanej metody.

[MW3] M. Warecka, R. Lech and P. Kowalczyk, "Hybrid Analysis of Structures Composed
of Axially Symmetric Objects," IEEE Transactions on Microwave Theory and Techniques, vol. 68,
no. 11, pp. 4528-4535, Nov. 2020, doi: 10.1109/TMTT.2020.3014944.

W tym artykule zaprezentowane zostato rozszerzenie metody elementow skornczonych z wy-
korzystaniem symetrii osiowej o uogdélniona macierz impedancji zdefiniowang na powierzchni sfery
dla obiektéw rozpraszajacych o skonczonych wymiarach. Opis ten umozliwit redukcje dziedziny
obliczeniowej, btedu wynikajgcego z zakonczenia dziedziny w zagadnieniach rozpraszania a row-
niez mozliwo$¢ wielokrotnego uzycia macierzy przy wielokrotnym wystgpieniu danego obiektu
w obrebie struktury. Kilka przyktadéw rozpraszania fali elektromagnetycznej zaréwno w otwartej
przestrzeni jak i falowodzie zostato zaprezentowanych w celu potwierdzenia skutecznos$ci metody.
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[MW4] B. Salski, T. Karpisz, M. Warecka, P. Kowalczyk, P. Czekala and P. Kopyt, "Micro-
wave Characterization of Dielectric Sheets in a Plano-Concave Fabry-Perot Open Resonator," IEEE
Transactions on Microwave Theory and Techniques, vol. 70, no. 5, pp. 2732-2742, May 2022, doi:
10.1109/TMTT.2022.3152511.

W artykule zostat zaproponowany nowy otwarty ptasko-wklesty rezonator Fabry-Pérot. Rezonator
ten zostat poddany dwém technikom analizy, w tym metoda elementéw skonczonych z wykorzy-
staniem symetrii osiowej. Struktura ta jest duza elektrycznie co w znacznym stopniu utrudnia jej
analize w szczegoélnosci metodami dyskretnymi. Na potrzeby modelowania rezonatora Fabry-Pérot
zmodyfikowany zostat algorytm zaprezentowany w [MW2], co pozwolito na efektywne zamodelowa-
nie zwierciadta wklestego metoda elementéw skonczonych, przy czym pozostata czes$é struktury
opisana zostata analitycznie. Podejscie to pozwolito na ograniczenie dyspersji numerycznej i zna-
czaco skrécito czas obliczen w stosunku do technik tréjwymiarowych obejmujgcych dyskretyzacje.
Rezultaty otrzymane zaproponowang metodg poréwnane zostaly z metoda Greena (poprawno$é
wynikéw zostata potwierdzona).

[MW5] M. Warecka, G. Fotyga, P. Kowalczyk, R. Lech, M. Mrozowski, A. Pacewicz, B.
Salski, J. Krupka, "Modal FEM Analysis of Ferrite Resonant Structures," IEEE Microwave and Wire-
less Components Letters, vol. 32, no. 7, pp. 819-822, July 2022, doi: 10.1109/LMWC.2022.3154532.

Artykut zawiera sformutowanie nieliniowego problemu wiasnego dla rezonatora sferycznego obcig-
zonego ferrytowg kulkg. Rozwigzanie problemu wymagato dodatkowego podstawienia eliminujg-
cego rodzaje pasozytnicze zwigzane z osig symetrii oraz ograniczenia podprzestrzeni w metodzie
Beyna. Ferryt jest materiatem zaleznym od czestotliwosci co tworzy problem silnie nieliniowy,
ktéry uniemozliwia uzycie metod do rozwigzywania liniowych problemoéw wtasnych. Algorytmy
dla zagadnien nieliniowych wymagaja jednak wyliczenia macierzy wykorzystywanych w metodzie
elementow skonczonych w wielu punktach na ptaszczyznie zespolonej co wigze sie z duzym
naktadem numerycznym. Stad tez redukcja wielkosci problemu poprzez uzycie symetrii osiowej ma
znaczacy wptyw na czas analizy. Wyniki symulacji poréwnane zostaty zaréwno z czestotliwosciami
otrzymanymi z analitycznego réwnania transcendentalnego jak i wynikami pomiaréw.
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A hybrid technique combining finite-element and mode-matching Received 4 June 2018
methods for the analysis of scattering problems in open and closed Accepted 28 September 2018
areas is presented. The main idea of the analysis is based on

o . KEYWORDS
the utilization of the finite-element method to calculate the post Cylindrical structure;
impedance matrix and combine it with external excitation. The dis- finite-element method:
crete analysis, which is the most time- and memory-consuming, is mode-matching method;
limited here only to the close proximity of the scatterer. Moreover, scattering

once the impedance matrix is calculated, any rotation or shifting of
the post can be performed without the need for structure recalcu-
lation. All the obtained results have been verified by comparison
with simulations performed using the hybrid finite-difference-mode-
matching method and commercial software.

1. Introduction

Scattering problems are important issues in the analysis and design of microwave and opti-
cal devices. For structures with simple geometries, which can be precisely described by the
constant coordinates of orthogonal systems, the analytical methods can be applied (e.g. the
mode-matching (MM) method for circular and elliptical rods [1-9]). These techniques are
characterized by high efficiency and low numerical costs; however, they are inflexible and
are dedicated to a specific structural shape. For more complex structures, integral equation
methods [10-17] have been developed, which allow us to examine scattering from almost
any obstacle shape. These techniques require the introduction of electric and magnetic
currents and the application of proper Green’s functions. From a numerical point of view,
there are some drawbacks to such an approach. Its efficiency depends on the choice of elec-
tric and magnetic current bases, while the use of Green’s functions is often complicated by
the singular points in the computational domain [18]. The generalization of MM technique
which does not involve Green'’s function is presented in [19]. This solution is simple and
intuitive; however, due to the used field description, it is restricted to the convex shapes of
the structure’s cross section.

Nowadays, with the development of computing power, space discretization methods,
such as the finite element method (FEM) [20] or the finite-difference (FD) method [21],
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have become more popular. Due to their flexibility and versatility, they are often imple-
mented in commercial software for electromagnetic analysis. The main disadvantage of
these techniques is their high numerical cost, which results in low efficiency in the design
and optimization of the electromagnetic structures. Moreover, the accuracy of the results
depends on the boundary conditions used for domain truncation and near-to-far field
transformation.

The third class of methods for scattering problem analysis are hybrid techniques, which
combine the advantages of the aforementioned approaches. They allow us to achieve
higher flexibility, increase the accuracy and reduce the numerical complexity of the analy-
sis. One of the most popular hybrid methods is based on a combination of the FEM and the
boundary integral equation (BIE) [22]. However, this approach still requires the utilization
of Green’s functions and the correct choice of the current base. The approaches proposed
in [23] and [24] do not involve Green'’s function and the hybridization utilizes analytical
description of the field in waveguide cross sections (ports). These ports can be general-
ized to open space, which was utilized in the analysis of radiating structures where the
computational domain was truncated by a hemisphere [25]. However, in these approaches,
the entire computational domain is analyzed with the use of discrete method and only the
boundary conditions are modeled analytically.

An alternative approach is the utilization of discrete methods only to small fragments of
the structure, whereas the rest of the computational domain is analyzed analytically. This
allows for the analysis of complex structures more efficiently, as the numerically demanding
(discrete) part of the computational domain is significantly reduced. This facilitates multi-
object scattering analysis, while the interaction between the obstacles can be modeled
using the iterative procedure [26]. Such a technique is especially efficient for structures con-
taining identical objects (fragments of the domain), as their analysis is performed only once
and the results can be replicated. In this approach, the object (fragment of the domain) is
replaced by a hypothetical circular cylinder, on the surface of which the electric and mag-
netic fields are derived. In order to obtain the solution which is independent of the external
incident field only the relation between the electric and magnetic fields of this abstract
(effective) cylinder is determined. This relation can be formulated in a form of a multimode
impedance matrix Z or transmission matrix [27]. Such an approach allows for the analy-
sis of scattering in different scenarios, e.g. scattering from cylindrical objects located in
free space and illuminated obliquely by a plane wave, or located in multiport waveguide
junctions and excited from the waveguide ports as presented in Figure 1. For the simple
cylindrical structures, the Z can be obtained analytically [26, 28]. For the arbitrary geome-
tries, the impedance matrix can be obtained utilizing FD method [29, 30]. However, for
complex shapes, the analysis with the use of the FD method requires a very dense mesh
or complicated cell modification algorithms (with the introduction of an effective dielectric
constant and a locally conformal mesh).

In this paper, we present a FEM formulation for the multimode impedance matrix Z cal-
culation, which allows for the analysis of scattering problems in open and closed areas. In
contrast to semi-analytical approach described in [19] which is restricted to convex struc-
tures, the proposed procedure can be applied to post of fully arbitrary cross-sections (e.g.
convex, concave or multilayered structures with injections of different materials). More-
over, FEM formulation allows for easier inclusion of different material types in contrast to
FD method due to the possibility of irregular mesh utilization. The discrete analysis, which
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Figure 1. Open and closed structures: (a) plane wave illumination at an arbitrary angle, (b) waveguide
junction.

is the most time- and memory-consuming, is limited here to the close proximity of the scat-
terer, which improves efficiency of the proposed procedure. The higher efficiency of the
proposed hybrid approach, as opposed to discrete formulation in the entire computational
domain (with higher flexibility of scatterer shape in contrast to pure analytical methods)
allows to utilize the proposed approach in optimization procedures. Moreover, once the
impedance matrix is calculated, any rotation or shifting of the post can be performed with-
out the need for discrete part recalculation. All the obtained results have been verified by
comparison with simulations performed using the FD/MM method [29] and commercial
software [31].

2. Formulation of the problem

The considered structure is presented in Figure 2. The cross section of the obstacle is arbi-
trary, but it is homogeneous in the z direction (so-called 2.5D problem). Two regions of
investigation can be distinguished in the structure: region |, located inside the cylindrical
surface of radius R, and region I, which is outside.

2.1. Definition of impedance matrix

The z components of the electric and magnetic fields in the outer region take the following
form (suppressing €t time dependence):

M
El = Z (a,EnJm(K,o) + b,EnH,(ﬁ)(K/O)) e IPzeme, (M
m=—M
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Figure 2. The geometry of an investigated structure.

discretized
domain S

M

H = ) (a,’j,Jm (kp) + bIHD (K,O)) eizeime 2)
m=-—M
where Kk = k(z) — B2, B = ko cos(8p), ko is a wavenumber of free space and 6, is an angle

of plane wave incidence, defined with respect to the z axis, while aﬁ,'q) and b,(,'q) are the coeffi-
cient of incident and scattered fields, respectively. The other transverse components of the
electricand magnetic fields (especially E, and H,) can be derived from Maxwell’s equations,
asin[32].

For an assumed incident excitation the coefficients af,',) are known. In order to determine
the coefficients of scattered field b,({,), according to the procedure in [26], the impedance
relation between electric and magnetic fields on the cylindrical surface of radius R needs to
be derived.

The electric and magnetic fields on the cylindrical surface can be expanded with the
following series:

M
ER¢.2)= > Vinéun(p,2), (3)
m=—M
M
Es(R,2) = Y Vymeym(9,2), (4)
m=—M
M -
Ho(Rop,2) = Y lomhym(p,2), (5)
m=-—M
M -
H:R9,2) = > lamham(9,2). (6)
m=-—M

where Vo, Vom, lym and Iy, are the field coefficients. Since the boundary is represented by
a cylindrical surface of radius R, then it is convenient to assume the following expansion
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functions:

(9, 2) = e P2™, 8 (0, 2) = —eP2eMY]

h<ﬂm (p,2) = e—jﬂzejm¢7¢,i’72m (p,2) = e—jﬁzejmqa;-’z.

Then, the relation between the electric and magnetic fields can be described as follows:

{Vz] _7 |:I<pi| _ |:ZTM,TM ZTM,TE] [lq)] )

V, I, Zrerw Zrege | 1]

where V() and ., are column vectors of the field coefficients and Z is the impedance matrix.
In the case of perpendicular excitation (6p = 90°), the TE* and TM? solutions are uncou-

pled and all the elements of submatrices Zry,7r and Z7e, v equal zero. Therefore, in this
case, the analysis can be performed separately for each polarization.

2.2. Impedance matrix evaluation with the use of the finite-element method

In this paragraph, the inner region of the structure is considered. Let us assume the relative
permeability and permittivity of the post as follows (the algorithm can also be applied in
the case of anisotropic media, e.g. ferrite):

Umx My O emx €y O
r = Mryx — Hryy 0 [, &= Eryx  Eryy 0. (8)
0 0 Mrz 0 0 &

In order to obtain the impedance matrix using the FEM, we start from the Maxwell’s equa-
tions. They can be separated into terms involving transverse and longitudinal components
of the fields E = E; + E, and H = Hy + H,

%t X Et = —ja)MOMrzFlz:

6t X Ez —jfﬁz X Et = —jwuoﬁrljlt,

%t X I:It = jw€08rzEz,

Ve x H, —j,87z % H; =jwsoé,Et, 9)

where %t :7X(8/8x) -|—7y(8/8y). By elimination of the magnetic fields, we get the two
following relations:

Vi - iy x iy "y x ViEz)
+JBVe - iz x ji; iy x Er) = kgerk; (10)
for the longitudinal component (scalar) and:
Vi x Iy Ve x E¢ +jBi, x /1:172 x ViE;
— B%, x 17T, x Er = K25,y (11)

for the transverse component (vector), where (-) denotes a dot product. Using simple vector
identities and Green'’s theorem, the relations can be transformed into a weak form. Then,
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for the scalar component, we get:

— // ViF - (iy x ) 'iy x V4E,) ds (12)
S

- k% //.FgrzEz dS
S
—JjB /f %tF' (72 X ﬁ“r_172 X Et) ds
S
= - f [Pl x 67T x (Vi +jBE0) | - o
L
and, respectively, for the transverse vector component:
jB f/ﬁ (iz x ity Vi x V¢Ey) ds (13)
S
+ //(%t x F) - (Mr_;%t x Ey) ds
S
_k(%//ﬁérgtds
S
_ﬂZ/fﬁ'(YzXﬂ:17zXEt) ds
S
= %[ﬁ X (/,Lr_z‘l%t X Et):| I_'i d/
L

where i is a unit vector directed outside the computational domain S. The weight functions
F:S— Rand F:S — R2 are bounded and quadratically integrable. At the boundary L
(for the assumed circular cylinder boundary n = 7p), the electric field can be replaced by a
proper magnetic component; hence, the RHS of (12) can be replaced by:

_ ﬁ [(Fi, x i ") x (i, +jpED) | B i
= jopo fi Fi, - (A x Hy) dI
— jopo ﬁﬁz (i, x Hy) di (14)
and the RHS of (13) by:
fi[ﬁ X (,u,_z1 Ve X Et)] -ndl
—jorto  F - G i)
— jwpto 7%]?- (i, x Hy) dl. (15)

For the above formulation, the standard FEM can be used to determine the electric field
corresponding to any excitation represented by the magnetic field (H, and H,).
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We use standard hierarchical basis functions oz(,) of the second order [20] for the (scalar)
E, component:

N
_ [n] ,[n]
E=) Z Vi) %) (16)

n=1 i=1

and WB;] for the (vector) Et component:

N
o (nlyz/ln]
Ee=) Z i) Wiy (17)

n=1 i=1
where n is the element number, i represents the local node/edge, and lIJ([I’;] and dD(,) are
unknown coefficients for the scalar and vector components, respectively. Then, by applying

Galerkin’s method for (12) (enhanced by (14)), we obtain the following local matrices for
each element:

G[zf;] —|— G[n] (b[n] B[n]l (18)

where:

[n]
[(D[n]]i = cb(’l’) [G[nl]p’i = — //5['71 Vta(p) (/z X [, Iz X Vtoe(,)> ds
2 [n] [n]
— k§ //5[1 o ) Erz ) ds,
[Gy;]]pi — —jB //sw Vialn - (iz x iV x W([g]) ds,
[n] — [n]7
[Bw }p,m = jouo /mL[n] (p)lz (/p X h(pm) dl.

