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1 Testing topological conjugacy of time series *
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4 Abstract. This paper considers a problem of testing, from a finite sample, a topological conjugacy of two
5

, trajectories coming from dynamical systems (X, f) and (Y, g). More precisely, given x1,...,2, C X

6 and y1,...,yn C Y such that z;41 = f(z;) and yiy1 = g(y:;) as well as h : X — Y, we deliver a

7 number of tests to check if f and g are topologically conjugated via h. The values of the tests are

8 close to zero for systems conjugate by h and large for systems that are not. Convergence of the test

9 values, in case when sample size goes to infinity, is established. We provide a number of numerical
10 examples indicating scalability and robustness of the presented methods. In addition, we show how
11 the presented method gives rise to a test of sufficient embedding dimension, mentioned in Takens’
12 embedding theorem. Our methods also apply to the situation when we are given two observables
13 of deterministic processes, of a form of one or higher dimensional time-series. In this case, their
14 similarity can be accessed by comparing the dynamics of their Takens’ reconstructions. Finally, we
15 include a proof-of-concept study using the presented methods to search for an approximation of the
16 homeomorphism conjugating given systems.

17 Key words. conjugacy, semiconjugacy, embedding, nonlinear time-series analysis, false nearest neighbors, sim-
18 ilarity measures, k-nearest neighbors

19 MSC codes. Primary: 37TM10, 37C15, Secondary: 65P99, 65Q306

20 1. Introduction. Understanding sampled dynamics is of primal importance in multiple
21 branches of science where there is a lack of solid theoretical models of the underlying phe-
22 nomena [9, 10, 18, 20, 31]. It delivers a foundation for various equation—free models of ob-
23 served dynamics and allows to draw conclusions about the unknown observed processes. In
24 the considered case we start with two, potentially different, phase spaces X and Y and a
25 map h : X — Y. Given two sampled trajectories, referred to in this paper by time series,
26 x1,...,¢, C X and y1,...,y, C Y we assume that they are both generated by a continuous
27 maps f: X — X and g : Y — Y! in a way that x;11 = f(z;) and y;11 = g(;). In what
28 follows, we build a number of tests that allow to distinguish trajectories that are conjugated
29 by the given map h from those that are not. It should be noted that the problem of finding
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2 P. DLOTKO, M. LIPINSKI, AND J. SIGNERSKA-RYNKOWSKA

an appropriate h for two conjugated dynamical system is in general very difficult and goes
beyond the scope of this paper. However, in Section 5 and in Appendix A we propose and
validate a method of approximating map h for one dimensional systems f and g utilizing one
of the proposed statistics.

The presented problem is practically important for the following reasons. Firstly, the
proposed machinery allows to test for conjugacy, in case when the formulas that generate the
underlying dynamics, as f and g above, are not known explicitly, and the input data are based
on observations of the considered system.

Secondly, some of the presented methods apply in the case when the dynamics f and g
on X and Y is explicitly known, but we want to test if a given map h : X — Y between the
phase spaces has a potential to be a topological conjugacy. It is important as the theoretical
results on conjugacy are given only for a handful of systems and our methods give a tool for
numerical hypothesis testing.

Thirdly, those methods can be used to estimate the optimal parameters of the dynamics
reconstruction. A basic way to achieve such a reconstruction is via time delay embedding, a
technique that depends on parameters including the embedding dimension and the time lag (or
delay). When the parameters of the method are appropriately set up and the assumptions of
Takens’ Embedding Theorem hold (see [29, 7]), then (generically) a reconstruction is obtained,
meaning that for generic dynamical system and generic observable, the delay-coordinate map
produces a conjugacy (dynamical equivalence) between reconstructed dynamics and the orig-
inal (unknown) dynamics (cut to the limit set of a given trajectory)?. However, without the
prior knowledge of the underlying dynamics (e.g. dimensions of the attractor), the values of
those parameters have to be determined experimentally from the data. It is typically achieved
by implicitly testing for a conjugacy of the time delay embeddings to spaces of constitutive di-
mensions. Specifically, it is assumed that the optimal dimension of reconstruction d is achieved
when there is no conjugacy of the reconstruction in dimension d to the reconstruction in the
dimension d’, where d’ < d, while there is a conjugacy between reconstruction in dimension
d and reconstruction in dimension d”, where d < d”. Those conditions can be tested with
methods presented in this paper.

The main contributions of this paper include:

e We propose a generalization of the FNN (False Nearest Neighbor) method [13] so that
it can be applied to test for topological conjugacy of time series®. Moreover, we present
its further modification called KNN method.

e We propose two entirely new methods: ConjTest and ConjTest™. Instead of providing
an almost binary answer to a question if two sampled dynamical systems are conjugate
(which happens for the generalized FNN and the KNN method), their result is a
continuous variable that can serve as a scale of similarity of two dynamics. This

20ne should, though, be aware that the generic set in the classical Takens’ Embedding Theorem might be
a set of a small measure. However, recent advances in probabilistic versions of Takens’ Theorem ([3]) assert
that, under even milder assumptions, the delay-coordinate map provides injective (not necessary conjugacy)
correspondence between the points of the original system in the subset of full measure and the points in the
reconstructed space.

3(Classical FNN method was used only to estimate the embedding dimension in a dynamics reconstruction
using time delay embedding.
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TESTING TOPOLOGICAL CONJUGACY OF TIME SERIES 3

property makes the two new methods appropriate for noisy data.

e We present a number of benchmark experiments to test the presented methods. In
particular we analyze how different methods are robust for the type of testing (e.g.
noise, determinism, alignment of a time series).

e Additionally, in one dimensional setting, we propose a heuristic method for approx-
imating the possible conjugating homeomorphism between two dynamical systems
given by time series.

To the best of our knowledge there are no “explicit” methods available to test conjugacy
of dynamical systems given by their finite sample in a form of time series as proposed in this
paper. A number of methods exist to estimate the parameters of a time delay embedding.
They include, among others, mutual information [12], autocorrelation and higher order corre-
lations [1], a curvature-based approach [11] or wavering product [8] for selecting the time-lag,
selecting of embedding dimension based on GP algorithm [2] or the above mentioned FNN
algorithm, as well as some methods allowing to choose the embedding dimension and the time
lag simultaneously as, for example, C-C method based on correlation integral [17], methods
based on symbolic analysis and entropy [19] or some rigorous statistical tests [24]. However,
the problem of topological conjugacy between the maps generating two given time series and
finding the connecting homeomorphism which conjugates the two dynamical systems, due to
its complexity, has been mainly approached using machine learning tools (see e.g. the recent
work [6] which for the unknown map f and given time series generated by f, employed deep
neural network for discovering the simple map g which could model the unknown dynamics
f together with the map h conjugating f and g). Some theoretical ideas on finding conju-
gating homeomorphism (or, in general, a commuter between two maps) are discussed later in
Section 5 together with related works.

Numerous methods providing some similarity measures between time series exist (see
reviews [16]). However, we claim that those classical methods are not suitable for the problem
we tackle in this paper. While those methods often look for an actual similarity of signals or
correlation, we are more interested in the dynamical generators hiding behind the data. For
instance, two time series sampled from the same chaotic system can be highly uncorrelated,
yet we would like to recognize them as similar, because the dynamical system constituting
them is the same. Moreover, methods introduced in this work are applicable for time series
embedded in any metric space, while most of the methods are restricted to R, some of them
are still useful in R9.

The paper consists of four parts: Section 2 introduces the basic concepts behind the
proposed methods. Section 3 presents four methods designed for data-driven evaluation of
conjugacy of two dynamical systems. Section 4 explores the features of the proposed methods
using a number of numerical experiments. Section 5 develops the method of estimating the
possible conjugacy map h : X — Y for time series generated from dynamical systems (X, f)
and (Y, g) in the case when the phase spaces X and Y are intervals in R. Additional details
of that procedure and proofs are contained in A. Lastly, in Section 6 we summarize most
important observations and discuss their possible significance in real-world time series analysis.

Finally, it should be noted that in the continuous setting, topological conjugacy is very
fragile; it may be destroyed by an infinitesimal change of parameters of the system once that
causes bifurcation. However, two finite sample of the trajectories obtained from the system
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4 P. DLOTKO, M. LIPINSKI, AND J. SIGNERSKA-RYNKOWSKA

before and after bifurcation are very close and it would require much large change of param-
eters to detect problems with conjugacy. It is a consequence of the fact that the techniques
proposed in this paper operates on finite data. Therefore, they can provide evidences that
the proposed connecting homeomorphism is not a topological conjugacy of the two considered
systems, but they will not allow to prove, in any rigorous sense, the conjugacy between them.

2. Preliminaries.

2.1. Topological conjugacy. We start with a pair of metric spaces X and Y and a pair of
dynamical systems: ¢ : X xT — X and ¢ : Y x T — Y, where T € {Z,R}. Fixing tx,ty € T
define f: X 5z — ¢(x,tx) and g : Y 2y — ¥(y,ty). We say that f and g are topologically
conjugate if there exists a homeomorphism h : X — Y such that the diagram

x 1, x
(2.1) hl lh
y 2.y

commutes, i.e., ho f = goh. If the map h : X — Y is not a homeomorphism but a continuous
surjection then we say that g is topologically semiconjugate to f.

Let us consider as an example X being a unit circle, and f, a rotation of X by an angle
a. In this case, two maps, f,, fg : X — X are conjugate if and only if & = 8 or a = — 3. This
known fact is verified in the benchmark test in Section 4.1.

In our work we will consider finite time series A = {x;}}' ; and B = {y;}, so that
Tiy1 = fix1) and yiq = g'(y1) for i € {1,2,....,n — 1}, 1 € X and y; € Y and derive
criteria to test (semi)topological conjugacy of f and g via h based on those samples and the
given possible (semi)conjugacy h.

In what follows, a Hausdorff distance between A, B C X will be used. It is defined as

du(A, B) = max{supd(a, B),supd(b, A)}
acA beB

where d is metric in X and d(x, A) := inf,c4 d(z, a).

2.2. Takens’ Embedding Theorem. Our work is related to the problem of reconstruction
of dynamics from one dimensional time series. For a fixed map f: X — X and z; € X take a
time series A = {z; = f""!(x1)};>1 being a subset of an attractor Q2 C X of the (box-counting)
dimension m. Take s : X — R, a generic measurement function of observable states of the
system, and one dimensional time series S = {s(z;)}4,e4, associated to A . The celebrated
Takens’ Embedding Theorem [29] states that given S it is possible to reconstruct the original
system with delay vectors, for instance (s(x;),s(zi+1),-..,8(zirq—1)), for sufficiently large
embedding dimension d > 2m + 1 (the bound is often not optimal). The Takens’ theorem
implies that, under certain generic assumptions, an embedding of the attractor £ into RY
given by

(2.2) Fop: Q30 (s(:c),s(f(a:)), . ,s(fd_l(gﬁ))) e R?
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TESTING TOPOLOGICAL CONJUGACY OF TIME SERIES 5

establishes a topological conjugacy between the original system (€2, f) and (Fs (§2),0) with
the dynamics on Fj r(Q2) C R? given by the shift o on the sequence space. Hence, Takens’
Embedding Theorem allows to reconstruct both the topology of the original attractor and the
dynamics.

The formula presented above is a special case of a reconstruction with a lag [ given by

(A, d, 1) := {(s(zi), s(it1), - $(@iga—1y) 1 € {1,2,...,n—dl}}.

From the theoretical point of view, the Takens’ theorem holds for an arbitrary lag. However
in practice a proper choice of [ may strongly affect numerical reconstructions (see [14, Chapter
3]).

The precise statements, interpretations and conclusions of the mentioned theorems can be
found in [7, 29, 25], and references therein.

2.3. Search for an optimal dimension for reconstruction. In practice, the bound in
Takens’ theorem is often not sharp and an embedding dimension less than 2m + 1 is already
sufficient to reconstruct the original dynamics (see [3, 4]). Moreover, for time series encoun-
tered in practice, the attractor’s dimension m is almost always unknown. To discover the
sufficient dimension of reconstruction, the False Nearest Neighbor (FNN) method [13, 15], a
heuristic technique for estimating the optimal dimension using a finite time series, is typi-
cally used. It is based on an idea to compare the embeddings of a time series into a couple
of consecutive dimensions and to check if the introduction of an additional d + 1 dimension
separates some points that were close in d-dimensional embedding. Hence, it tests whether d-
dimensional neighbors are (false) neighbors just because of the tightness of the d-dimensional
space. The dimension where the value of the test stabilizes and no more false neighbors can
be detected is proclaimed to be the optimal embedding dimension.

2.4. False Nearest Neighbor and beyond. The False Nearest Neighbor method implic-
itly tests semiconjugacy of d and d + 1 dimensional Takens’ embedding by checking if the
neighborhood of d-embedded points are preserved in d + 1 dimension. This technique was an
inspiration for stating a more general question: given two time series, can we test if they were
generated from conjugate dynamical systems? The positive answer could suggest that the
two observed signals were actually generated by the same dynamics, but obtained by a differ-
ent measurement function. In what follows, a number of tests inspired by these observations
concerning False Nearest Neighbor method and Takens’ Embedding Theorem, are presented.

3. Conjugacy testing methods. In this section we introduce a number of new methods
for quantifying the dynamical similarity of two time series. Before digging into them let us
introduce some basic pieces of notation used throughout the section. From now on we assume
that X is a metric space. Let A = {x;}]', be a finite time series in space X. For k € N,
by k(z,k, A) we denote the set of k-nearest neighbors of a point z € X among points in A.
Thus, the nearest neighbor of point x can be denoted by x(x, A) := k(z,1,.A). If z € A then
clearly k(x, A) = {x}. Hence, it is handful to consider also %(x, k, A) := k(z,k, A\ {z}) and
Rz, A) = r(z,1,A\ {z})*.