The surface S™ and the curve L[ correspond to the area and the boundary of the nth
element (s = | JN_, s, L = (JN_, I),
Similarly, by applying Galerkin’s method for (13) (enhanced by (15)), we obtain:
=G 4 Gilo! = Bl (19)

where

[ ] [n] *
G n _ —1,3 ,/,/5["1 W(z) iz X fly T x Vtoz(,)> ds,
(n] [n] 19 [n]
Gt? //S . Vi % W(g)) (U, Vi X W(g) ds

2 [n] [n]
— k3 / /5 . W(Z) Er, W(I'; ds
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2 il (7 -—17 /0]
- B //;[n] W(p) . (Iz X [l Iz X W(i)) ds,
m]  _ Sl a7
[BZ L’m = jouo /LmL["] W(p) (ip % hzm) dl.

Finally, the global matrices can be constructed and the electric field can be evaluated for
any excitation (represented by coefficients I, and I,):

-1
\IJ _’| I Gzz Gzt B 0 I

=G 'B| /| = i’ 1. 20

omeeli] -l el 15 el e

In order to determine the impedance matrix, the electric field coefficients V,p, and V,, must

be evaluated from the electric field. To this extent, relations (3) and (4) can be projected
using (i, x hym) and (i, x hzm), respectively

f Eziy - (i X hym)* di
L

M
= > Vp / & (ip x hym)* dI = 2RV, (21)
p=—M .

L

M
= > Vyp f éup - (iy X hym)* dl = 2RV . (22)
p=—M .

By applying matrices B, and B; the previous relations can be written in matrix form:
B/)W = 27RV, (23)

and
BJ® = 27RV,,. (24)
Finally, the impedance matrix can be expressed as

1
z=_—B"G'B (25)
2R
The obtained impedance matrix allows for the analysis of scattering in different scenarios,

e.g., in waveguides and resonators, as well as in the open region [26].

3. Results

In order to verify the validity of the proposed technique, a few examples of electromagnetic
field scattering from dielectric, metal and ferrite posts in open and closed structures were
analyzed.

The first example considers a plane wave scattering from a dielectric cylinder with a cres-
cent cross section. The relative permittivity of the posts was assumed to be ¢, = 5, while the
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Figure 3. Normalized amplitude of scattered electric and magnetic fields from the dielectric (e, = 5)
crescent cylinder with radius of larger circle 0.351¢, radius of smaller circle 0.281 and offset 0.12) for
the plane wave incidence angle 6y = 30°, ¢o = 30° and vy = 30°. Solid line — this method; dashed line
— FD/MM method [29].

plane wave illuminated the structures at angles 6y = 30° and ¢ = 30° with a polarization
rotation angle of ¢ = 30°. For the assumed angle of incident (since y is different than 0°
and 90°) the wave has both TE and TM components. The incident field coefficients take the
form:

at, = Eo cos(y) sin(p)j " Me M0, (26)

all = Eo/no sin(y) sin(8o)j~"e /M, (27)

where ng = 120z Q2 is the outer space electromagnetic wave impedance and Ej is the field
magnitude. The scattered fields in the far zone (at distance 100i¢) were calculated (see
Figure 3) and compared with the results obtained from the FD/MM method [29] The results
agree well with each other.

The convergence of the method is examined in Table 1 with the following definition of
error:

Err(M’N) = Mmax |,’:-(M’N) ((pllo - 100)\'0)
¢el0,2m)

— FMaNR) () 15 = 10020)] - 100%, (28)

where F is the normalized magnitude of the electric or magnetic fields in the far zone
o = 100X1g, Mg = 25 and Ng = 3614. As can be observed, the utilization of about N = 2000
triangular elements of the FEM discretization is sufficient to obtain accurate results, with
the number of modes not less than M= 10. The increase of mesh density and number of
modes does not significantly reduce the convergence error but increases the analysis time.
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Table 1. Convergence of the method for the example from Figure 3: the E-field
error (H-field error) according to (34), and calculation time in lower row.

N 1722 1940 3614

M=3 1.331(1.140) 1.350(1.131) 1.350(1.131)
6.0s 7.0s 12.7 s

M=5 0.086 (0.072) 0.068 (0.054) 0.064 (0.048)
6.4s 7.2s 13.2s

M =10 0.028 (0.027) 0.008 (0.007) 0.003 (0.002)
7.1s 8.2s 14.7 s

M =15 0.027 (0.024) 0.008 (0.007) 4.14-107% (3.07-107%)
79s 9.0s 16.0s

M =20 0.027 (0.024)) 0.008 (0.007) 485.107> (3.72-1072)
8.7s 9.8s 1755

M =25 0.027 (0.024) 0.008 (0.007) 0(0)
95s 10.7 s 19.2s

Similar convergence analysis was performed for all the presented examples and the results
led to the same conclusion. The calculations were performed in a MATLAB environment
on an Intel Core i7-5930 3.5 GHz. For the assumed number of mode expansions (M =10)
and the number of elements (N =1940), the calculation of a scattered pattern on a single
frequency took approximately 8.2 s. It is worth noting that the calculation of this structure
with the use of FD/MM method [29] took 46 s to obtain convergent results, which is over
five times longer than with the proposed approach.

The second example considers a ferrite post with a triangular cross section, which can
be realized with the use of self-magnetized ferrite material [33], illuminated perpendicularly

TM?

. plane wave

TM?
plane wave % S :
o 2
NI D
AR 22
GO\ AV
R X

VAV o
SRS

TSRS PR
L AV T
S O YAV oAV

~

270

T™?

plane wave

Figure 4. Normalized amplitude of scattered electric fields for TM? scattering from the ferrite cylinder
with triangular cross section magnetized in +z direction. Ferrite post parameters: dimension 0.15X¢
(equilateral triangle), e, = 15, Hi = 15 kA/m, Ms = 190 kA/m and f = 10 GHz. Solid line - this method;
dashed line - field matching method [19].
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Figure 5. The concepts of the analysis of the four-pole filter: full FEM analysis; hybrid method (finite-
element and mode-matching methods) analysis; proposed technique analysis.

by a TM? polarized plane wave. The calculated far field patterns of the electric field in the
case of three angles of excitation (¢g = 0°, ¢o = 120° and ¢o = 240°) are presented in
Figure 4. It was assumed that ferrite material had the following parameters: ¢, = 15, sat-
uration magnetization Ms = 190 kA/m, and internal bias magnetic field H; = 15 kA/m. The
tensor parameters [34] calculated at f = 10 GHz have the following values:

Mrxx = Mryy - 1.0353, ery == _Mryx - 0.6704], Mrzz = 1.

As can be seen, the ferrite post shifts the main lobe of the field pattern by 60° with respect
to the plane of excitation. Therefore, a space wave circulation was obtained.

In order to show an obvious advantage of the proposed technique, we analyzed a WR-90
waveguide filter employing five metallic posts of full height with a rectangular cross section
[35]. The scattering matrix of the filter can be calculated e.g. in three different ways as illus-
trated in Figure 5. The most time consuming option is the utilization of full FEM analysis
in which the entire structure is discretized. Alternatively, only the fragments of the waveg-
uide in the close proximity of the rectangular posts can be analyzed with the use of FEM,
whereas the homogeneous parts are modeled analytically, as proposed in [23]. Then the
cascading procedure of scattering matrices is utilized to derive the entire scattering matrix.
As the structure is symmetric, only three waveguide fragments need to be considered and
the results of the first and the second post are replicated. In the proposed approach the FEM
analysis is further limited to the close proximity (circular region) of the scattering object,
and in the case where all posts are the same, the analysis can be performed only for a sin-
gle object. The dimensions and the obtained results are presented in Figure 6. The results
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Figure 6. Scattering parameters of the four-pole filter. Dimensions: w3 = 6 mm, w; = 3 mm,
Iy =1831mm, I, =21.31mm, d; = 576 mm, d, = 3.00mm, d3 = 2.27 mm; height of the posts

h=10.16 mm.
//)/ncdent wave

ToldB]
ToldB]

My = ] M e = |/
=16 | polarization —— 790 =16 | polarization =90
-18 ; ; i i i i ; -18 i i i i i i i
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Figure 7. Transmission coefficients for normal plane wave incidence on periodic structures composed
of metallic cylinders with rectangular cross section with dimensions 15 x 3 mm arranged with period
hxy = 26.6 mm for several angles of posts rotation in the array (solid line — this method, dashed line -
HFSS, circles — measurements [36]).

were compared with the calculations using the field matching method [19] and InventSim
software [31]; a good agreement was achieved. It is worth noting that the analysis of the
entire structure (101 frequency points) with the use of full FEM domain took approximately
10 min (mesh with 3574 elements), the hybrid FEM/MM method took 2 min and 13 s(mesh
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of a single section with 1260 elements), whereas the analysis with the use of the proposed
technique (mesh with 556 elements) took 30 s.

The last example considers periodic structure from [36] in the form of a linear array
of copper posts with rectangular cross-section with dimensions 15 x 3 mm. The objects
were arranged with distance hy = 26.6 mm as depicted in Figure 7 and the calculations
were performed assuming perpendicular plane wave illumination for both wave polariza-
tions and three different angles of post rotations. The calculated results, shown in Figure 7
were compared with HFSS calculations and measurements from [36] obtaining satisfactory
agreement.

4, Conclusion

A new hybrid approach combining the FEM and MM method was proposed for the analysis
of anisotropic posts with arbitrary cross sections. Its validity has been verified on structures
with different cross-sectional shapes, and the results are in good agreement with other
numerical techniques and commercial software.
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Efficient Finite Element Analysis of Axially
Symmetrical Waveguides and
Waveguide Discontinuities

Malgorzata Warecka™, Rafal Lech™, Senior Member, IEEE, and Piotr Kowalczyk™, Member, IEEE

Abstract— A combination of the body-of-revolution and finite
element methods is adopted for full-wave analysis of waveguides
and waveguide discontinuities involving angular field variation.
Such an approach is highly efficient and much more flexible than
analytical techniques. The method is performed in two different
cases: utilizing a generalized impedance matrix to determine
the scattering parameters of a single waveguide section and
utilizing periodic boundary conditions without sources. In order
to confirm the validity and efficiency of both approaches, a few
examples of axially symmetrical structures have been analyzed.
The obtained results are compared to those obtained from
commercial software and available in the literature.

Index Terms— Cylindrical waveguides, dispersion diagrams,
finite element method (FEM), generalized impedance matrix
(GIM), metamaterials, periodic boundary conditions (PBCs).

1. INTRODUCTION

XIALLY symmetrical structures (see. Fig. 1) have been

widely used in microwave technology and optics for
many years. For instance, cylindrical waveguides containing
different types of discontinuities are commonly applied in pas-
sive filtering devices [1]-[4]. In the last few decades, periodic
structures known as electric or photonic band-gap materials
have also become very popular due to their wide practical
applications. Such structures can support left-handed waves as
well as backward and slow waves. The specific properties of
these systems can be utilized for miniaturization of waveguides
or modification of their operating band [5]-[9]. Special atten-
tion should also be given to their application in electron
beam devices such as gyrotrons, magnetrons, traveling-wave
tubes, backward-wave oscillators, gyro-traveling-wave tubes,
and accelerators, where the structure is composed of periodic
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Fig. 1. Axial cross section of (a) microwave filter, (b) slow wave periodic
structure, and (c) circular waveguide with electron beam.

metal—dielectric layers [10], [11]. The interaction of an elec-
tron beam with the fields supported in a slow wave structure
gives these structures potential for terahertz devices.

For a structure with a simple geometry, an analytical
method (e.g., mode matching) can be applied [7], [8]; how-
ever, in many practical cases, such an approach is not suffi-
ciently flexible. More sophisticated techniques, e.g., boundary
integral-resonant-mode expansion (BI-RME) [12], [13], can be
used for more complicated geometries; however, their applica-
tion is less general than discrete numerical techniques, which
have recently become the most popular analysis methods.
Usually, commercial full-wave simulators based on the finite
difference (FD) or finite-element method (FEM) require a
discretization of the whole 3-D computational domain inside
the structure. For complex geometries, especially containing
thin metal—dielectric layers, the discretization must be fine,
which results in time and memory-consuming analysis. In such
cases, the optimization of the structure (which requires many
simulations for different parameters) can be inefficient.

It is well known that the structures of axial symmetry can
be analyzed much more simply, taking advantage of the fixed

0018-9480 © 2019 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
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angular variation of the fields—body-of-revolution (BOR).
This feature is widely described in the literature and applied
for many different issues involving radiation, propagation, and
scattering problems [5], [14]-[20], and for FEM [21]-[31].
However, to the best of authors’ knowledge, the BOR approach
for periodic and quasi-periodic guiding structures has not been
presented in combination with FEM. A recently published
article [6] considers this problem only for the case with
no angular variation (suggesting that the generalization to
arbitrary variation is not possible) which is not useful from
a practical point of view.

In this article, a combination of BOR and FEM is adopted
for full-wave analysis of waveguides and waveguide dis-
continuities (involving angular field variation, in contrast
0 [6]). Such an approach is highly efficient and much more
flexible than analytical techniques. The proposed method is
performed in two different cases. The first involves a gener-
alized impedance matrix (GIM) to determine the scattering
parameters of a single waveguide section. Such results can
be used to analyze structures composed of the same or
different sections (involving quasi-periodic or even periodic
structures). The second method, based on periodic boundary
conditions (PBCs) and no sources (modal analysis), can be
applied to periodic structures and becomes more efficient than
the first for short and complex sections.

In order to confirm the validity and efficiency of both
approaches, a few examples of axially symmetrical structures
have been analyzed. The obtained results have been compared
with those obtained from commercial software and available
in the literature.