“In case of non uniqueness, and arbitrary choice of a neighbor is made.
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6 P. DLOTKO, M. LIPINSKI, AND J. SIGNERSKA-RYNKOWSKA

3.1. False Nearest Neighbor method. The first proposed method is an extension of the
already mentioned FNN technique for estimating the optimal embedding dimension of time
series. The idea of the classical FNN method relies on counting the number of so-called false
nearest neighbors depending on the threshold parameter r. This is based on the observation
that if the two reconstructed points

sg = (s(xry), $(Thy 1) - - - 5(Thy 4 (a—1)1))

and

SLQZ = (S(xkz)ﬂ S(xk2+l)7 cee S(xk2+(d71)l))
are nearest neighbors in the d-dimensional embedding but the distance between their (d+1)-
dimensional counterparts

Siv1 = (5(h,)s - 5(Thp(d—1)1) S(Tky+a1))

and
S?H—l = (5($k2)7 R S(xkg-i-(d—l)l)’ S(Ik2+dl))

in (d+1)-dimensional embedding differs too much, then s}, and s2 were d-dimensional neighbors
only due to folding of the space. In this case, we will refer to them as “false nearest neighbors”.
Precisely, the ordered pair (scll, s?l) of d-dimensional points is counted as false nearest neighbor,
if the following conditions are satisfied: (I.) the point s2 is the closest point to s} among all
points in the d-dimensional embedding, (IL.) the distance |s} — s2| between the points s} and
s2 is less than o/r, where o is the standard deviation of d-dimensional points formed from
delay-embedding of the time series and (IIL) the ratio between the distance |sj,; — s3]
of d + 1-dimensional counterparts of these points, s}l 1 and S?l 1, and the distance |S}l — s?i|
is greater than the threshold r. The condition (III.) is motivated by the fact that under
continuous evolution, even if the original dynamics is chaotic, the position of two close points
should not deviate too much in the nearest future (we assume that the system is deterministic,
even if subjected to some noise, which is the main assumption of all the nonlinear analysis
time series methods). On the other hand, the condition (II.) means that we consider only pairs
of points which are originally not too far away since applying the condition (III.) to points
which are already outliers in d dimensions does not make sense. Next, the statistic FNN(r)
counts the relative number of such false nearest neighbors i.e. after normalizing with respect
to the number of all the ordered pairs of points which satisfy (I.) and (II.). For discussion
and some examples see e.g. [14].

We generalize the FNN method to operate in the case of two time series (not necessarily
created in a time-delay reconstruction) as follows. Let A = {a;}]"; C X and B= {b;}}' ; C Y
be two time series of the same length. Let £ : A — B be a bijection relating points with the
same index, i.e., £(a;) := b;. Then we define the directed FNN ratio between A and B as

110 (48P 1)o7 s e 0)
Z?:l e} (% — dX(ai,E(ai, A)))

where dx and dy denote the distance function respectively in X and Y, o is the standard
deviation of the data (i.e. the standard deviation of the elements of the sequence A), r is the

(3.1) FNN(A, B;r) =

This manuscript is for review purposes only.
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TESTING TOPOLOGICAL CONJUGACY OF TIME SERIES 7

parameter of the method and © is the usual Heaviside step function, i.e. ©(z) =1 if x > 0
and 0 otherwise. Note that the distance d (i.e. dx or dy) might be defined in various ways
however, as elements of time-series are usually elements of R* (for some k), then d(z,y) is
often simply the Euclidean norm |z — y.

In the original FNN procedure we compare embeddings of a 1-dimensional time series A
into d- versus (d + 1)-dimensional space for a sequence of values of d and r. In particular, the
following application of (3.1):

(3.2) FNN(A;7,d) := FNN(IT4(A), g1 (A);7),

coincides with the formula used in the standard form of FNN technique (compare with [14]).
For a fixed value of d, if the values of FNN decline rapidly with the increase of r, then we
interpret that dimension d is large enough not to introduce any artificial neighbors. The
heuristic says that the lowest d with that property is the optimal embedding dimension for
time series A.

3.2. K-Nearest Neighbors. The key to the method presented in this section is an attempt
to weaken and simplify the condition posed by FNN by considering a larger neighborhood of
a point. As in the previous case, let A = {a;}}' ; and B = {b;}]"; be two time series of the
same length. Let £ : A — B be a bijection defined £(a;) := b;. The proposed statistics, taking
into account k nearest neighbors of each point, is given by the following formula:

Yo min{e e N | &(R(a;,k, A)) CR(&(a;), e+ k,B)}

2 9

(3.3)  KNN(A,B;k) := p

where n is the length of time series A and B. We refer to the above method as KNN distance.
The idea of the KNN method can be seen in the Figure 1.

Remark 3.1. In the above formula (3.3), for simplicity there is no counterpart of the
parameters r that was present in FNN which controlled the dispersion of data and outliers.
This means that one should assume that the data (perhaps after some preprocessing) does not
contain unexpected outliers. Alternatively, the formula might be easily modified to include
such a parameter.

Set %(a;, k,.A) can be interpreted as a discrete approximation of the neighborhood of a;.
Thus, for a point a; the formula measures how much larger neighborhood of the corresponding
point b; = £(a;) we need to take to contain the image of the chosen neighborhood of a;. This
discrepancy is expressed relatively to the size of the point cloud. Next we compute the
average of this relative discrepancy among all points. Moreover, looking at the formula (3.3)
immediately reveals that in the numerator we sum up n terms each of which takes values
between 0 and n and it is not hard to give an example when all of these terms are n actually
(like a standard n-simplex). Therefore, as we want KNN to be upper-bounded by 1, we put
n? in the denominator of (3.3) as the normalization factor.

Note that neither f nor g appear in the definitions of FNN and KNN. Nevertheless, the
dynamics is hidden in the indices. That is, a; € %(a;, k, A) means that a; returns to its own
vicinity in |j — | time steps.
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8 P. DLOTKO, M. LIPINSKI, AND J. SIGNERSKA-RYNKOWSKA

K(b:,6,B)

bs b b-

Figure 1. Top (continuous) black line represents trajectory from which A is sampled (black dots). Bottom
(continuous) trajectory is sampled to obtain B (burgundy dots). Set U := %(ae,4,.A) highlighted with orange
color, represents 4-nearest neighbors of ag € A. The smallest k-neighborhood of bs that contains £(U) is the
one with k = 6. The corresponding %(bs, 4, B) is highlighted with green color. Hence, the contribution of point
ae to the numerator of KNN(A, B,4) is 6 —4 = 2.

3.3. Conjugacy test. The third method tests the conjugacy of two time series by directly
checking the commutativity of the diagram (2.1) which is tested in a more direct way compared
to the methods presented so far. We no longer assume that both time series are of the
same size, however, the method requires a connecting map h : X — Y, a candidate for a
(semi)conjugating map. Unlike the map £ in FNN and KNN method map h may transform
a point a; € A into a point in Y that doesn’t belong to . Nevertheless, the points in B are
crucial because they carry the information about the dynamics g : Y — Y. Thus, in order to
follow trajectories of points in Y we introduce h: A — B, a discrete approximation of h:

(3.4) h(a;) =k (h(a;), B) .

The map h simply assigns to a; the closest element(s) of h(a;) from the time series B. For
a set A C A we compute the value pointwise, i.e. h(A) = {h(a) | a € A} (see Figure 2). Note
that it may happen that B(A) has less elements than A.

Denote the discrete k-approximation of the neighborhood of a; in A, namely the k nearest
neighbors of a;, by UF := k(a;, k, A) C A. Then we define

Sy du (o £WUE) (g0 H)(UE))
n diam(B) ’

(3.5) ConjTest(A, B; k,t, h) :=

where dy is the Hausdorff distance between two discrete sets and diam(B) is the diameter
of the set B. The idea of the formula (3.5) is to test at every point a; € A how two time
series together with map h are close to satisfy diagram (2.1) defining topological conjugacy.
First, we approximate the neighborhood of a; € A with Uf and then we try to traverse the
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TESTING TOPOLOGICAL CONJUGACY OF TIME SERIES 9

Figure 2. A pictorial visualization of a difference between h, h and h*. Map h transforms a point a € A
wnto a point h(a) € Y. Map h approzimates the value of the map h by finding the closest point in B for h(a).
The discrete neighborhood U? C A of a; consists of three points and its image under h has three points as well.
However, h* (U?) counts five elements, as there are points in B closer to h(a;) then points in h(U?).

diagram in two possible ways. Thus, we end up with two sets in Y, that is (h o f*)(UF) and
(9% o h)(UF). We measure how those two sets diverge using the Hausdorff distance.

The extended version of the test presented above considers a larger approximation of
h(UF). To this end, find the smallest k; such that h(UF) C s(h(a;), ki, B). The corresponding
superset defines the enriched approximation (see Figure 2):

(3.6) W (UF) .= k(h(as), ki, B).

We use it to define a modified version of (3.5).

S du ((he £, g (R (UE))

: + . .
(3.7) ConjTest™ (A, B; k,t,h) := 1 diam(B)

The extension of ConjTest to ConjTest™ was motivated by results of Experiment 4A
described in Subsection 4.4. The experiment should clarify the purpose of making the method
more complex.

We refer collectively to ConjTest and ConjTest™ as ConjTest methods.

The forthcoming results provide mathematical justification of our method, i.e. “large”
and non-decreasing values of the above tests suggest that there is no conjugacy between two
time-series.

Theorem 3.2. Let f : X — X and g : Y — Y, where X C R and Y C R%, be
continuous maps (dx and dy denote dimensions of the spaces). For y1 € Y define B, =

{b; =g () |ie{1,....,m}}.
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Suppose that Y is compact and that the trajectory of y1 is dense in Y, i.e. the set By,
becomes dense in'Y as m — oo. If g is semiconjugate to f with h as a semiconjugacy map,
then for every fixed n, t and k

(3.8) li_I)n ConjTest( Ay, By k,t,h) =0,

where A := {a; == f7" 1) | i € {1,...,n}}, 31 € X, is any time-series in X of a length n.
Moreover, the convergence is uniform with respect to n and with respect to the choice of
the starting point x1 (i.e. the “rate” of convergence does not depend on the time-series Ay,).

Proof. Since g is semiconjugate to f via h, h : X — Y is a continuous surjection such
that for every t € N we have ho f! = g oh. Fixt € Nand k € N and let € > 0. We will
show that there exists M such that for all m > M, all n € N and every finite time-series
An = {a; = f""Hx1) | i € {1,...,n}} C X of length n (where 21 € X is some point in X)
it holds that

(3.9) ConjTest( Ay, B k,t,h) < .

Note that |by — b1| < |B,,| for any m > 2 (with |B,,| denoting cardinality of the set
B.,), which we will use at the end of the proof. As g is continuous and Y is compact,
there exists § such that |g'(y) — ¢'(§)| < €|by — by| for every y, § € Y with |y — g| < 4.
As B = {y1,9(v1),---,9™(w1),...} = {b1,...,bm,...} is dense in Y, there exists M such
that if m > M then for every n € N, every x; € X and every i € {1,2,...,} there exists
Jm(7) € {1,2,...,m} such that

1b5,..(iy — ()] <6,

where a; = fi!(z1) € A,.
Thus for m > M, we always (independently of the point a; € X) have

|B(f*(a:)) = g' (h(ai))| = 19" (h(as)) = ¢' (h(a))| < & |bz = by
as gt (h(a;)) = h(f*(a;)) and |h(a;) — h(a;)| < 8. Consequently,
dit ((ho f)(UF). (g o B)(US)) < b2 = bul,

where UF = k(a;, k, A,) and h(UF) = {x(h(a;), By) | a; € Uj}. Therefore

Sy dn (o W), (6o R)WUE) ey — by
n diam(B,,) < ndiam(B,,) ~

since |by — b1| < diam(B,,) for every m > 1. This proves (3.9). [ ]

The compactness of Y and the density of the set B = {y1,9(v1),...,9"™(y1),...} in Y is
needed to obtain the uniform convergence in (3.8) but, as follows from the proof above, these
assumptions can be relaxed at the cost of possible losing the uniformity of the convergence:
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Corollary 33. Let f : X — X and g : Y — Y, where X C R and Y C R¥, be
continuous maps. Let x1 € X and y1 € Y. Define A, = {a; == f" (z1) |i € {1,...,n}}
and By, == {b;j =g Y1) |i€{l,...,m}}. Suppose that {h(a1),...h(an)} C Y for some
compact set Y C Y such that the set Y N B is dense in'Y, where B = {bi,.. ., bm,...}.

If g is semicongjugate to f with h as a semiconjugacy, then for every t and k

lim ConjTest(Ay, By; k,t,h) = 0.

m— 00

Remark 3.4. In the above corollary the assumption on the existence of the set Y means
just that the trajectory of the point y; contains points ¢’i(y1) which, respectively, “well-
approximate” points h(a;), i =1,2,...,n.

Note also that we do not need the compactness of the space X nor the density of A =
{ai,a9,...,ap,...} in X.

The following statement is an easy consequence of the statements above

Theorem 3.5. Let X C R and Y C RY be compact sets and f: X — X andg:Y =Y
be continuous maps which are conjugate by a homeomorphism h : X — Y. Let x1 € X,
y1 €Y and A, and By, be defined as before. Suppose that A, and B, are dense, respectively,
m X andY asn — oo and m — co. Then for every t and k

lim ConjTest(A,, Bn; k,t,h) = lim ConjTest(B,,, Amn;k,t,h) = 0.

m—oo n—oo

The assumptions on the compactness of the spaces and density of the trajectories can be
slightly relaxed in the similar vein as before.