It is worth noting that the proposed approach can be easily
combined with techniques which can significantly improve the
efficiency of the analysis and optimization process. One exam-
ple is the model order reduction [32], which is useful when
the analysis is performed in a wide frequency band. Another
example is based on a hybridization of the FEM with modal
expansion techniques and utilizing surface impedance. If the
structure involves homogeneous regions, then the field inside
these regions can be expressed in analytical terms, which
also improves the efficiency of the simulation [6], [33], [34].
Moreover, in the optimization process, mesh morphing algo-
rithms [35] can be applied to avoid step changes in the results
caused by slight modifications of the generated mesh for
different simulation parameters.

II. FORMULATION OF THE PROBLEM

Symmetric structures have some special features that can
be used to improve the efficiency of analysis. In this article,
a section of a cylindrical waveguide with a symmetry axis
is considered. In this case, the structure can be analyzed
in cylindrical coordinates in a 2-D domain (p, ¢) which is
“rotated” around the mentioned axis (see Fig. 2). The variation
of the electric (and magnetic) field along ¢ can be expressed as

E(p,9,2) = E(p,z)e!™® (1)

where m is an arbitrary integer number (mode number). For
the investigated axially symmetrical structures, the analysis
can be performed separately for each m.

Fig. 2.
with FEM.

Example of a 2-D computational domain for BOR combined

In the first step, the fields must be separated into two com-
ponents E,(p,z) = Ey(p,2)ip and E/(p,2) = Ep(p,2)ip +
E.(p, z)i;. Then, directly from the Maxwell equations one
obtains
%z X (,ur_lﬁ(p X E,)—{—%tx(/xr_l%txﬁ(p)—k%srégﬂ =0 2
and
Vi x (17 'Ve x Ed) 4V, x (u7'V x E,)

+V, x (ﬂ;lv(,, x E;) —kje,Er =0 (3)

where_the operators vV, = zp (0/0p) + lz(a/az) and
V(/, = z¢(a/ 0¢). The relative permittivity and permeability of
the structure are represented by ¢, and u,, respectively, and
ko is a vacuum wavenumber. A weak form of the considered
problem can be obtained (similar to [34] and [33]), taking into
account assumption (1), for scalar component E,(p, 2)

// Vt (pFp) - 1y Ez] dpdz
—ko //pngrE(p dpdz
s
1, > o
+ /S;[(Vt(pF(p))'(ﬂrlvt(pE(p))] dpdz
2
+ jouo Z/ Fy(ip x
p=1"kr
and for vector component Er (p,2)
//p(%, X ﬁ,) . (,ur_lﬁt X El) dpdz
s
—ké //pl_‘:, ~8,«El dpdz
s
- L
b [[ 2R 0 S0 dpd
N
m? -
+/ —F (

+/wﬂ02/ (F, x Hy) -ipdp =0 5)

HY) Tppdp =0 (4

,ur_l E[) dde

where F, and F; are testing functions. The computational
domain § is bounded by L, which consists of two ports,
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L, and L,, the axis of the structure L,, and theﬁwaveguide
boundary Lj (see Fig. 2). The unit vectors i, are nor-
mal (outside) to the ports’ cross sections, and functions
ﬁlp and ﬁ(f represent excitation in these ports.

A. Calculation of Scattering Parameters With
the Use of GIM

The main idea of the GIM is based on finding the relation-
ship between the electric and magnetic fields at the ports of
the structure. Let us assume that the fields at the ports are
expressed by the modal basis obtained for the regular circular
waveguide

0

= TE paTE P ™ p-»TM p

El =2 (v + Vg rElr) (©6)
g=1

_' ¢ TE >TE ™, p 7TM,

L= (1P PRI+ 1M TRET) (7)

1

<
Il

where Q is the number of modes considered in the ports,
p = {1,2} is a port number, and Zf(";’p and ﬁg’)’p are defined
in Appendix A for & = {t, ¢}. In such a case, any electric field
at the ports is unambiguously defined by the set of coefficients
V = [V, V2|7, where

T
VP — [VITE”’, U ng"’] (8)

and similarly a magnetic field by set I = [Il, IZ]T, where

T
TE,p TE,p ;TM,p T™, p
e Y /e H R £ O
Hence, the GIM represented by matrix Z is the relation
between these coefficients

V =7I. (10)

In order to obtain this matrix, the FEM can be utilized, as has
been widely described in the literature [33], [36].

Let us assume that the electric field in the discretized region
can be expressed utilizing standard hlerarchlcal (scalar and
vector) basis functions [37] a (") and W(> of the second order

N N 8
=D > ¥ =ZZ Wi an

n=1i=1
where n = 1, ..., N is the element number with N being the
total number of elements, i represents the local node/edge,
and ‘I’([l")] and CDgl)] are unknown coefficients for the scalar and
vector components, respectively. Starting from the weak form
of the problem (4) and (5), a simple system of equations can
be obtained (in analogy to [33])

(=)}

G [i] = jouoBI (12)

where global matrices G and B can be obtained from the
aggregation of proper local matrices [33]

G["J G[”J

[nl _ t,t 1,0

G - |:G[”] G["] (13)
[/83 ?,¢

4293
and

[n],1 [n],2 [n],2
¢, TE B(p,TM B(p,TE B(p,TM

[n], [ [n],2 [n],2
B — Bz Bilrw B:TE BtleM (14)
= | glnl.!
where the submatrices are described in Appendix B.
From the projection of the electric field at the ports on the

basis (7), another simple system of equations can be obtained

B [ﬂ = AV (15)
where
A= diag{ATE, ATE . ATM ATM } (16)
and

Ag>=/L(e,(’+e ) (h() +h())pdp. (17)

Finally, the relations (12) and (15) can be combined into a
single formula

jouoB?G7'BI = AV (18)
which determines the GIM as follows:
Z = jouoA~'BYG!B. (19)

From the above GIM Z, a multi-mode scattering matrix S
of the waveguide section can be obtained [38]. Both Z and S
are of dimensions 40 x 40 (Q modes for TE and TM for
each port). Next, such a matrix can be utilized to construct
more complicated structures composed of the same or different
sections (e.g., periodic/quasi-periodic structures or waveguide
filters). In the case of periodic structures, the simple rule
described in [39] can be applied to find the structure prop-
agation coefficients from the scattering matrix of a unit cell,
which boils down to solving a matrix eigenvalue problem with
respect to the propagation coefficient. In the case of other
filtering structures, a cascading formula of multimode scat-
tering matrices [40] can be utilized to calculate the structure
responses.

B. Periodic Boundary Conditions With No Sources

In some cases, especially for periodic structures with short
unit cell sections with complex geometry, the approach pre-
sented in the previous paragraph can be inefficient or even
ineffective due to the huge number of modes required to prop-
erly describe a waveguide section. In such a case, the scattering
matrix can be numerically ill-conditioned and it is better to
introduce PBC), which does not involve modal expression of
the fields in the ports.

The implementation of PBC is based on the elimination of
the sources in (12)

®
G|:\I’] -0 (20)

and requires a rearrangement of the unknown variables in
vectors ® and ¥ (similar to the approach proposed in [21]).
The fields at the left port (L) are denoted by ®; and ¥y,
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Fig. 3. Axial cross sections of single cells in the considered structures.

whereas at the right port (Ly) by ®g and W r. Moreover, they
are linked by the following relation:

[ii] _ [3’;2] 7P o)

where y = a + jf represents the propagation coefficient
and p the length of the unit cell (the period). The other
elements of the vectors ® and ¥ must also be segregated
into two groups. The first one contains fields inside the
numerical domain ®; and ¥;, and the second one fields at
the boundary described by Dirichlet conditions ®p and ¥p
(which eventually can be neglected). Finally, the system (20)
can be reformulated to a more convenient matrix equation

o,
v,
Gy G Gir Gyp P,
Gy Grr Grr Grp || YL
Grr Grz Ggrr Grp || ®r =0. (22)
Gpr Gpr Gpr Gpp || ¥r
®p

After some algebra, involving relation (21), the above system
can be reduced to a simple generalized matrix eigenvalue
problem

D, D,
G G || Y| _ _ p| O Gir L 7
Grr 0 || @, Grr Grr+Ggrr|| @1
\I’L ‘I’L

(23)

A solution of this problem provides the characteristic dis-
persion of the considered mode and the corresponding field
distribution inside the structure.

III. NUMERICAL RESULTS

In order to confirm the validity of the proposed approach,
three structures of different geometries were examined
(see Fig. 3). The algorithm was implemented in the MATLAB

Fig. 4. Dispersion characteristics of periodic structure composed of cells pre-
sented in Fig. 3(a). Red line: GIM. Red circles: PBC, Green diamonds: HFSS.
Blue triangles: [6].

environment, and all of the tests were performed using an
Intel Core 17-2600K CPU 3.40 GHz, 16-GB RAM computer.
The results were validated by comparison with those obtained
from commercial software and the literature.

The first considered structure was a periodic waveguide
whose axial cross sections are presented in Fig. 3(a), and
the dimensions are p = 13.1125 mm, ¢ = 50 mm,
p1 =2.6225 mm, pr, = 7.8675 mm, h; = 2.025 mm, and
ho = 6.075 mm. The structure is presented in [6]; however,
only for m = 0 since the authors claim that a 2-D analysis
is not sufficient for m # 0 and it requires 3-D discretization.
As shown here, this requirement is unnecessary and the disper-
sion characteristics (for different values of m) obtained from
the proposed approach are presented in Fig. 4. The simulation
was performed for a 2-D mesh composed of N = 2416
triangular elements involving PBC and GIM approaches, with
the use of QO = 10 modes for GIM, which was sufficient to
obtain accurate results. The increase in the mesh density and
the number of modes does not significantly reduce the con-
vergence error but increases the analysis time. The results are
compared with those obtained from the HFSS 3-D commercial
software and with those from [6] for m = 0. All of the results
are in excellent agreement; however, the computational time
of 2-D analysis was shorter by about two orders of magnitude
than the full 3-D simulation.

As the second example, a dielectric and metal-loaded peri-
odic circular waveguide [8] was considered [see Fig. 3(b)]
for two different unit cell lengths p. The dimensions of this
structure are as follows a = 9 mm, 4 =3 mm, p = 0.5 mm,
or p = 10 mm, p; = 0.1p and the relative permittivity of
the dielectric is &, = 15. In the cases of p = 0.5 mm, due
to the short length of the unit cell, the approach involving
GIM is ineffective. The high complexity of the fields at the
ports requires a huge number of modes and the computation
of the scattering matrix can be numerically ill-conditioned
so it is better to introduce PBC, which does not involve
modal expressions of the fields in the ports. The results
presented in Fig. 5 obtained in the analysis involving PBC
(with N = 1060 for p = 0.5 mm triangular elements; see
Fig. 6) are in excellent agreement with those obtained with the
mode matching technique and verified experimentally in [8].
For longer cells (p = 10 mm) in the periodic structures, it was
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Fig. 5. Dispersion characteristics of periodic structure composed of cells pre-
sented in Fig. 3(b) for different unit cell lengths: p = 0.5 mm (crosses: PBC;
downward pointing triangles: [8]), p = 10 mm (solid line: GIM; circles: PBC;
upward pointing triangles: [8]).
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Fig. 6. Meshes for the structure presented in Fig. 3(b) for different unit cell
lengths. p = 10 mm and p = 0.5 mm.

sufficient to utilize O = 10 modes for GIM analysis to obtain
consistent results (with N = 4799 triangular elements).

The last structure was a corrugated empty waveguide with
rounded edges, as shown in Fig. 3(c). Such common guides
are usually considered only for sharp edges [4] even though
the roundings are very important from a practical point of
view (e.g., due to the manufacturing technology or high power
transmission). The analysis was performed for a = 25 mm,
h = 11l mm, d = 5 mm, p = 15 mm, and different
values of radii: r = 0 mm (with N = 1561 triangular
elements) and r = 2.38 mm (with N = 1850 triangular
elements). The scattering matrix for Q@ = 6 modes obtained
using the GIM approach agrees very well with the one from
the 3-D InventSim analysis—scattering parameters for TE;
are presented in Fig. 7. Also, the results obtained in the
analysis of the periodic structure involving both GIM and
PBC methods are in excellent agreement (see Fig. 8). As can
be seen, the roundings can significantly affect the dispersion

4295
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Fig. 7. Scattering parameters of TE|; mode for a single cell from Fig. 3(c)
and different rounding radii: » = 0 mm (solid line: GIM; squares: InventSim),
r = 2.38 mm (dashed line: GIM; diamonds: InventSim).

8 10 12 14
Frequency (GHz)

Fig. 8. Normalized propagation coefficients versus frequency for the periodic
structure from Fig. 3(c) and different rounding radii: » = 0 mm (solid
line: GIM; circles: PBC), r = 2.38 mm (dashed line: GIM; crosses: PBC).

characteristics of this simple structure (e.g., modifying its
bands). Similar to the previous examples, the computation time
in the case of 2-D analysis was about two orders of magnitude
shorter than in commercial software.

IV. CONCLUSION

A 2-D FEM has been utilized to investigate axially symmet-
rical guiding structures. The utilization of BOR significantly
improves the efficiency of the discrete analysis reducing the
computational time by up to two orders of magnitude. This
attribute makes this technique comparable to the analytical
approaches while maintaining great flexibility of the algorithm
with respect to structure geometry. The proposed approaches
allow the study of periodic/quasi-periodic structures as well
as whole devices composed of different waveguide sections.
The validity and efficiency of the presented technique have
been verified, which confirms its usefulness for the design
and optimization process.

APPENDIX A
ELECTRIC AND MAGNETIC FIELDS IN A
HOMOGENEOUS CIRCULAR WAVEGUIDE

In order to create a proper basis (7) for GIM definition,
the following field distributions in a homogeneous circular
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waveguide are required. For TE modes

N wum -
tT]t;:p g Jm("t/zp)’p
KyqP
o Jjou -
TP = 1 )i
q
- y’ -
h;l“l:;p J ( qp) pt I ( ;p)lz
Kg
- jm)// 2
hﬁ’” = —qu;; (K'qp)ip
K'yp

and for TM modes

ATM Y - >
€q r= _é-’y/n(’cqp)lp + Jn(rgp)iz
5™ Jmy -

€9.q P = 2 1 Im(K5qp)iy

. qp
»TM, p Jwe 2
hyq" = T Jr/n("ql’)lw
q

>TM, p mwe >
h = ———JIn(kgp)i,.

t,q K(%p MATGFIEp

Parameters x; and ;c(; represent the sequential roots of the

Bessel function of order m and the roots of its derivative,
respectively, divided by the waveguide radius.