The above results concern ConjTest. Note that in case of ConjTest™ the neighborhoods
ht(UF), thus also (g* o h™)(UF), can be significantly enlarged by adding additional points
to iNL(UZk) and thus increasing the Hausdorff distance between corresponding sets. In order
to still control this distance and formally prove desired convergence additional assumptions
concerning space X and the sequence A are needed:

Theorem 36. Let f: X — X andg:Y — Y, where X C R and Y C RY be continuous
functions. For z1 € X andn € N define A := {a; := [ 1) | i € {1,2,...,n}}. Similarly,
fory1 €Y and m € N define By, := {b; := ¢~ (y1) | i € {1,2,...,m}}. Assume that X and
Y are compact and that the set A, becomes dense in X as n — oo, and By, becomes dense
inY as m — oco. Under those assumptions, if g is semiconjugate to f with h: X — Y as a
semiconjugacy we have that

(3.10) lim lim ConjTest™ (A, Bn;k,t,h) =0

n—0o0 Mm—r0o0

for any k € N and t € N.

Proof. Since g is semiconjugate to f via h, for every t € N we have ho ft = g* o h, where
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h: X — Y is a continuous surjection. Expanding (3.10) yields

Sty di (o f’*)(U-’“), (" 0 WF)(UE))

li li
(3.11) o ((hOft)(Uk), (9" 0 B)(UE))
iy du ((ho fYWE), (o' (HUE) \ R(UE)))
lim lim .
N—00 T —00 n d1am( m)
Recall that UF = k(ai k, An), ha;) := k(h(a;),Bn), R(UF) = {h(a;) : a; € Uk}
and h*(UF) := k(h(a;), ki, By), where k; is the smallest integer k; such that h(UF) C

#(h(a;), ki, Bm). Thus in particular, h(UF) c hT(UF). Obviously all these neighborhoods
UE, h(UF) and ht(UF) depend on n and m (since they are taken with respect to A, and B,,).

Note that from Theorem 3.2 already follows that the first of the two terms in the sum in
(3.11) vanishes. Thus we will only show that the second double limit vanishes as well.

Let ¢ >0, k € Nand t € N. Since g' : Y — Y is a continuous function on a compact
metric space Y, there exists § such that |g'(x) — ¢*(y)| < § whenever 2,y € Y are such that
|z — y| < 4. Similarly, since X is compact and h : X — Y is continuous, there exists d; such
that |h(z) — h(y)| < % whenever z,y € X such that |z — y| < d1.

Since B is dense in Y, there exists M € N such that for m > M and every y € Y,
there exists b € B, such that |l~) —y| < g. Moreover, from the density of A, there exists
N € N such that for every n > N and every i € {1,2,...,n} we have diam(UF) < 41, i.e. if
a; € UF = k(ai, k, Ay) then |a; — a;| < & and consequently

£
(3.12) 19" (h(ay)) = g'(h(a))| < 5.
Assume thus n > N. Then for m > M and every i € {1,2,...n} we have diam(UF) < &

which also implies diam(h(UF)) < §. As m > M, every point of h(UF) can be approximated
by some point of B, with the accuracy better than g. Consequently, diam(h(UF)) < § for
every i € {1,2,...,n}.

Suppose that b € ht(UF) \ h(UF) for some b € B,,,. Then, by definition of i+,
(3.13) b — h(a;)| < diam(h(UF)) < 6.
Thus for any a; € UF = k(a;, k, A,) and any b € ht(UF) \ h(UF) we obtain

[A(f*(az)) — g ()]

< [h(f*(aj) = g"((ay)| + 9" (A(ay)) — g" (h(ai))| + |g* (h(a:)) — " ()]
where
e |h(f*(a;) — g"(h(a;))| = 0 by semiconjugacy assumption
e |g'(h(aj)) — (h( z))| < 5 as follows from (3.12)
o |g'(h(ai)) — t( )| < 5 as follows from (3.13).
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Finally for every i € {1,2,...n}, every a; € UF and every b € (hT(UF) \ h(UF)) we have
|h(f*(aj)) — g"(b)| < € meaning that

Siyd ((ho fWE), o'k (UF)\ R(UE)) 5
7 diam(Bo,) < Tam(B,)

if only n > N and m > M.
This shows that the value of ConjTest™ (A, Bim;k,t, h) can be arbitrarily small if n and
m are sufficiently large and ends the proof. |

Finally, let us mention that conjugacy tests described in this Section are not tests in
the statistical sense. They should be rather considered as methods of assessing dynamical
similarity of the two unknown systems when only small finite samples of their trajectories are
available. Trajectories related by topological conjugacy will give values of the tests close to
0, and those coming from not conjugate systems are expected to result with higher values of
the tests.

The discussed task is already, to a certain extent, considered in the literature. The pa-
per [23] develops sets of statistics which are intended to characterize, in terms of probabilities
and confidence levels, whether time delay embeddings of the two time series are connected by
a continuous, injected or differentiable map. The work [23] presents method to assess (gen-
eralized) synchronization of time series, coupling in complex population dynamics (see [22])
or detecting damage in some material structures (see [21]). The statistics proposed in those
papers are inspired by notions of continuity, differentiability etc., typically involving quantities
like €’s and ¢’s. These values need to be fixed and enforce the user to understand how §’s
scale with e which is typically hard. It seems to be possible to adopt ConjTest’s methods to
the framework of statistical tests and will be considered in the future.

4. Conjugacy experiments. In this section the behavior of the described methods is ex-
perimentally studied. For that purpose a benchmark set of a number of time series originating
from (non-)conjugate dynamical systems is generated. A time series of length N generated
by a map f: X — X with a starting point x; € X is denoted by

o(f, a1, N):={f"Hx1) e X |je{l,2,...,N}}.

All the experiments were computed in Python using floating number precision. The im-
plementations of the methods presented in this paper as well as the notebooks recreating the
presented experiments are available at https://github.com/dioscuri-tda/conjtest.

4.1. Irrational rotation on a circle. The first example involves a dynamics generated by
rotation on a circle by an irrational angle. Let us define a 1-dimensional circle as a quotient

space S := R/Z. Denote the operation of taking a decimal part of a number (modulo 1)
by 3 := & — |z]. Then, for a parameter ¢ € [0,1) we define a rigid rotation on a circle,
f[¢] S =S, as

fig(@) == (z+ ).
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We consider the following metric on S
(4.1) ds:SxS>(x,y) = min((z —y)1, (y —x)1) € [0,1).

In this case ds(z,y) can be interpreted as the length of the shorter arc joining points x
and y on S. It is known that two rigid rotations, fi4) and fjy), are topologically conjugate
if and only if ¢ = ¢ or ¢ + 19 = 1 (see e.g. Theorem 2.4.3 and Corollary 2.4.1 in [28]). In
the first case the conjugating circle homeomorphism h preserves the orientation i.e. the lift
H:R —>Rofh:S— Ssatisfies H(x + 1) = H(z) + 1 for every z € R and in the second case
h reverses the orientation H(x + 1) = H(z) — 1 and the two rotations f4 and fi,) are just
mutually inverse.

Moreover, for a map fi4 we introduce a family of topologically conjugate maps given by

s 1/s
with s > 0. In particular, fw = f[<z>],1‘ It is easy to check that by putting hs(x) := x] we get
figls = Bt o fig 0 hs.

4.1.1. Experiment 1A.
Setup. Let a = %2. In the first experiment we compare the following time series:

R1 = 0(f]q),0.0,2000), Rz = 0(fla), 0-25, 2000),
Rs = o(f[a+0.02], 0.0,2000), R4 = 0(fj2a],0.0,2000),
7?'5 = Q(f[a],Za 007 2000)7 RG = R5 + err(0.05),

where err(e) denotes a uniform noise sampled from the interval [—¢, €.

As follows from Poincaré Classification Theorem, fi, and fppq) are not conjugate nor
semiconjugate whereas fi,] and fi,] 2 are conjugate via hy. Thus the expectation is to confirm
conjugacy of Ry and Ry and of R and Rs5 and indicate deviations from conjugacy in all the
remaining cases.

In case of ConjTest the comparison R; versus Ro, R1 versus R3 and R; versus R4 was
done with h = ids. As we already mentioned, there is no conjugacy between R; and Rs,
nor between R; and R4, as the angles of these rotations are different. Thus there is no
true connecting homeomorphism between R; and R3 and between R; and R4. However, in
order to apply ConjTests we need to pick some candidate for a matching map between two
point clouds and as the first choice one can always start with the identity map, especially for
comparing point clouds generated by trajectories starting at the same or close initial points.
Therefore in this experiment we use h = ids for comparing R1 both with R3 and R4. When
comparing R versus R4 and R versus Rs we use homeomorphism hs(z) := 22. Let us recall
that for FNN and KNN methods we always use h(x;) = y;, a connecting homeomorphism
based on the indices correspondence.

Results. The results are presented in Table 1. Since the presented methods are not sym-
metric, order of input time series matters. To accommodate this information, every cell
contains two values, above and below the diagonal. For the column with header "R; vs.
R;”, the cells upper value corresponds to the outcome of FNN(R;, R;;7), KNN(R;, R;; k),
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R1 VS. RQ Rl VS. R3 Rl VS. R4 R1 VS. R5
test . . . R1 vs. Re
method (starting point (angle (angle (nonlinear (noise)
perturbation) | perturbation) doubled) rotation)
0.0 1.0 .393 .063 .987
FNN (r=2) 0.0 1.0 393 0.0 986
0.0 .257 .003 0.0 .150
KNN (k=5) 0.0 756 .997 0.0 152
ConjTest .001 .201 .b86 0.0 142
(k=5, t=5) .001 .201 .b86 0.0 181
ConjTest ™ .001 .201 .b86 0.0 .162
(k=5, t=5) .001 .201 .b86 0.0 181
Table 1

Comparison of conjugacy measures for time series generated by the rotation on a circle. The number in
the upper left part of the cell corresponds to a comparison of the first time series vs. the second one, while the
lower right corresponds to the inverse comparison. As follows from formulas at the beginning of Section 4.1.1
the considered trajectories have length N = 2000, other corresponding parameters are stated in the table.

ConjTest(R;, R k,t,h) and ConjTest™ (R;, Rj; k,t, h), respectively to the row. The lower
values corresponds to FNN(R;, Ri; ), KNN(R;, Ri; k), ConjTest(R;, R;;k,t, h) and
ConjTest™ (R, Ri; k, t, h), respectively.

As we can see from Table 1 the starting point does not affect results of methods (R vs.
R2) since all the values in the first column are close to 0. It is expected due to the symmetry
of the considered system. A nonlinearity introduced in time series R5 also does not affect the
results. Despite the fact that fi,) o is nonlinear, it is conjugate to the rotation fi,; which is
reflected by tests’ values. However, when we change the rotation parameter we can see an
increase of measured values (R vs. Rz and R; vs. Ry). It is particularly visible in the case
of FNN and KNN. Interestingly, a small perturbation of the angle (R3) can cause a bigger
change in a value then a large one (R4). We investigate how the perturbation of the rotation
parameter affects values of examined methods in Experiment 1B. Moreover, the last column
(R1 vs. Rg) shows that FNN is very sensitive to noise, while KNN and ConjTest methods
present some robustness. The influence of noise on the value of the test statistics is further
studied in Experiment 1C.

Note also that additional summary comments concerning Table 1, as well as results of
other forthcoming experiments, will be also presented at the end of the article.

4.1.2. Experiment 1B. In this experiment we test how the difference of the system pa-
rameter affects tested methods.
Setup. Let « := \1/—05 ~ 0.141. We consider a family of time series parameterized by .

1o’
b

(4.2) 100

{Rﬂ := 0(f}g),0.0,2000) | B =a + i € [-50,—49,. .., 125]} .

Thus, the tested interval of values of (3 is approximately [0.07,0.32]. As a reference value we

chose o = %2 ~ 0.141. We denote the corresponding time series as R,. We compare all time
series from the family (4.2) with R,. In the case of ConjTest methods we use h = id.
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1.0 1.0) —— ConjTest(Ry, Rg; k=20, t=1)
ConjTest(Rq, Rg; k=20, t=3)

—— ConjTest(Rq, Rg; k=20, t=5)

—— ConjTest(Rq, Rg; k=20, t=10)

0.8 0.8

—— FNN(Rq, Rg; r=1)
02 FNN(Rq, Rg; r=2) 02
—— FNN(Rq, Rg; r=3)
—— FNN(Rq, Rg; r=8)

0.0

0.10 0.15 0.20 . 0.25 0.30 0.10 0.15 0.20 . 0.25 0.30
B - rotation B - rotation

Nv

0.8

0.6

value

0.4

0.2

—— KNN(Rq, Rg; k=1)
—— KNN(Rq, Rg; k=5)
—— KNN(Rq, Rg; k=20)

0.0

0.10 0.15 0.20 0.25 0.30

B - rotation

Figure 3. Dependence of the conjugacy measures on the perturbation of rotation angle. Top left: FNN
method. Top right: ConjTest method. Bottom: KNN method.