APPENDIX B
DETAILED FORM OF THE LOCAL FEM MATRICES

The local matrices in (13) have the following form:
//s[n] V, x ([ll:)]) ‘ (ﬂr_l%t X VY/([i';])pdde
~k / st Wiy Wiy pdpdz

" //Sm m_zﬁl([/’:)J ' ( IW( )dpdz

2], = [, 2] (o5 ) o

(G,

m] _ T
[G“”“’]k - //S[n] sz pa(k)) (’u’ Vi (pa(l)))dpdz
_k(z)//sm “iiyerec pdpdz
[n] 1
[G ] //S["] —V, pa(k)) . W(l) dpdz

whereas local matrices in (14) are defined by

— Wi (ip x g ) pd
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[n],p _ TM P
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Hybrid Analysis of Structures Composed of
Axially Symmetric Objects
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and Piotr Kowalczyk™, Member, IEEE

Abstract— A hybrid method for the scattering problems in
shielded and open structures is presented. The procedure
is based on the combination of body-of-revolution involving
finite-element methods with impedance matrix formulation and
the mode-matching technique, which can be utilized for the analy-
sis of structures with axially symmetrical scatterers. In order to
confirm the validity and efficiency of the proposed approach,
a few examples of electromagnetic field scattering in open and
waveguide structures are analyzed. The results cohere with those
obtained by commercial software.

Index Terms—Body of revolution (BOR), cylindri-
cal waveguides, finite-element method (FEM), generalized
impedance matrix (GIM), periodic structures, scattering,
waveguide discontinuities.

I. INTRODUCTION

CATTERING and propagation problems are important

issues in the analysis and design of microwave, RF, and
optical devices (e.g., shaping of radiation patterns, filters,
phase shifters, or circulators). There are many different meth-
ods for solving such problems. They can be separated in
terms of geometrical complexity or divided into analytical and
discrete techniques. For simple structures, the analysis can
be performed using analytical methods. This provides great
accuracy and fast calculations; however, it is associated with an
exasperating lack of versatility. They are therefore only used
for some structures, such as cylinders, spheres, and ellipsoids.
In these cases, the field can be described with the use of the
Hankel or Mathieu functions (respectively, for cylindrical and
elliptical rods), and the mode-matching method can be utilized
[1]-[6]. For slightly more complex structures, a solution can be
found with the use of quasi-analytical techniques (for example,
the field-matching method), which are more general than the
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previous ones and are still quite efficient [7], [8]. Never-
theless, they are limited to rods with convex cross sections
in 2.5-D problems. There are other techniques that are much
more versatile, for example, integral equation methods that
involve Green’s functions. However, the improvement of ver-
satility comes at a cost—some problems remain and new ones
appear. The first issue is the choice of basis functions (similar
to the mode- and field-matching methods), and the second
is singularities of Green’s functions [9]. The most versatile
techniques are discrete methods, such as the finite-element
or finite-difference (FD) method. In these techniques, there
are no geometrical restrictions imposed, and therefore, they
are commonly used in commercial software. Nonetheless,
they require fine discretization for complex geometries, which
affects calculation time and memory requirements. Another
issue for these kinds of methods is domain truncation for
unshielded structures. Improper truncation affects accuracy;
proper truncation may require a number of ambiguous para-
meters [as in perfectly matched layer (PML)] and expands
the computational domain. To combine the advantages of
analytical and discrete techniques, hybrid methods have been
developed. The analysis is made faster by a proper division of
the computational domain while remaining versatile; in some
cases, they also eliminate boundary condition issues.

There are many different hybrid methods [10]-[14], but
in this article, we will focus on one of the most effective:
a combination of the generalized impedance matrix (GIM)
and mode-matching method. In this approach, the domain is
divided into two regions: an inner and an outer one. In the
inner region, which is represented by GIM, a discrete method
can be employed, such as the finite-element method (FEM).
Utilization of any discrete method permits calculating GIM at
the boundary and, using this model, the entire inner part of
the domain. In this way, a very arduous discrete method needs
to be used only in a small part of the domain. In the outer
region, fields are described analytically by a series of fixed
basis functions (as in mode- or field-matching methods). For
structures with axial symmetry or with at least one element
with such symmetry, the discrete part of the analysis can
be further improved. This approach is well known in the
literature as body of revolution (BOR) and permits a significant
reduction of the problem [15]-[28]. There are many geomet-
rical structures that fulfill the condition of axial symmetry,
such as cylinders, cones, hourglass shapes, and many others.
In these instances, a calculation of GIM does not require

0018-9480 © 2020 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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FEM analysis

analytical
analysis

Fig. 1. Schematic views of (a) object illuminated by a plane wave,
(b) computational domain, and (c) waveguide with a scatterer.

3-D FEM, but only 2.5-D, which makes the computation more
efficient.

In this article, a combination of the FEM with GIM and
the mode-matching technique is presented. A mixture of FEM
and BOR provides fast determination of GIM and, hence,
an effective analysis of the whole structure. A scatterer is
surrounded by a semicircular port, which permits an analysis
of structures with finite dimensions, as opposed to [29] where
infinite cylinders were considered (see Fig. 1). These scatterers
can be arbitrarily rotated and placed in waveguides, which
makes this method more versatile. The proposed approach is
a modification of the technique presented in [10] and [11]
where the FD method was used. The discrete part of the
proposed approach is based on [30], where axially symmetrical
waveguides were analyzed.

Moreover, utilization of FEM instead of FD eliminates the
problem of even discretization (used in FD) and permits the
use of a sparser mesh. In addition, contrary to FD [10], [11],
in FEM, there is no need to employ any effective permittivity
or mesh modifications on a metal surface.

This approach also carries great potential for the use
of model order reduction in the GIM [31]. In addition,
the mesh morphing technique can be utilized [32], which is
an undoubted advantage in the context of the design process.

II. FORMULATION OF THE PROBLEM

The aim of the analysis is to determine scattering fields in
open and closed structures consisting of axially symmetrical
objects (see Fig. 1).

In Section II-A, it is shown that the GIM can be used in
both closed and open structure analyses, i.e., to determine
the scattered field from an object at any known excitation.
Any scattering object can be replaced with an artificial object
(containing the scatterer) of simple geometry on the surface
of which the GIM is defined. In other words, the GIM can
be applied to simplify the analysis by changing the complex
geometric structure to a simple one. This approach allows
for the fields to be analytically described outside the object.
In Section II-B, the GIM for a spherical subdomain is defined.

(@) (b)

incident field

A o

incident field
N>

absorbed
field

scattered field

“—_ N

scattered field

«—~_ N

simple object

complex object

[Z]

complex object

surrounded by

artificial surface
of simple geometry

simple object described by
generalized impedance matrix

Fig. 2. Idea of simplification involving GIM. (a) Scattering from sphere.
(b) Scattering from object with complex geometry. (c) Description of the
object by its generalized impedance matrix.

For scattering structures with axial symmetry, the GIM can be
determined using FEM with BOR, as shown in Section II-C.

A. Scattering of EM Waves in Open and Closed Structures

The analysis of electromagnetic field scattering from a
material object is based on the assumption of a known incident
field illuminating the object and searching for an unknown
scattered field from that object. In general, the problem can
be described by a set of equations (at the boundary of the
scatterer)

Einc + Escat _ Eabs 1)
Iflinc + [:’Iscat _ Iflabs )

where superscripts inc and scat refer, respectively, to the
incident and the scattered field by the object, and abs refers
to the absorbed field in the object. If the geometry of the
object is simple [see Fig. 2(a)], e.g., a cylinder, an ellipse,
or a sphere, the fields, both inside and outside the object, can
be described analytically by expansion in series of appropriate
functions (depending on the coordinate system used). In this
case, the mode-matching method is commonly utilized, which
allows for quickly obtainable, accurate results. When the
object is of complex geometry [see Fig. 2(b)], the analytical
description is difficult or often impossible; therefore, other
numerical techniques need to be employed, such as discrete
methods, which, while less efficient, are more versatile. How-
ever, if the electromagnetic field is calculated in the vicinity
of the object, e.g., on the surface of a cylinder or a sphere,
surrounding the object, then in further analysis, this artificial
surface can replace the object [see Fig. 2(c)]. It is then possible
to combine both methods where the discrete method is utilized
only within and in the close proximity of the object, while
outside the artificial surface, an analytical description can
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be used. Such combination is possible by relating electric
and magnetic fields on the artificial surface in the form of
impedance. In the algorithm, the electric and magnetic fields
are projected on the appropriate sets of orthogonal functions
and the impedance relation is described with respect to_the
coefficients of both fields. In this approach, E® and H"
from (1) and (2) relate to the field inside the artificial object on
the surface of which the following relation can be formulated:

ct=zcH 3)

where CE-H denote vectors of coefficients of ES and
H*S fields. In order to minimize the computational effort,
the discrete domain should be as small as possible, i.e., the
surrounding surface should enclose the object in very close
proximity. However, due to the possibility of an occurrence
of the local singular fields at the sharp edges of the scatterer,
the surface cannot be in contact with the object.

Next, utilizing the calculated GIM, a T-matrix on the
artificial surface can be easily calculated [10]. The T-matrix
relates to the coefficients of incident and scattered fields and
with a known excitation allows for the scattered field to be
calculated. It is worth noting that such description of the
object depends on the geometry and material properties of
the object, but is independent of an excitation. Therefore,
the analyzed object, which is described by GIM or T-matrix,
can be placed in different scenarios, e.g., illuminated by a
plane wave while in free space, placed in a waveguide junction
and excited by a waveguide field or enclosed by a metallic
wall forming a cavity. Such an approach was previously
used for the analysis of structures containing inhomogeneous
dielectric cylinders [33], cylinders of arbitrary shapes [7], [34],
or rotationally symmetrical objects [10], [11] both in closed
and open structures.

The algorithm utilized in the described approach can be
presented in the form of a flowchart shown in Fig. 3. The first
step is to calculate the GIM of the analyzed object. A detailed
description of this step is presented in the following. From
the GIM, the T-matrix is calculated and object rotation can
be performed by a simple multiplication of this matrix by
rotation matrices [10] without the need for recalculation of
GIM or the T-matrix. Next, the type of analysis is chosen.
For open problems, the scattered field in near or far zones
is calculated. For closed problems, a scattering matrix of a
waveguide junction with the analyzed object is determined.
In the case of analysis of filtering structures with multiple
sections, cascading formulas for S-matrices are utilized to
calculate the scattering parameters of the entire structure.

B. GIM for a Spherical Subdomain

In the proposed method, a scatterer (or scatterers) is sur-
rounded by a virtual sphere with radius R, on the surface of
which the relation between an electric and magnetic field can
be defined. This approach permits an analysis of the structure
irrespective of excitation (in a limited or an infinite domain)
as well as rotation and duplication of the object without
repeating the analysis. Assuming basis functions describing

the electric {eIE, eI} and magnetic {h'E, h™} fields on

calculation of GIM
on the sphere surface

l

calculation of T-matrix
on the sphere surface

application of rotation

formula
Y
type of OPEN
analysis? l
calculation of scattering
CLOSED characteristics

calculation of S-matrices
of waveguide junctions

l

NO
calculation of S-matrices
of empty waveguide
sections
calculation of S-matrix
of the waveguide i
junction /

cascade formulas

calculation of S-matrix
of the entire structure

Fig. 3. Flowchart of the algorithm.

the aforementioned spherical surface, the relation between the
field expansion coefficients in these bases can be obtained [30].
This relation is well known as GIM (denoted as Z)

V=271 4)

where V = [VTE, yTM] 1 = [ITE 1™] and
VO = VL v vV o V] )
= [ 1 10 1o s VN ©

are vectors containing coefficients of the corresponding
electric

N n
7 TEZTE T™>TM
E(R, 0: (/’) = Z z (Vnm €nm + Vnm enm) (7)
n=1m=—n

and magnetic

N n
H(R,0,9) =D > (Lbthur + L) (8)

n=1 m=—n
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fields, where vector spherical harmonics have been adopted as

basis functions 6™ = /TE = N! and h™ = ¢TE = p1!

and defined as follows:
o . oP™ 0)- j >
Now = €7  (Cos )ie + - P,f"(cos@)i(g
00 sin
0P (cos0)~
7,
00

N . im o
M}, = " (—sjiné’ P (cosO)ig —

C. Evaluation of GIM Using FEM Combined With BOR

This part of the proposed algorithm is similar to the pro-
cedure described in [30] where the waveguides with axial
symmetry were analyzed. The main difference is related to
the port definition. In [30], two circular ports were introduced
at the ends of the waveguide junction, whereas in the proposed
procedure, a single spherical port is utilized. The matrix Z is
similar and can be determined using the relation

Z = jouoA 'BEG™'B 9)

where matrix G takes exactly the same form as in [30]. How-
ever, the matrices B and A need to be changed because they
are directly related to boundary conditions. By rewriting fields
as a component in the direction ¢: E p(p.2) = Ey(p, z)z¢ and
as a tangential component: E,(p,z) = E,(p, z)z,)—i—E (p, Z)lz,
a weak form of the wave equation can be written for scalar
components as follows:

Jjm 17
—/ Tgradz(pF(p)wr E; dpdz
S

—k(%//pF,/,grEw dpdz
N

1 _
+// ;gradz(pFw) -1 'grad, (pE,) dpdz
S
—|—27rR2ja),uo/ F(p(;(p X I;VZ) -1, sin0do
L
=0 (10)

and for vector components

// P curltﬁt : ,u:lcurl,E, dpdz
S

—ké //plj", ~£rb:, dpdz
N

jm =, 1
—l—/ 7Ft -, grad, (pE,) dpdz
S
m? - 1z
+ —F,~,ur El dpdz
s P
+27rR2ja),u0/(f7, x Hy) - i, sin0do
L
=0 (1
where

- - (04, aA
curl A, =i, 8z 6p
> 8f

- af
rad, f = +1i
grad, f 6,0 lz=- oz
The relative permittivity and permeability of the structure are
represented by ¢, and u,, respectively, and ko is a vacuum

wavenumber. F, and F; are testing functions. The compu-
tational domain S is represented by a semicircle bounded
by L. The magnetic field on the boundary is decomposed
and expressed in_spherical coordinates as a component in
the direction ¢: H (R,0) = Hy(R, 9)1¢, and the tangential
component: H,(R 6) H.(R, 6)1, + Hy(R, 0)19

The local matrix B for each element ¢ (i.e., the element of
finite element mesh) is defined as follows:

lq] lq]
Blal — Bt  Bitm (12)
B[Q] B[q]
¢, TE 0, T™M

and its terms take form
[B%E]k,u — 27 R? /L W([,f)] i x hyt,,) sin df
(B, = 27 R? /L W G, x BT, ) sing do
[Bhel, =28 [ alfl,
[Bgﬂm]kv =27 R? / aiip - (ir x B, ) sin6 do

where v = 1,2, . N (N +2) corresponds to a specific mode
nm by relation v = n?>4+3n+m+1. In the analysis, the standard
hierarchical (scalar and vector) basis functions [35] a() and

(iy x hTE,) sin6 do

VT/(. of the second order were assumed. The matrix A is
defined as follows:

A = diag{A™, A™) (13)
where
[ATE],, = —anz/ ir - (eTE x hTE*)sing do  (14)
L

[A™),, = —2nR2/LZ’r S(E™ x ™M) sing do. (15

III. NUMERICAL RESULTS

In order to validate the proposed method, a few examples
were analyzed (both scattering and propagation problems)
and compared to commercial software or the literature. The
algorithm was implemented in the MATLAB environment, and
all of the tests were performed using an Intel Xenon X5690
3.47 GHz (two processors), 64-GB RAM computer.