Results. The outcome of the experiment is plotted in Figure 3. We can see that all methods
give values close to 0 when comparing R, with itself. For different values of parameter
r of FNN plots (Figure 3 top left looks almost identically. Even a small perturbation of
the rotation parameter causes an immediate jump of FNN value from 0 to 1, making it
extremely sensitive to any changes in the system. Obviously, unless 8 = «a, R, and Rg
are not conjugate. However, sometimes it might be convenient to have a somehow smoother
relation of the test value to the infinitesimal change of the rotation angle. KNN method seems
to behave inconsistently, but we can see that the higher parameter k gets the closer we get
to a shape resembling the curve obtained with FNN. On the other hand, ConjTest shows a
linear dependence on  parameter. Moreover, different values of ConjTest’s parameter t result
in a different slope of this dependency.
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1.0 O
- FNN(Ry, R¢; r=2)
0.8 FNGR,, Re; r=5)
:," - FNN(Ry, R:; r=8)
.’:‘::': —— KNN(Ry, R¢; k=1)
KNN(Ry, Re; k=3)
g ” —— KNN(Ry, Re; k=5)
© | o KNNGRy, R k=10)
> —— ConjTest(Ry, R¢; k=5, t=5)
4(7)J ConjTest(Ry, R.; k=10, t=5)
Q 04 —— ConjTest(Ry, Re; k=5, t=10) .
- —— ConjTest(Ry, Re; k=10, t=10) =~ ’%/%"N%
0.2 ,.,.,_,.,.,A,,,.,
0.0

0.00 0.05 0.10 . 0.15 0.20 0.25
€ - noise level

Figure 4. Dependence of conjugacy measures on the perturbation of time series.

Both, FNN and KNN exhibit an interesting drop of the value when # =~ 0.283 that is
B = 2a. Formally, we know that fi, and fjp) are not conjugate systems. However, we
can explain this outcome by analyzing the methods. Let a; € R, and let 7 € Z such that
aj := ajt+r € Rq be the nearest neighbor of a;. In particular, 7 € Z. By (4.1) we get
ds(ai,aj) = (at)y or (—ar)y. There is an N € Z and a 6 € [0,1) such that ar = N + 4.
Since ds(a;, a;) ~ 0, it follows that 63 ~ 0. To get FNN we also need to know dg(b;, b;). Let
B = za. Then, b; = (20d)1, bj = (2ai + zat); and dg(bs,bj) = (za7)1 or (—zat)y. Thus,
zat = zN + z0. We assume that zd € [0,1), because 03 ~ 0 and z is not very large . Again,
there exists an M € Z and € € [0,1) such that zN = M + €. Now, if zN € Z, then ¢ = 0,

ds(bi, b;) = (20)1 = zds(as,a;) (last equality given by d; ~ 0) and dsbiby) o, 1 2N &7

ds(as,a;)

then € #£ 0 and % = i—g. Hence, the fraction gives a large number and the numerator
of FNN will count most of the points, unless zN € 7Z which is always satisfied when z € Z.
Moreover, for the irrational rotation 7 might be large. In our experiments we usually get
|7| > 1000. Thus, N is large and € is basically a random number. In the case of KNN there is
a chance that at least for some of the k-nearest neighbors zN € Z. Hence, the more rugged
shape of the curve.

In the case of ConjTest we observe a clear impact of ConjTest’s parameter ¢ on the shape
of the curve. The method takes k-nearest neighbors of a point x; (UF in the formula (2.1))
and moves them t times about angle «. At the same time the corresponding image of those
points in the system Rg (h(UF) in the formula (2.1)) is rotated ¢ times about § angle. Thus,
the discrepancy of the position of those two sets of points is proportional to t3. In particular,
when (t8)1 = «, these two sets are in the same position.
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4.1.3. Experiment 1C. In this experiment, instead of perturbing the parameter of the
system we perturb the time series itself by applying a noise to every point of the series.
Setup. Set a = ‘1/—05. We compare a time series R1 := 0(flq),0.0,2000) with a family of

time series:
(4.3) {75 = 0(fia] 2, 0.0,2000) + err(e) | € € [0.00, 0.25]} :

where err(e) is a uniform noise sampled from the interval [—¢, €] applied to every point of the
time series. In the case of ConjTest we again use h(z) = z2y.

Results. Results are presented in Figure 4. Again, FNN presents a very high sensitivity on
any disruption of a time series and even a small amount of noise gives a conclusion that two
systems are not conjugate. On the other hand, KNN and ConjTest present an almost linear
dependence on noise level. Note that higher values of parameters k£ and ¢ make methods more

sensitive to the noise.

4.2. Example: irrational rotation on a torus. Let us consider a simple extension of the
previous rotation example to a rotation on a torus. With a torus defined as T := S x S, where
S =R/Z, we can introduce map fi4, ¢, : T — T defined as

Fionon (@D, 2@) = (@D + ¢1)1, (2 + g2)1),

where ¢1, ¢ € [0,1). We equip the space with the maximum metric dr:

dr: T x T > ((z1,41), (22, y2)) = max (ds(z1, 22),ds(y1, y2)) € [0, 1),

where dg is the sphere metric (see (4.1)).

Note that rotation on a torus described above and rotation on a circle fi5,) : S — S studied
in Section 4.1 give a simple example of semiconjugate systems. Namely, let A : T — S be a
projection hy(z(M,2(?) = 2 i = 1,2, Then we get the equality h; o fio1,60] = figs) © ha for
ie{1,2}.

4.2.1. Experiment 2A.
Setup. For this experiment we consider the following time series:

Ti = 0 fia g, (0.0,0.0), 2000), S =T,
T = o(fi1.10.9); (0.1,0.0), 2000), S =T",
Tz = o(fi5.,4), (0.1,0.0), 2000), S;=T.",

where a = 1/2/10, 3 = v/3/10, and S; = 7;(1), 1 =1,2,3, is a time series obtained from the
projection of the elements of 7; onto the first coordinate. When comparing 7; with 7; for
i,j € {1,2,3} we use h = id. When we compare 7; versus S; we use h(z,y) = z, and for S;
versus 7; we get h(z) = (z,0).

Results. The asymmetry of results in the first column (7; vs. S;1) in Table 2 shows that
all methods detect a semiconjugacy between 71 and &y, i.e. that fi,) is semiconjugate to fl, g
via hi. An embedding of a torus into a 1-sphere preserves a neighborhood of a point. The

inverse map clearly does not exist.
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test
Ti vs. St T1 vs. T T1 vs. Sa T1 vs. T3 T1 vs. S3
method
0.0 1.0 1.0 0.0 0.0
FNN (r=2) 1.0 978 1.0 1.0 1.0
042 275 514 041 .041
KNN (k=5) 617 .855 .690 .938 .938
ConjTest .001 149 142 451 .318
(k=5, t=5) .270 148 .270 .322 .322
ConjTest™ 018 154 143 458 .319
(k=5, t=5) 272 158 271 .325 324
Table 2

Comparison of conjugacy measures for time series generated by the rotation on a torus. The number in
the upper left part of the cell corresponds to a comparison of the first time series vs. the second one, while the
lower right number corresponds to the inverse comparison.

The rest of the results confirm conclusions from the previous experiment. The second
and the third column (77 vs. T3 and 77 vs. Sz) show that FNN and KNN are sensitive to a
perturbation of the system parameters. The fourth and the fifth column (77 vs. T3 and Ty
vs. S3) present another example where those two methods produce a false positive answer
suggesting a semiconjugacy. This time the problematic case is not due to a doubling of the
rotation parameter, but because of coinciding rotation angles. Again, the behavior of the
ConjTest method exhibits a response that is relative to the level of perturbation.