The first structure investigated was a cylinder, whose dimen-
sions are presented in Fig. 4 and relative permittivity was
assumed to be ¢, = 3. It was located along the x-axis and
illuminated by a plane wave propagated along the z-axis and
polarized in the y-direction. All calculations were performed at
a frequency of 8 GHz, and the number of modes considered in
this analysis was N = 8. The results presented in Fig. 4 were
compared with the hybrid method (a combination of the FD
and mode-matching methods) [10] and found to be concordant.

The second considered scatterer was a dielectric cone
(see Fig. 5). In this case, the material’s parameters were the
same as in the aforementioned example and the number of
modes was set to N = 10. The dimensions of the structure
and the scattering characteristics are shown in Fig. 5. The
orientation of the scatterer and the plane wave illumination
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Fig. 4. Plane wave scattering on single dielectric cylinder at (a) plane wave
illumination, (b) schematic, and (c) dimensions: 2 = 20 mm, r = 6 mm, and
R = 12 mm; normalized scattered field at frequency 8 GHz in (d) xz plane
and (e) yz plane. Solid line: this method. Dashed line: FD/MM method.

angle was the same as in the first example. The results were
compared with the HFSS commercial software (red dashed
line) and a good agreement was achieved.

The third example was a dielectric post in the shape of a
dumbbell. As in the previous cases, the relative permittivity
was set to g, = 3, with the dimensions and results shown
in Fig. 6, and the number of modes required for the calcu-
lations increased to N = 15. The orientation of the scatterer
and the plane wave illumination angle was the same as in
the previous examples. The results were again compared with
HESS, obtaining good agreement.

In all of the previously presented cases, the total compu-
tational time was less than 1 min (including mesh genera-
tion, mode matching, and FEM analysis). For comparison,
the calculation time of the analysis using the 3-D commercial
software (HFSS) was about 1 h (see Table III).

In order to present the application of the method for closed
structures, the investigated obstacles were placed in a circular
waveguide. The analyzed structure consisted of two metal
cylinders (R = 2.3 mm and 27 = 10 mm) placed in a
waveguide with radius R = 10 mm at distance /; = 39 mm.
The scattering parameters were collected and shown in Fig. 7.

Fig. 5.
illumination, (b) schematic, and (c) dimensions: 7 = 20 mm, r = 6 mm, and
R = 12 mm; normalized scattered field at frequency 20 GHz in (d) xz plane
and (e) yz plane. Solid line: this method. Dashed line: HFSS.

Plane wave scattering on single dielectric cone at (a) plane wave

Both polarizations with respect to the cylinder axis were
considered and are denoted by index) along the axis and per-
pendicular to the cylinder axis. For all obtained results, excel-
lent agreement with commercial software calculations was
achieved. The analysis was performed with spherical modes
determined by N = 8, and waveguide modes were determined
by parameter Ny = 8 [11]. Such a choice was a consequence
of the convergence examination presented in Tables I and II
for different distances between the cylinders /1. The percentage
error was evaluated according to the following formula:

[S1 =S
[si]

fmax
ISl =,//f{ IS(HIFdf a7

fmin and fmax define the frequency range, whereas the refer-
ences were obtained from HFSS simulations.

The next example considers the filtering structure presented
in Fig. 8 consisting of a waveguide with radius R = 10 mm

oS = (16)

where
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Fig. 6. Plane wave scattering on single dielectric dumbbell at (a) plane
wave illumination, (b) schematic view, and (c) dimensions: r; = 3 mm,
rp = 1.5 mm, h = 14 mm, and R = 12 mm; normalized scattered field at
frequency 20 GHz in (d) xz plane and (e) yz plane. Solid line: this method.
Dashed line: HFSS.

TABLE 1

PERCENTAGE ERROR 0S1| OF SCATTERING PARAMETERS FOR
STRUCTURE FROM FIG. 7 WITH /] = 19 mm

Ny N | number of mesh elements
55 110 232

2 2 23.25 2281 22.72
4 221 1.44 1.27

6 1.58 0.82 0.65

8 1.56 0.80 0.64

4 2 37.13  36.77 36.70
4 1.89 1.12 0.95

6 1.41 0.66 0.50

8 1.39 0.64 0.48

6 2 | 40.85 4047 40.40
4 1.87 1.10 0.94

6 141 0.66 0.50

8 1.39 0.64 0.48

8 2 | 4357 43.17 43.10
4 1.88 1.11 0.94

6 1.41 0.66 0.50

8 1.39 0.64 0.48

and three metal cylinders. The dimensions of the middle
cylinder were r = 0.51 mm and 2 = 13.1 mm and of the
two side cylinders, r = 0.51 mm and & = 10.3 mm. The

Sy
<,+S21(1)

—6—5,0
——5,(2)
= = HFSS S (1)
05 [|seerees HFSS S, (1)
—===HFSS 8, (2)
HFSS S,,(2)

IS1 [dB]

-20

30 T . . . . I
95 96 97 98 99 10 101 102 103 104 105

Frequency [GHZ]

Fig. 7. Schematic of the structure (/; = 39 mm) and scattering parameters
of two metal cylinders placed in a waveguide.

TABLE I

PERCENTAGE ERROR 0S|| OF SCATTERING PARAMETERS
FOR STRUCTURE FROM FI1G. 7 WITH /] = 14 mm

Ny N | number of mesh elements
55 110 232

2 2 9.22 9.09 9.07
4 1.73 1.23 1.12

6 1.01 0.52 0.42

8 1.03 0.54 0.44

4 2 1175  11.90 11.93
4 1.22 0.74 0.64

6 0.90 0.41 0.31

8 0.89 0.40 0.30

6 2 19.98 19.71 19.66
4 1.21 0.71 0.60

6 0.85 0.35 0.25

8 0.89 0.40 0.30

8 2 13.45 13.30 13.28
4 1.26 0.76 0.65

6 0.72 0.28  0.00.22

8 0.90 0.41 0.31

distance between the cylinder centers was /; = 36 mm. The
scattering parameters of the filter are presented in Fig. 8.
The obstacles used in the previous example affected both
polarizations as they were both long and thick. The reduction
of the obstacle dimensions in one direction allows its influence
to be decreased for a chosen wave. Therefore, in this example,
the cylindrical posts were very thin that resulted in the
complete transmission of perpendicular polarization through
the structure.

The computational time of the considered waveguide exam-
ples was about ten times shorter than the calculation performed
in the 3-D commercial software (see Table III).

As the last example, a periodic structure composed of
dielectric cylinders of radius » = 2.3 mm, height # = 10 mm,
and dielectric permittivity ¢, = 12 was calculated. Such
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S| [dB]
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9.5 9.6 9.7 9.8 9.9 10 101 102 103 104 105
Frequency [GHz]

40 F

Fig. 8.  Schematic of the two-pole filter (/j = 36 mm) and scattering
parameters of the filter.

~110001737110-
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p

= polarization 1 = polarization 1

—&— polarization 2

(% =&= polarization 2

1.
12 JQ 95 10 105 11 15 12
Frequency (GHz)

9 95 10 105 11 115
Frequency (GHz)

Fig. 9. Normalized propagation coefficients versus frequency for the periodic
structure composed of dielectric cylinders with ¢ = 12 of dimensions:
r =2.3 mm and 7 = 10 mm. (a) Period p = 40 mm. (b) Period p = 60 mm.

TABLE III
APPROXIMATED COMPUTATIONAL TIMES

type of structure our method | HFSS gain
open structures(Figs. 4 - 6) 1 min 1h 60 times
filter (Fig. 8) 35 min 6 h 10 times

structures can be analyzed as a cascade connection of a number
of waveguide sections of length p (period of the structure)
including the investigated objects and described by a scattering
matrix. However, the result will describe only a pseudoperiodic
structure. Utilizing a formula described in [36], it is possible
to calculate propagation coefficients y = o + jf, with a and
[ denoting the attenuation and phase coefficients, respectively.
The results for the structures with a different period p and for
both orthogonal polarizations of fundamental mode are shown

in Fig. 9. By changing either period, the dimension, or the
shape of the inclusion, it is possible to create a structure with
specific passbands and stopbands.

IV. CONCLUSION

A hybrid technique was utilized to investigate structures
containing axially symmetrical scatterers. The utilization of
BOR and GIM significantly improves the efficiency of the
discrete analysis, reducing the computational time by at least
an order of magnitude. BOR allows 2.5-D FEM to be utilized
for the analysis of a 3-D structure, and GIM is particularly
useful in optimization procedures when many identical objects
with arbitrary rotation are being investigated (as the rotated
and replicated objects do not need FEM recalculation). The
proposed approach can also be applied to study periodic/quasi-
periodic structures as well as whole devices composed of
different waveguide sections. The validity and efficiency of
the presented technique have been verified, which confirms its
usefulness for the design and optimization process.
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Abstract—Despite its long history, a double-concave (DC)
Fabry-Perot open resonator (FPOR) has recently gained popular-
ity in the characterization of dielectrics in the 20-110 GHz range,
mainly due to such novel accomplishments as full automation
of the measurement process and the development of even more
accurate and computationally efficient electromagnetic model.
However, it has been discovered that such a DC resonator
suffers from unwanted mode coupling present for electrically
thick samples. Such limitations are missing in a plano-concave
(PC) FPOR. For those reasons, the aim in this article is to apply
the newly proposed scattering matrix method in the study of
major properties of that kind of a resonator and, subsequently,
to propose a new tool dedicated to the measurement of dielectrics
without the aforementioned limits. For the first time in the
literature, major properties of the PC FPOR with and without the
sample, such as resonance frequencies, geometric factors, energy
filling factors, and the resulting quality factor, are rigorously
computed. Moreover, their impact on the accuracy of the loss
tangent extraction is investigated. Such a study, which opens the
way for accurate microwave characterization of electrically thick
dielectric sheets above 20 GHz, has never been performed before.
The whole complex permittivity extraction algorithm presented
in this article is validated experimentally by measuring well-
known materials, namely, C-plane sapphire, silicon, and Z-cut
monocrystalline quartz.

Index Terms—Dielectric properties, Fabry-Perot
resonator (FPOR), scattering matrix method (SMM).
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[. INTRODUCTION

ABRY-PEROT open resonator (FPOR) belongs to the

family of high-Q resonant structures applicable to elec-
tromagnetic (EM) characterization of materials in a broad
frequency range spanning from low microwaves up to mil-
limeter waves and beyond [1]-[6]. The FPOR operates in
such applications at fundamental Gaussian modes, denoted
as TEM , modes, where g represents a longitudinal mode
order along the resonator’s revolution axis. Consequently,
resonant EM characterization of materials can be undertaken at
consecutive Gaussian modes in a very broad frequency range,
e.g., 10-110 GHz, in a single measurement cycle. A relatively
large volume of the FPOR allows achieving a Q-factor at the
level well over 10°, which makes the method very sensitive
to the dielectric losses of the sample.

In principle, the FPOR can be applied as a double-concave
(DC) or plano-concave (PC) geometry. The first option brings
several advantages. First of all, odd Gaussian modes have
the maximum of the electric field exactly in the middle of
the resonator’s length, so the position of the material under
test (MUT) is well-defined. Second, the insertion of the sample
into the DC FPOR does not significantly change the fields
far at the mirrors, which means that the Q-factor due to
conduction losses can be assumed unchanged and measured
in the FPOR before insertion of the sample. This is by the
way a common practice in resonant measurements. For those
reasons, the DC FPOR has been successfully applied in the
material characterization undertaken in the 20-110-GHz fre-
quency range [7]. However, a recently discovered detrimental
coupling of odd TEMj o, modes with one of even higher order
Laguerre—Gaussian modes limits the largest electric thickness
of the MUT that can be measured with the DC FPOR without
the risk of increased deviation of the complex permittivity [8].

The aforementioned issue can be resolved if either even
or odd modes are eradicated from the structure, so that their
coupling will not be possible. Odd modes can be suppressed
in the DC FPOR by inserting an electric boundary condition
exactly in the middle of the resonator, which is equivalent to
the geometry of the PC FPOR. The MUT in the PC FPOR
is usually located in the vicinity of the flat mirror, preferably
at the maximum of the electric field nearest to the mirror.
It means that the position of the sample varies from mode

0018-9480 © 2022 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See https://www.ieee.org/publications/rights/index.html for more information.

Authorized licensed use limited to: Politechnika Gdanska. Downloaded on November 17,2022 at 10:58:28 UTC from IEEE Xplore. Restrictions apply.


http://mostwiedzy.pl

Pobrano z mostwiedzy.pl

A\ MOST

SALSKI et al.: MICROWAVE CHARACTERIZATION OF DIELECTRIC SHEETS IN PC FPOR 2733

to mode, which makes the mode tracking more intricate (see
later in this article), as compared to the DC FPOR where
the MUT is always in the middle of the resonator’s length.
In addition, it is very likely that the presence of the MUT
in the vicinity of the flat mirror affects conduction losses,
which in turn may deteriorate the accuracy of the loss tangent
determined using a standard approach with the measurement
of the Q-factor of the empty and loaded cavity. To this date,
neither of these subjects has been discussed in the literature,
although it is of vital importance for the accurate assessment
of the complex permittivity. One of the novel findings that
will be presented in this article is that conductive losses at a
planar mirror are slightly larger than those at a concave mirror
in the empty resonator and both slightly change after insertion
of the sample. Neglecting that fact would lead to the over-
or underestimation of the loss tangent, which is especially
important in the characterization of ultralow-loss materials.

The extraction of the complex permittivity, which is the
main goal of this article, requires knowledge on the relation
between the parameters of the MUT and resonance frequency
of the resonator. It can be established using EM modeling
methods. The most straightforward approach is to apply one
of the full-wave numerical methods, such as finite difference
time domain method [9] or finite element method (FEM) [10].
However, this is the least effective approach, as the methods
are versatile at the cost of large computational effort, which
becomes critical in case of electrically large structures, like
the FPOR.

In addition to that, it should be kept in mind that the most
timely effective approach to complex permittivity measure-
ments is to run EM simulations at a preprocessing stage in
order to build up lookup tables of changes of the resonance
frequency at each TEMg o, mode as a function of the thick-
ness, ¢, and dielectric constant, Dk, of the MUT. These lookup
tables can be, subsequently, applied during the measurement
to quickly find the unknown complex permittivity of the MUT.
In the view of the fact that there can be dozens of TEMy
modes to be computed in the whole measurement spectrum
(e.g., 65 in the 10-110 GHz range with 1.5-GHz frequency
step) with dozens of simulations per mode, the choice of
full-wave methods would have been timely prohibitive. Nev-
ertheless, they can play an important role in the numerical
validation of alternative more efficient EM modeling methods.

For the above reasons, dedicated computing methods are
of essential importance. Historically, the first method is based
on a scalar paraxial approximation of a wave equation, which
leads to the characteristic equation, the nonlinear solution of
which provides resonance frequencies of TEM,, ,, modes
[1], [2]. The advantage of this approach is mainly in its
simplicity as this is a single analytic equation. However, the
accuracy of the method decreases with the increase of the
electric thickness of the MUT. Moreover, the sample should
be located exactly in the beam waist, where the paraxial
approximation holds. Another approximate approach is based
on perturbation theory [6], which relies on the assumption that
insertion of the sample perturbs the field distribution inside the
cavity to a little extent. This is, however, correct for either very
thin or low-Dk samples.

Another dedicated method, which is also relying on the
paraxial approximation, is based on the conformal transforma-
tion from Cartesian to Gaussian coordinates, which transforms
the whole structure into a 1-D multilayer problem, the solution
of which is relatively easy and computationally efficient [4].
However, due to high accuracy and relatively low compu-
tational effort, the most promising is the recently proposed
scattering matrix method (SMM), where a DC FPOR is split
into three nonresonant sections consisting of the first mirror,
sample, and the second mirror, and EM fields are represented
as a weighted sum of circular waveguide modes [5]. This
is a rigorous vector method with no paraxial approximation
involved. There are at least two major advantages of such
approach to the problem. First of all, the multimode scattering
matrix representing the mirrors at a given frequency can be
calculated only once and, subsequently, applied at a post-
processing stage with various types of the sample by simply
exchanging the matrix representing the middle section with the
sample. This middle section of the resonator can be computed
using Fresnel equations [5], whereas splitting of the analysis
into well-defined circular waveguide modes allows shifting the
location of the sample analytically. Consequently, there is no
limitation imposed on the electric thickness of the MUT or its
position inside the FPOR, which is another advantage of the
method.

So far, the SMM has been successfully exploited in the
study of the properties of the DC FPOR only, whereas a
thorough knowledge on the properties of the PC FPOR is
still missing in the literature. Therefore, this article concerns
the study of the PC FPOR, which allows characterizing the
MUT of much larger thickness due to elimination of the
aforementioned mode coupling problem. Moreover, it will
be shown that the PC FPOR has some additional features
that can be very useful in reducing the lowest level of the
measurable loss tangent ca. by the factor of 10 as compared
to its DC FPOR counterpart. The study presented in this article
is performed with the use of the SMM, which guarantees
accurate results with low numerical cost.

In Section II, EM model of the PC FPOR based on the SMM
is proposed and validated against FEM. In Section III-A, the
major properties of the empty PC FPOR are investigated,
such as beam waist, gaucissity, and conduction losses. Sub-
sequently, the relation between resonance frequencies and the
position of the sample along the resonator is discussed in Sec-
tion I1I-B, aiming at deriving conclusions related to the recom-
mended location of the sample during the measurement. The
conclusions are subsequently implemented in the automated
mode tracking algorithm. In Section III-C, lookup tables of the
resonance frequencies as a function of the thickness and Dk of
the MUT are presented, and the impact of the geometric factors
and energy filling factors on the accuracy of the loss tangent
extraction is investigated. It should be emphasized that such
rigorous study of the PC FPOR has never been undertaken
before. Eventually, Section IV deals with experimental results
obtained for a few well-known dielectric samples confirming
the approach proposed in this article. Two major advantages
of the PC FPOR proposed in this article, as compared to
the equivalent DC FPOR [4], [5], [7], are the decrease of
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ap

Fig. 1. PC FPOR (D = 100 mm, R = 150 mm, and D,p, = 200 mm) loaded
with the sample with the thickness, ¢, shifted from a planar mirror by a given
distance, ds. Numbers denote the individual sections of the FPOR applied in
the SMM.

the lower limit of the measurable loss tangent to ca. 107>
and a substantial increase of the thickness of the measurable
samples. Consequently, the proposed solution opens the way
for accurate and broadband characterization of electrically
thick and ultralow-loss dielectric sheets above 20 GHz.

II. EM MODELING
A. Structure

A PC FPOR, shown schematically in Fig. 1, is made of the
planar and concave mirrors separated by a given distance, D.
The latter one has a spherical shape with a curvature radius, R.
The FPOR is loaded with the sample with the thickness, 7,
shifted from the planar mirror by a given distance, ds. The
aim is to locate the sample at a position corresponding to the
lowest resonance frequency of a given TEMj o, mode in order
to enhance measurement sensitivity. In case of the electrically
thin samples, that position corresponds to the maximum of the
electric field.

In case of the DC FPOR, theoretical position of the maxi-
mum of the electric field of the odd TEMj o , modes is right in
the middle of the resonator’s length, so only slight adjustments
of the MUT’s position have to be done at consecutive modes
after the measurement position is found at the first mode of
interest (usually that with the lowest ¢). Unfortunately, the
maximum of the electric field in the PC FPOR loaded with
the MUT is not known a priori, so the measurement algorithm
has to track a given resonance frequency toward its minimum
while shifting the sample. Hence, it is necessary to learn how
the positions of the minimum and maximum of the electric
field change with the thickness and Dk of the MUT.

B. Scattering Matrix Method

In [5], the SMM has been successfully applied in the
analysis of a DC FPOR (D = 100 mm and R = 150 mm).
It has been shown there that eight TE and eight TM modes
are sufficient to get acceptable computational accuracy up

to 50 GHz. In case of the PC FPOR, the formulation of the
problem is similar to that of the DC FPOR. The only change
is the replacement of the scattering matrix representing one
of the spherical mirrors with the one representing a planar
mirror. Consequently, the PC FPOR loaded with the MUT is
represented with the following characteristic equation [5]:

det(|7 = 5r(£Sr(f0)|)=0 )

where Sp is a multimode scattering matrix representing a
planar mirror (Section I in Fig. 1) and Sk represents the two
sections, namely, the MUT (Section II in Fig. 1) and the spher-
ical mirror (Section III in Fig. 1). Formulation of the latter
matrix is thoroughly explained in [5], whereas the scattering

matrix representing the planar mirror, Sp,is diagonal with the
ith diagonal component given as follows:

Spy = —e I @)

where k;; is a forward wavenumber of an ith circular
waveguide mode and s;, denotes the distance from a reference
plane to the mirror (see Fig. 1).

Due to the fact that numerical accuracy of the SMM has
been thoroughly explained in [5] and [8] for a DC FPOR
with the shape of a spherical mirror exactly the same as the
one applied in the PC FPOR considered in this article, the
numerical study of the modeling method itself will not be
repeated here. Following the conclusions given in [5], it will
be assumed hereafter that radial (angular) discretization is
dp =1 mm (dp = 5°).

C. Validation Against FEM

Computational results have been validated numerically
against FEM. In a similar way as it has been undertaken in case
of the SMM, the efficient calculation of the FPOR with the use
of FEM requires division of the structure into three areas: two
mirrors and a waveguide section between them. In this way,
the FEM is incorporated to calculate only the scattering matrix
of the spherical mirror. In other regions, analytical techniques
have been applied, which decrease numerical dispersion and
reduce computation time. To reduce it even further, curvi-
linear elements and the second-order hierarchical functions
have been applied. Another important aspect is the treat-
ment of the FPOR as a body-of-revolution (detailed descrip-
tion in [11]) and the resulting reduction of the analysis to
a 2.5-D problem [10]-[17].

Fig. 2 shows a frequency difference between FEM and
SMM as a function of the total number of FEM cells computed
in the empty PC FPOR (D = 100 mm, R = 150 mm,
and D,, = 180 mm) at a few TEM;, modes spanning
from 20 to 50 GHz (¢ = 14-33). It can be noted that discrep-
ancy between the two methods decreases with the refinement
of the FEM model and it converges above ca. 2 x 10* cells.
Moreover, the discrepancy between the methods increases with
frequency from ca. —0.85 MHz at 21.44 GHz (¢ = 14) up
to 1.12 MHz at 49.92 GHz (¢ = 33), which is merely —39
and 22 ppm, respectively. Very similar discrepancy has been
achieved for the PC FPOR loaded with the sample.
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Fig. 2. Frequency difference between FEM and SMM as a function of the
total number of FEM cells computed in the empty PC FPOR (D = 100 mm,
R = 150 mm, and D,, = 180 mm) at a few TEMq,0, modes spanning
from 20 to 50 GHz.
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Fig. 3. Beam waist as a function of frequency in the empty PC FPOR
(D =100 mm, R = 150 mm, and Dy, = 200 mm) at consecutive TEM o 4
modes spanning from 20 to 50 GHz computed with the SMM (solid line) as
compared to the approximate value (dashed line) [4].

Most FEM submatrices can be calculated at a preprocessing
stage as they are frequency independent. Their calculation time
varies from 42 s for 5185 elements to 696 s for 20516 ele-
ments. Total calculation time of (1) with FEM for a single
frequency point takes around 6 s for the model consisting of
20000 elements. In case of the SMM, the model of a mirror
consists of 6480 elements. Computation performed with the
aid of CUDA acceleration on a GPU GeForce GTX 1080 Titan
card takes 28 ms (16 ms) per frequency point if 50 (500)
frequencies are calculated. It shows that the speedup of the
SMM over FEM is well over two orders of magnitude.

Once the SMM model of the PC FPOR is successfully
validated against FEM, it will be applied in Section III of this
article in the study of the properties of the resonator in the
20-50-GHz frequency range. At first, the basic features of the
Gaussian TEMj o , modes present in the PC FPOR without and
with the sample will be considered. Subsequently, the relation
between the resonance frequencies of the TEMy o, modes
and the sample’s shift will be investigated and, eventually, the
methods of extracting loss tangent of the sample from SMM
computational data will be addressed.

160
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Fig. 4. Q-factor as a function of frequency in the empty PC FPOR
(D =100 mm, R = 150 mm, and D,p, = 180 mm) at consecutive TEMy ¢ 4
modes spanning from 20 to 50 GHz computed with the SMM (solid line) as
compared to the measurement results (dashed line).

III. STUDY
A. Empty PC FPOR

Fig. 3 shows the spectral changes of a beam waist in
the empty PC FPOR (D = 100 mm, R = 150 mm, and
D,, = 200 mm) at consecutive TEMg(, modes spanning
from 20 to 50 GHz computed with the SMM (solid line) as
compared to analytical findings based on the paraxial approx-
imation (dashed line) [4]. In general, both results confirm that
the beam waist decreases with the square root of frequency.
It can be noted, however, that the approximate value, as in [4],
is underestimated by ca. 0.35-0.6 mm (2.4%—4.3%). Gaussic-
ity of the beam, as computed with the SMM, is well over
99.97% in the whole 20-50-GHz band.

The Q-factor of the PC FPOR can be represented with the
following formula [18]:

1 _R R

Qr G, Gs
where R; (G;) is the surface resistance (geometric factor) of
the ith mirror and p, (tand) is the electric energy filling factor
(loss tangent) of the sample. All the quantities in (3) can
be computed with the SMM by, at first, finding a resonance
frequency with (1) and, subsequently, by computing EM fields
in the resonator, as described in [8], and computing appropriate
integrals to get energy stored in the resonator and in the
sample, as well as power dissipated in the mirrors.

Brass mirrors of the PC FPOR applied in the experiments
addressed in this article were silver-plated to reduce their
surface resistance. Electric conductivity of the silver-plated
layer has been measured in [19] with a sapphire resonator to
be o = 4.89 x 107 S/m, which is ca. 79% of the conductivity
of pure silver. The corresponding surface resistance is R =
41.6 mQ at 21.44 GHz (R = 65.8 mQ at 49.92 GHz).
Fig. 4 shows that the computed Q-factor is increasing from
Qo =103 183 at21.44 GHz up to Q¢ = 156250 at 49.92 GHz.
Correspondingly, the measured Q-factor is Qg ,, = 102 636 at
21.44 GHz, which is merely 0.5% less than the computed
value. It implies that the Q-factor due to scattering (either
to free space or due to coaxial coupling) is as large as
Oscar = 19.36 x 10°. However, it can be noted that the

1
+ petand = — + p.tand 3)
Qo
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Fig. 5. (a) Geometric factors of both mirrors of the empty PC FPOR
(D = 100 mm, R = 150 mm, and D,, = 200 mm) and (b) their ratio at
consecutive TEMy,9,, modes spanning from 20 to 50 GHz computed with
the SMM.

measured Q-factor is slightly falling with frequency with
respect to the computed value, especially above ca. 35 GHz.
It is most likely due to the coupling holes with the diameter
of 1.3 mm drilled in the mirrors, the impact of which is
obviously increasing with the frequency due to the shrinking
beam waist (compare Fig. 3) and due to the hole size becoming
comparable with the wavelength. Nevertheless, the Q-factor
due to scattering is still as large as Qgar = 1.3 X 100 at
49.92 GHz.

Fig. 5 shows that geometric factors of both mirrors linearly
increase with frequency, although the one corresponding to the
planar mirror is slightly smaller indicating that its contribution
to the total losses of the PC FPOR is a bit larger. Nevertheless,
that discrepancy reduces with frequency, as shown in Fig. 5(b).
A similar high level of the geometric factor can be achieved
in dielectric resonators widely applicable in the material
characterization below 20 GHz [20].

B. Sample Positioning

In case of the DC FPOR, it is known a priori that the MUT
should be located exactly in the middle of the FPOR’s length
to make sure that, first, it is located in the beam waist of a
Gaussian beam and, second, it is exactly at the maximum of
an electric field of an odd TEMy o, mode. In case of the PC
FPOR, however, the beam waist is located exactly at the planar

mirror, so it is recommended to keep the sample in its vicinity
during the measurement. However, none of the maxima of
the electric field in the PC FPOR has a fixed position, which
now depends on frequency and sample parameters, namely,
the thickness and Dk. Hence, it is necessary to learn how
the shape of the electric field depends on the aforementioned
parameters. It will be undertaken by investigating the changes
of resonance frequencies with the shift of the MUT, ds (see
Fig. 1). In case of electrically thin samples, the largest decrease
of the resonance frequency corresponds to the position of the
sample at the maximum of an electric field.

Fig. 6 shows the resonance frequencies of the TEMg 14
mode computed with the SMM and with FEM (see dots) as a
function of ds. For the efficient mode tracking, it is crucial to
understand the behavior of the positions, where the maxima
and minima of resonance frequencies can be obtained. It can
be noted that for the samples relatively thin with respect to the
wavelength [e.g., = 0.1 mm in Fig. 6(a)], the maximum of the
resonance frequency and the corresponding position are almost
unaffected by the Dk. This is due to the fact that this is the
position of the minimum of the electric field, where the impact
of the sample is the least. On the other hand, the location of the
maximum of the electric field is only slightly affected by the
presence of the sample. However, the corresponding resonance
frequency linearly decreases with Dk. That decrease, by the
way, allows extracting Dk of the MUT, as it will be explained
later.

In case of moderate thicknesses of the samples
[e.g., t = 0.5 mm in Fig. 6(b)], the position corresponding
to the maximum frequency is still affected to a little extent,
whereas the position corresponding to the minimum frequency
visibly decreases with the increase of Dk [see Fig. 6(b)]. This
is due to the fact that the sample starts to substantially affect
the shape of the electric field.

When the sample becomes relatively thick [e.g., ¢t =
1.0 mm in Fig. 6(c)], a few worth-noticing effects can be
observed. First of all, one can notice that the position of
the first frequency minimum (i.e., maximum of the electric
field) decreases with the increase of Dk down to the lowest
possible value corresponding to the sample placed exactly
at the surface of the flat mirror (ds = t/2). This effect is
getting enhanced as the mode order (i.e., frequency) increases.
For those reasons, the insertion of the sample at the first
frequency minimum should be avoided as it may lead to the
collision with the mirror if the automatic tracking algorithm is
applied. Another interesting effect to be noticed is when the
sample becomes over half-of-the-wavelength thick. Fig. 6(c)
indicates that initially the position of the frequency minimum
decreases with the increase of Dk up to the point when the
sample becomes half-of-the-wavelength thick. See the curve
obtained for Dk = 15 in Fig. 6(c) (see blue dashed-dotted
line), which exhibits the maximum instead of the minimum
at ds = 8.5 mm. From the automatic tracking point of view,
it means that the algorithm should either find a new position
of the lowest frequency or start tracking the maximum. The
last crucial observation is that the amplitude of the frequency
tuning curves shown in Fig. 6 is suppressed down to zero when
the sample is exactly half-of-the-wavelength thick, which is
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Fig. 6. Resonance frequency at the TEMy o 14 mode as a function of the
sample’s shift computed with the SMM for a few dielectric constants and
for (a) t = 0.1 mm, (b) r = 0.5 mm, (¢) t+ = 2.0 mm. Dots indicate the
computation results obtained with FEM.

quite intuitive as the sample becomes electromagnetically
transparent.

C. Lookup Tables

Collection of numerical computations of resonance frequen-
cies of the PC FPOR for a series of thicknesses and Dks ends
up with lookup tables that can be exploited in the extraction
of the complex permittivity of the unknown MUT. Fig. 7(a)
shows such a lookup table of the resonance frequency of
the TEMy 14 mode. It can be noted that, as expected, the
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Fig. 7. (a) Resonance frequency of the TEMy, o 14 mode, (b) corresponding
sample’s shift, ds, and (c) electric energy filling factor, p,, as a function of
the dielectric constant and thickness of the sample.

resonance frequency decreases with the electric thickness of
the MUT, and the frequency span of these changes is as large
as 1 GHz in the considered range. The largest sensitivity,
corresponding to the largest slope in the frequency lookup
table, is achievable for either moderate-thin or moderate-Dk
samples. On the contrary, the lowest sensitivity is obtained for
the sample becoming half-of-the-wavelength thick [e.g., see
Dk = 15 and + = 2 mm in Fig. 7(a)], where the slope of
frequency changes is the smallest. A similar shape can be
observed for the lookup table of the corresponding sample’s
shift shown in Fig. 7(b), which decreases with the electric
thickness of the MUT by ca. 20% from the initial value of
ds = 10.6 mm.
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If the sample, like in the FPOR, fills only a fraction of
the resonator’s volume, the electric energy filling factor has
to be assessed to extract the loss tangent with (3). It can be
undertaken either rigorously by integrating EM fields in the
cavity [see Fig. 7(c)] or by using the approximate formula
derived with the aid of perturbation theory which reads [4]

of e,
oer fs

where f; is the resonance frequency of the resonator loaded
with the sample. It is worth noting in Fig. 7 that the largest
energy filling factor corresponds to the largest slope in the
resonance frequency lookup table, which agrees with (4).

A typical approach to loss tangent extraction is to measure
at first an empty resonator in order to evaluate Qg, as in (3),
and, subsequently, to measure the resonator loaded with the
sample to get Q,. However, the assumption that Qy remains
unchanged after insertion of the sample may not be correct,
mainly due to the fact that the magnetic field is affected by the
presence of the sample. Consequently, conduction losses at the
mirrors can vary, especially when the sample becomes electri-
cally thick, thus, substantially changing the fields. This effect
can be evaluated by computing geometric factors, as in (3), as a
function of the MUT’s parameters. Fig. 8 shows the geometric
factors of both mirrors and the corresponding change of the
Q-factor of the FPOR at the TEMy 4 mode. It can be
noted that both geometric factors decrease with the electric
thickness of the sample. The Q-factor in the empty FPOR
is Qp = 103183 and it slightly increases with the electric
thickness of the sample up to a position at the lookup table
where the energy filling factor is at the maximum [compare
Fig. 7(c)] and, subsequently, it decreases to Qo = 100 108 for
(t, &) = (2 mm, 15). At larger frequencies, the range of
changes of the Qg is at a similar level.

The impact of the inaccuracy in the estimation of the
geometric factors and of the energy filling factor on the loss
tangent error can be computed using the following absolute
and relative error terms derived from (3):

Pe = 2 (4)

R;
AGi(tana) = —7AG, (5)

3y, (tand) = —dp, (©6)

whereas the error term of the total loss tangent related to the
changes of the Q-factor due to conduction losses is

Qos — o'

e

Ao, (tand) = (7)
where Qgs is the Q-factor of the FPOR loaded with the
lossless sample. Equation (7) accounts for the change of losses
(i.e., geometric factors) in both of the mirrors. It should be
emphasized that if changes of geometric factors and energy
filling factors are accounted for, the impact of these errors on
the extraction of the complex permittivity can be suppressed.

According to (6), the relative error of the energy filling
factor estimation contributes directly to the relative error of
the loss tangent, whereas the impact of neglected changes of
the geometric factors depends on both p, and G7. Geometric
factors of the planar and spherical mirrors, as shown in Fig. 8,
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Fig. 8. Geometric factor of the (a) flat and (b) spherical mirror, and
(c) Q-factor at the TEMy 14 mode as a function of the dielectric constant
and thickness of the sample.

imply that conduction losses are increasing at both mirrors
with the increase of the electric thickness of the sample. If that
behavior is not accounted for, the increase of mirrors’ con-
duction losses will be erroneously contributed to the sample,
thus, overestimating the loss tangent. The use of (5) to the
results shown in Fig. 8(a) indicates that the loss tangent error
term due to G; can be as large as Ag, (tand) = 1.4 x 107°
for (Dk = 15 and ¢+ = 2 mm) at the TEM 14 mode. The
contribution of G, is only slightly smaller for electrically thick
samples.

Fig. 9 shows a loss tangent percentage error term due
to energy filling factor computed with (4) as compared to
rigorous calculations. The error term is the largest for electri-

Authorized licensed use limited to: Politechnika Gdanska. Downloaded on November 17,2022 at 10:58:28 UTC from IEEE Xplore. Restrictions apply.


http://mostwiedzy.pl

/\/\\ MOST WIEDZY Pobrano z mostwiedzy.pl

SALSKI et al.: MICROWAVE CHARACTERIZATION OF DIELECTRIC SHEETS IN PC FPOR 2739

Loss tangent error (%)
due to change of P, for g =14

14 =
10
12
-15
10 =&
25
8
-30
a -35
-0
4 45
-50
2,

Th\ckness (mm)

Dielectric constant

Fig. 9. Loss tangent percentage error term due to energy filling factor at the
TEM),0,14 mode.

Loss tangent error (x 10°
due to change of Q, for q = 14

12
1
08
08
04
02
0
02

Thu:kness (mm

Dielectric constant

Loss tangent error (x 10%) for q =24

08
04
0z
o
02
04

0 05 1
Thickness (mm)

(®)

Dielectric constant
)

Fig. 10.  Loss tangent error term due to Qq at the (a) TEMg,14 and
(b) TEMy,0,24 modes.

cally thin samples where it can be as large as —50%. In such a
case, rigorous computation of p, in the presence of the sample
becomes the must to avoid substantial underestimation of the
loss tangent.

The overall contribution of (G, G,, p.) on the Q-factor
is presented in Fig. 10 computed at a few TEMg , modes.
It can be noted that the assumption that the Q-factor due
to conduction losses, Qp, does not change after insertion of
the sample is valid only for the samples that are either very
thin or exhibit a very low Dk. Fig. 10 indicates that the loss
tangent can be underestimated for thin samples, mainly due
to too small energy filling factor amplifying the error in (7),
whereas for electrically thick samples, it can be overestimated
mostly due to decrease of the geometric factors. In general,
the largest loss tangent error due to changes of the geometric
factors is about =103 and the maximum of this error shifts

Fig. 11.

Experimental setup.

toward thinner samples with the frequency. It implies that
de-embedding of the error is crucial for extremely low-loss
samples, like sapphire, the loss tangent of which is comparable
with the estimated error level.

IV. EXPERIMENTS

Experiments were performed in the setup shown in Fig. 11,
which consists of the PC FPOR terminated with adjustable
2.4-mm male connectors, vector network analyzer (VNA),
N5245A, and a PC computer with the measurement software.
Both mirrors are made of silver-plated brass painted black.
Dimensions of the setup are given in Fig. 1. The coaxial
couplers are applied at a spherical mirror with one coupler
centered exactly at the revolution axis of the mirror and the
other located slightly off the center. The mode tracking algo-
rithm operates in a similar way as in the DC FPOR [4], so its
detailed study is omitted here. In both DC and PC FPORs, the
sample has to be moved initially to the minimum of the electric
field, where the shift of each resonance frequency due to the
sample is the smallest, so that the mode identification is robust.
The essential difference, however, is that the position of the
maximum of the electric field of an odd mode is well-defined
in the DC FPOR, namely, at the center of the resonator’s
length, whereas it changes with the thickness and Dk of
the MUT in the PC FPOR. Fortunately, the position of the
minimum of the electric field, corresponding to the maximum
of the resonance frequency, is relatively well-defined (see
Fig. 6). Consequently, the sample is initially shifted there and,
subsequently, tracked toward the maximum of the electric field
by minimizing the resonance frequency.

As it has been explained in [4] and [7], raw data obtained
during the measurement with a VNA are resonance frequency
and the corresponding Q-factor, which are subsequently
compared against computational results stored in the form
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of lookup tables (see Section III). The Q-factor is computed
using a circle-fitting algorithm, which provides the mean value
and the corresponding standard deviation [21]. The analysis
of (3) leads to the conclusion that the uncertainty of the
loss tangent is imposed by the uncertainty of the Q-factor
estimation from raw measurement data

fAQ:  AQo

A(tand) = p, ( 0 + 0 )
where AQ; (AQp) is a standard deviation of the measured
Q-factor of the FPOR with (without) the sample. Electronic
calibration module, N4693D, has been applied before the
measurement. To make sure that the Q-factor is unloaded, the
coupling level is adjusted in such a way that the maximum of
transmission, |S»1], is less than ca. —50 dB.

As it has been explained in [7], the accuracy of Dk estima-
tion is imposed mainly by the thickness uncertainty, J¢, and
for electrically thin samples, it reads

®)

Ae, = — (g, — 1)ot. )

These two error measures will be applied in the presented
measurements in the form of error bars. Three types of the
samples, namely, C-plane sapphire (+ = 267 ym £ 1 um),
high-resistivity (HR) silicon (+ = 387 um = 1 um), and
Z-cut monocrystalline quartz (+ = 933 ym £ 2 um), will be
measured. The choice of the first two samples is mostly due to
the fact that these materials could not be measured accurately
using a DC FPOR (D = 100 mm and R = 150 mm) due to too
large Dk and the resulting detrimental coupling of TEMy 4
modes with LGy, 41 modes [8]. The quartz sample has been
chosen to confirm that the method is also applicable in the
measurement of low-permittivity materials.

Fig. 12 shows the results obtained for the sapphire sample
indicating that Dk is constant across the whole 20-50-GHz
frequency bandwidth (on average: Dk = 9.392), which is in
decent agreement with the reference results obtained using the
setup based on whispering gallery modes (Dk = 9.400 + 0.1%
at 21.4 GHz) [22]. Thickness of the sapphire sample varies
in the &1 xm range, which contributes to the uncertainty of
Dk at the level of ca. 0.37% [see error bars in Fig. 12(a)].
On the contrary, the results obtained using a DC FPOR exhibit
the impact of the crossing with the spurious mode at ca.
33 GHz, which makes this setup useless for electrically thick
samples [8]. Regarding losses, Fig. 12(b) is in good agreement
with [23], where it has been shown that the in-plane loss
tangent of the C-plane sapphire increases almost linearly with
frequency reaching ca. tand = 1.5 x 107> at 16 GHz at
room temperature. The uncertainty in the Q-factor estimation
decreases from about AQ = 1100 at 21 GHz down to about
A Q = 320 at 47 GHz, which in conjunction with the increase
of the Q-factor with frequency (compare Fig. 4) leads to
the loss tangent error bars slightly falling with frequency
[see Fig. 12(b)].

Fig. 13 shows the measurement results of HR silicon and
it can be noted that Dk is also constant across the whole
20-50-GHz frequency bandwidth (on average: Dk = 11.649),
which is in agreement with the reference results obtained
using split-post dielectric resonators (Dk = 11.655 £ 1.0%
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Fig. 12.  (a) Dielectric constant and (b) loss tangent of C-plane sapphire
(t = 267 um £ 1 pum) measured with the PC FPOR and DC FPOR
(as in [8]).
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Fig. 13. (a) Dielectric constant and (b) loss tangent of silicon
(t = 387 um £ 1 um) measured with the PC FPOR.

at 6.6 GHz at 295 K) [24]. Thickness of the sample varies
in the =1 um range, which contributes to the uncertainty
of Dk at the level of ca. 0.26%. Losses of HR silicon
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Fig. 14. (a) Dielectric constant and (b) loss tangent of Z-cut monocrystalline
quartz (r = 933 ym + 2 xm) measured with the PC FPOR.

are usually parametrized with resistivity, p (i.e., inverse of
conductivity, ¢), which is constant across the microwave
spectrum [25]. Consequently, the loss tangent is expected to
fall with frequency, as shown in Fig. 13(b). The extracted
dielectric loss is tand; = 6 x 10~* and conduction losses
are ¢ = 17.8 x 1073 S/m (p = 5.61 kQcm) (compare [7]).

Fig. 14 presents the results obtained for the Z-cut monocrys-
talline quartz, indicating that Dk is also constant across
the whole 20-50-GHz frequency bandwidth (on average:
Dk = 4.43), which is in good agreement with the reference
results obtained using the setup based on whispering gallery
modes (Dk = 4.43 + 0.004 at 35.0 GHz) [22]. Thickness of
the sample varies in the &2 xm range, which contributes to the
uncertainty of Dk at the level of ca. 0.21% [see error bars in
Fig. 14(a)]. Regarding losses, Fig. 14(b) is in decent agreement
with [23] and (tand = 3 x 1075 £ 100% at 10.0 GHz) [26],
where it has been shown that the in-plane loss tangent varies
from sample to sample at the level of a few 107>.

V. CONCLUSION

Recent advancements in material characterization with the
aid of a DC FPOR have opened the way for the accurate
extraction of the complex permittivity of dielectric sheets in
the 20—110 GHz range. However, fundamental limitations of
that geometry of the resonator have also been determined,
including the upper limit of the electric thickness of the
sample due to mode coupling and the lower limit of the loss
tangent due to low energy filling factor. To overcome those
measurement limits, it has been proposed in this article to use

a PC FPOR, which lacks mode coupling issues, whereas the
filling factor is at least twice larger.

The use of the PC FPOR for accurate characterization
of dielectric sheets would not be possible without a newly
developed SMM, which combines high accuracy with low
computational effort with no limits imposed on the thickness
and position of the sample. The SMM has been applied in
this article to gain the knowledge on basic features of the
PC FPOR and several novel findings have been made. First,
paraxial approximation standing behind alternative EM models
of the FPOR underestimates a Gaussian beam waist by a
few percentage, whereas Gaussicity of the beam in the PC
FPOR is as large as 99.97%. Second, it has been determined
that scattering losses visibly affect the Q-factor at frequencies
above 30 GHz, although their level is well over Q. = 100 up
to 50 GHz, so that Q¢/Qgcac ~ 0.16. Third, it has turned out
that conduction losses at both mirrors are not equal, whereas
insertion of the sample contributes to the increase of those
losses. If neglected, the loss tangent error would be at the level
of ca. £1073. It can, however, be suppressed if geometric and
energy filling factors are rigorously computed.

Another novelty addressed in this article is a general study
of the relation between the resonance frequency and the
position of the sample, which allowed the development of the
automated mode identification and tracking algorithm. It has
also been shown that materials with the loss tangent at the
level of ca. 1072, like sapphire, or larger can be measured with
the uncertainty depending mainly on the Q-factor uncertainty.
This is a substantial advancement, as compared to the DC
FPOR, where the loss tangent less than 10™* is hardly mea-
surable due to too low energy filling factor. In addition to that,
no mode coupling has been observed in the experiments, which
means that fundamental limitations imposed on the sample’s
thickness that can be characterized with the PC FPOR are not
known. In practice, however, the thickness is limited by the
loss tangent, which in case of really thick samples may lead
to a prohibitively low Q-factor.
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Abstract—The finite-element method (FEM) is applied
for modal analysis of ferrite-loaded spherical resonators.
To improve the efficiency of the numerical calculations, the
body-of-revolution (BOR) technique is utilized. Due to the
frequency-dependent ferrite permeability, FEM leads to a nonlin-
ear eigenvalue problem that is challenging to solve. To this end,
Beyn’s method is proposed. The effectiveness of the proposed
approach is confirmed by comparing with the results obtained
analytically and with the measured data.

Index Terms—Body of revolution (BOR), ferrites, finite-
element method (FEM), spherical resonators.

I. INTRODUCTION

AVITIES are widely used for the characterization of

the magnetic properties of dispersive gyrotropic media
such as ferrites [1]. Other application areas of ferrite-loaded
cavities include the acceleration of heavy ions in synchrotrons
[2], [3] or the emerging broad field of cavity spintronics [4].
The rigorous computation of the complex eigenfrequencies of
cavities loaded with dispersive gyrotropic media with negative
permeability (permittivity) tensor components is still a chal-
lenging problem in electromagnetics. Walker [5] developed
an analytic transcendental equation (TDE) of a gyromagnetic
sphere located in free space under the magnetostatic approx-
imation and it enables the determination of the real eigen-
frequencies of the so-called magnetostatic modes. In recent
years, it has been thoroughly demonstrated [6], [7] that the
complex eigenfrequencies of a few most dominant resonances
in a ferrite sphere can be accurately determined via an analytic
electrodynamic TDE formulated for transverse electric (TE)
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modes of an isotropic sphere characterized by negative effec-
tive permeability. The TDE technique has facilitated substan-
tial improvements in the accuracy of the characterization of
the magnetic properties of ferrite spheres [8]. Despite several
advantages, analytical TDEs are only available for relatively
simple geometries [1] and are insufficient for the accurate
modeling of more complex resonant systems.

Other methods of tackling ferrite-loaded cavity problems
have been developed over the past few decades, such as
the perturbation approach [9], the finite-difference time-
domain (FDTD) [6], frequency-domain finite integration (FIT)
[2], [10], extended boundary condition (EBCM) [11], and
coupled-field surface-volume integral equation (CFSVIE) [12]
methods. The above techniques allow for obtaining com-
parable results, especially when the geometry structure is
simple. However, each of them has some disadvantages: FDTD
requires very dense mesh to describe curved surfaces and
integral methods are in general less flexible. To the best of
the authors’ knowledge, there is currently no general and
robust method for solving the formulated problem. In par-
ticular, resonators loaded with ferrite materials have not been
treated with finite-element method (FEM) to date, because of
the difficulties associated with the numerical solution of the
resulting eigenproblem.

The modal analysis of resonators loaded with ferrite is
complicated due to the strong dependence of the medium
parameters on frequency (hereafter denoted by f). In general,
for discrete methods (e.g., FEM), the analysis comes down
to a nonlinear eigenvalue problem of the form T(kp)e = 0,
where operator T(ko) = T (ko) — k3C(ko) € C"™", T (ko) and
C(ko) are FEM stiffness and mass matrices [13], ko = 27 f/c
is the normalized resonance frequency, with ¢ being the speed
of light, and the eigenvector e € C", corresponding to the
electric field associated with resonance. Note that unlike in
conventional resonator problems where the media parameters
are frequency-invariant and FEM formulation gives rise to
generalized eigenvalue problems that are easy to solve using
standard Krylov space methods [14]-[17], the matrices for
ferrite material become frequency-dependent. The eigenvalue
problem is nonlinear, and its solution is a nontrivial task, as the
matrices involved are large. Because of its large size, looking
for the zeros of the determinant of the T(kg) matrix, which
is a standard for the mode-matching technique (as employed
in TDESs), is not an option. For slowly changing parameters,
the eigenvalue problem may be linearized and solved using
commonly known methods [18], [19]. Alternatively, an itera-
tive approach employing a sequence of linear problems may
be taken [2], in which consecutive resonant frequencies are
extracted. However, for strongly nonlinear problems, such as

1531-1309 © 2022 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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Fig. 1. Cross section of the investigated resonator.
the one considered in this letter (FEM-based modal analysis
of ferrite-loaded resonators), linearization is not possible and
more sophisticated numerical techniques have to be applied.
To address the challenge related to strong nonlinearity, we use
an integral method (Beyn’s method) [20] that allows one to
calculate all eigenvalues located within a specified contour.
In addition, the body-of-revolution (BOR) technique has
been applied to reduce the size of the problem and to
improve the efficiency of numerical calculations. This tech-
nique, applied to structures with axial symmetry, enables the
reduction of the problem from three dimensions to a so-called
2.5-D problem (a scalar-vector approach defined in the 2-D
domain) described infer alia in [21] and [22]. The validity
of the approach has been confirmed by an electrodynamic
TDE (for a simplified structure without a holder) and by
measurements.

II. FORMULATION OF THE PROBLEM

Let us consider a simple spherical cavity resonator (PEC
walls) partially loaded with a ferrite sphere (see Fig. 1).

A. Finite-Element Method

A combination of FEM and BOR can be successfully
applied to analyze ferrite structures. Such an approach sig-
nificantly reduces the number of elements, which seems to
be crucial due to multiple function calls during the process
of solving a nonlinear eigenvalue problem. The application
of BOR comes with certain limitations, such as the reduction
to axially symmetrical structures. This assumption limits the
analyses to structures with an external magnetic field, Hex,
oriented along the z-axis (axis of the revolution). For these
structures, the permeability can then be described [23]-[25]
as follows:

7
w=po|—jr p 0 (1)
0 0 u:
Hor + j
K= L u= 14 eIt g
Hj, — w? +2jocHow w/x

where i, = 1, Hy, is an internal magnetic field normalized to
M, o¢ is the Gilbert damping factor [7], w = f/(y M), M;
is the saturation magnetization, y is the gyromagnetic ratio,
and f is the complex frequency. The formulas constituting the
FEM-BOR approach [21], [22] have to be modified due to the
presence of the permeability tensor. Moreover, the introduction
of the revolution axis causes some additional solutions to the

eigenvalue problems. These solutions can be considered to be
spurious, and to eliminate them, £, was substituted with p E,,.

Another source of spurious solutions may be the formulation
itself, which by default does not eliminate the subspace of
solutions with nonzero divergence. Therefore, in the proposed
approach, the condition V - E = 0 is included in the eigen-
solver. For the FEM (weak) formulation, we have

-~ jm -
—//Vt(pa)-sE,dpdz—i—//—(a-eEw)dpdz:O
s s P
3)

where scalar a and vector W basis functions are involved to
express the electric field
N 6
oo [n] _[n]
Ey =22 ¥iag).
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The detailed notation is described in [21]. The relation (3) can
be rewritten in the matrix form
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s
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//s 7(0‘(1‘) -6a(k)) dp dz. @)

This approach allows for reducing the solution subspace during
the solving process (described in the Section II-B) through the
modification of the eigenvector [15], [16]

D,

@ ¥ « (I—DT(DDT)_ID)[CD I 8)

B. Nonlinear Eigenvalue Problem

The described FEM-BOR formulation leads to a nonlinear
eigenvalue problem of the form T(kg)e = 0. In order to solve
it, we used the integral method (Beyn’s method) proposed
in [20]. In the first step, one has to specify the region Q on the
complex plane in which the eigenvalues are sought. By default,
Q is an ellipse with the following parameters: center and
the lengths of the real and imaginary axes (feen, fre, and
fim, respectively). It should be noted that for highly nonlinear
problems, the size of Q should be relatively small. Next, one
has to define the number of quadrature points (n,) and the
number of moments (n,), which are the main parameters
of the contour integral approximation and strongly affect
the accuracy and efficiency of the computations. Once the
approximated integrals have been computed, the appropriate
subspace can be constructed following the steps described in
detail in [20], which leads to the linear eigenvalue problem.
This allows one to determine with ease the eigenpairs of the
original eigenproblem associated with Q.

III. NUMERICAL RESULTS

In this section, a structure composed of a ferrite sphere
surrounded by the metal walls of the cavity has been analyzed
(see Fig. 1).

In order to verify the FEM-BOR method, a TDE has
been used, which has been extensively described in [7]
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TABLE I

RESONANT FREQUENCY OF TE 9 MODE (WITHOUT HOLDER)

Hor TDE [GHz] this method [GHz]
1 17.847489 + 13.39¢e-5 | 17.847459 + i3.47¢e-5
1.5 17.847506 + i2.41e-5 | 17.847478 + i2.47¢-5
2 17.847526 + 11.94e-5 | 17.847498 + i1.98e-5
2.5 17.847546 + i1.66e-5 | 17.847520 + il.71e-5
3 17.847569 + i1.49e-5 | 17.847543 + i1.53¢-5
35 17.847593 + i1.38e-5 | 17.847568 + il.42e-5
4 17.847618 + i1.30e-5 | 17.847595 + il.34e-5

TABLE I

RESONANT FREQUENCY OF THE TM9; MODE

this method

Heat without holder with holder measurements
[Oe] [GHz] [GHz] [GHz]

3600 10.8943 + 11.42e-6 | 10.6580 + i2.77e-6 | 10.7324 + i4.53e-4
3660 10.8943 + i2.30e-6 | 10.6580 + i5.83e-6 | 10.7324 + i4.58e-4
3720 10.8943 + i4.41e-6 | 10.6580 + i1.92e-5 | 10.7325 + i5.10e-4
3780 10.8943 + il.16e-5 | 10.6580 + i1.69e-4 | 10.7324 + i4.98e-4
3840 10.8944 + i7.17e-5 | 10.6579 + i2.71e-5 | 10.7324 + i4.59¢-4
3900 10.8942 + i6.52e-5 | 10.6579 + i6.71e-6 | 10.7324 + i4.51e-4

and [26]. The radii of the cavity and ferrite sphere were
R = 12.0127 mm and r = 0.5415 mm, respectively. The
electromagnetic parameters [7] of the ferrite sphere were set
at M, = 380 Oe, y = 35.879928 MHz/(kA/m), &, = 16, and
the ferromagnetic resonance linewidth AH = 44.2 Oe.

Initially, the TE;o; mode was investigated for different
values of the normalized internal magnetic field. The results
obtained for the mesh composed of 4419 curvilinear elements,
for which the convergence was obtained, are presented in
Table I. The search region was defined by feen = 17.84 GHz,
fre = 2 GHz, and fiy = 0.2 GHz, whereas Beyn’s method
parameters n, = 101 and n, = 2 were a result of the
convergence analysis. The relative error (discrepancy between
the resonant frequency obtained using this method and TDE)
for the real part has not exceeded 0.002%, and for the
imaginary part, the error was much higher, i.e., up to 3.2%.
The discrepancy for the imaginary part is still an excellent
result given that it is six orders of magnitude smaller than the
real part.

As a next step of the verification, the FEM-BOR results
were compared with measurements of the TM;o; mode versus
the external magnetic field [27]-[29]. The results for several
values of the external magnetic field are presented in Table II.
The search region was defined by f.., = 10.72 GHz, frg = 1
GHz, and fiv = 0.1 GHz, whereas Beyn’s method parameters
were the same as in the previous example. The real parts of
the resonant frequencies are shown in Fig. 2 together with a
photograph of the manufactured cavity. The simulations were
performed for the ferrite sphere with and without a glass holder
with parameters & = 3.8, a = 1.505 mm, b = 23 mm,
and d = 0.78 mm (see Fig. 1). The dimensions and ferrite
parameters were set in the same way as the previous analysis
(similar mesh size—4565 curvilinear elements). It should
be noted that the presence of the holder in the cavity has
significantly affected the resonant frequency. Moreover, the
finite value of the conductance of the metal walls, the losses
introduced by the glass holder, and additional holders between
the glass and the ferrite sphere have not been considered in the
simulation. All of the factors mentioned above had an impact
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Fig. 2. Real part of the resonant frequency—TM;jo; mode of the resonator
presented in Fig. 1 and a photograph of the device.

on the discrepancy between the results of the simulations and
the measurements, especially with regard to the imaginary
parts of the frequencies. The relative error (for the real part)
was approximately 1.5% and 0.7% for the structure without
and with a holder, respectively.

The effectiveness of the algorithm in modeling ferrite
parameters is, above all, confirmed by the tight agreement
with the TDE. Although the curves in Fig. 2 are shifted,
their shape is the same in each case. The simulations showed
that the position of the ripple in the obtained characteristics
is strongly dependent on the geometry of the entire system
(significant influence of the holder). The parameters of the
components used in the system (homogeneity of geometry and
material constants) may slightly differ from those adopted in
the analysis. It is worth noting that the ripples on the curve
are at the level of the sixth significant digit, which confirms
the sensitivity of the proposed algorithm.

IV. CONCLUSION

The FEM was applied for the first time to the modal analysis
of the ferrite-loaded spherical resonators. The validity of this
approach and the effectiveness of the integral method for
solving nonlinear eigenvalue problems defined by FEM have
been confirmed. The results obtained are consistent with the
results obtained analytically and with the measured data. In the
case of the latter, some discrepancies in the imaginary part are
a consequence of the approximated values of the parameters
of the materials used in the experiment (neglecting losses in
conductors and the holder).
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