4.3. Example: the logistic map and the tent map. Our next experiment examines two
broadly studied chaotic maps defined on a real line. The logistic map and the tent map,
f1:9u 1 [0,1] = [0, 1], respectively defined as:

(4.4) fi(z) :=lz(1 — x) and gu(x) := pmin{z, 1 —x},

where, typically, [ € [0,4] and p € [0,2]. For parameters [ = 4 and p = 2 the systems are
conjugate via homeomorphism:

(4.5) h(z) = 2arcsin(\/:f)’

m
that is, h o f4 = go o h. In this example we use the standard metric induced from R.

4.3.1. Experiment 3A.
Setup. In the initial experiment for those systems we compare the following time series:
A= Q(f4a0272000)a By = Q(f4702172000)a
Bl = Q(QQ, h(0.2), 2000), Bg = Q(f3.99, 0.2, 2000),
By = 0(f3.99,0.21,2000).

Time series A is conjugate to By through the homeomorphism h. Time series A and Bsy
come from the same system — f4, but are generated using different starting points. Sequences
Bs and B, are both generated by the logistic map but with different parameter value (I = 3.99)
than A; thus, they are not conjugate with A. For ConjTest methods we use (4.5) to compare
A with By, and the identity map to compare A with By, Bs and By.
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test A vs. Bs A vs. Bz A vs. By
M A vs. By (starting point (parameter (st.point 4 param.
metho perturbation) | perturbation) perturbation)
.205 .998 1.0 1.0

FNN (r=2) 0.0 1.0 1.0 999
0.0 .825 .831 .835

KNN (k=5) 0.0 .828 .832 .833
ConjTest 0.0 017 .099 .099

(k=5, t=5) 0.0 .017 .059 .059
ConjTest™ 0.0 .027 .104 104

(k=5, t=5) .001 .023 .065 .064

Table 3

Comparison of conjugacy measures for time series generated by logistic and tent maps. The number in
the upper left part of the cell corresponds to a comparison of the first time series vs. the second one, while the
lower right number corresponds to the inverse comparison.

Results. The first column of Table 3 shows that all methods properly identify the tent map
as a system conjugate to the logistic map (provided that the two time series are generated
by dynamically corresponding points, i.e. a; and b; := h(aj), respectively). The second
column demonstrates that FNN and KNN get confused by a perturbation of the starting
point generating time series. This effect was not present in the circle and the torus example
(Sections 4.1 and 4.2) due to a full symmetry in those examples. The ConjTest methods are
only weakly affected by the perturbation of the starting point. Nevertheless, we expect that
higher values of parameter ¢t may significantly affect the outcome of ConjTest due to the chaotic
nature of the map. We test it further in the context of Lorenz attractor (Experiment 4C').
The third and the fourth column reflect high sensitivity of FNN and KNN to the parameter
of the system. On the other hand, ConjTest methods admit rather conservative response to
a change of the parameter.

The experiment shows that FNN and KNN are able to detect a change caused by a
perturbation of a system immediately. However, in the context of empirical data we may
not be able to determine whether the starting point was perturbed, or if the system has
actually changed, or whether there was a noise in our measurements. Thus, some robustness
with respect to noise might be desirable and the seemingly blurred concept of the conjugacy
represented by ConjTest might be helpful.

4.3.2. Experiment 3B. The logistic map is one of the standard examples of chaotic maps.
Thus, we expect that the behavior of the system will change significantly if we modify the
parameter [. Here, we examine how the perturbation of [ affects the outcome of tested
methods.

Setup. We generated a collection of time series:

{B(1) := 0(f,0.2,2000) | I € {3.8,3.805,3.81,...,4.0}} .

Every time series B(l) in the collection was compared with a reference time series 5(4.0).
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| - logistic map parameter

3.975 4.000

Figure 5. Dependence of the conjugacy measures on a change of the parameter of the logistic map.

Results. The results are plotted in Figure 5. As Experiment 3A suggested, FNN and KNN
quickly saturate, providing almost “binary” response i.e. the output value is either 0 or a fixed
non-zero number depending on parameter k. Similarly to Experiment 1B we observe that with
a higher parameter k the curve corresponding to KNN gets more similar to FNN and becomes
nearly a step function. ConjTest admits approximately continuous dependence on the value
of the parameter of the system. However, higher values of the parameter ¢t of ConjTest make
the curve more steep and forms a significant step down in the vicinity of [ = 4. This makes
sense, because the more time-steps forward we take into account the more nonlinearity of the
system affects the tested neighborhood.

We presume that the observed drop of FNN values and increase of ConjTest values for the
parameter [ value approximately in the interval {3.83,3.86} is caused by the collapse of the
attractor to the 3-periodic orbit observed for these parameter values (see bifurcation diagram
in Figure 7).

Obviously, the logistic map with different parameter values won’t be conjugate. However,
since we work with only finite samples, it might be not enough to rigorously distinguish them
if the difference of the parameter is small. The results can only suggest an empirical similarity
of the underlying dynamical systems.

4.3.3. Experiment 3C. Asobserved in the previous experiment, a change of the parameter
[ in the logistic equation may significantly change the dynamical nature of the system. In this
experiment we use the ConjTest to grasp the types of dynamics as a function of [ parameter.
Setup. First, we generated the following collection of time series:

(4.6)  {B(l,p) = o(f1, £/ (p),2000) | | € {3.4,3.405,3.41,...,4.0}, p € {0.11,0.31}} .

This manuscript is for review purposes only.


http://mostwiedzy.pl

/\/\\ MOST WIEDZY Downloaded from mostwiedzy.pl

629
630
631
632

633

634
635
636
637
638
639
640
641
642
643
644
645

22 P. DLOTKO, M. LIPINSKI, AND J. SIGNERSKA-RYNKOWSKA

2.001

1.754

1.501

1.254

1.001

0.751

il

Figure 6. Dendrogram obtained from the single-linkage agglomerative hierarchical clustering of the collection
of time series (4.6) generated from the logistic map using similarity score defined (4.7). The horizontal dashed
line represents the threshold chosen for the clustering. The distribution of the clustered time series on bifurcation
diagram is presented in Figure 7.

il

Il

Note that each time series starts at 500-th iterate of point p. It is a standard procedure
allowing the trajectory to settle down on an attractor. We compared every two time series
B(l,p) and B(l',p’) with the formula We assign a similarity for each pair of time series B(l, p)
and B(I',p') via

(4.7) max {Coanest(B(l, p), B(I',p"); k,t,id), ConjTest(B(I', p'), B(l, p); k, t, id) }

with fixed £ = 5 and ¢t = 2. The obtained similarity matrix was then applied to the single-
linkage agglomerative hierarchical clustering.

Results. The dendrogram in Figure 6 presents the output of the experiment. Every leaf
represents a single time series corresponding to a pair (I,p) of the parameter value and a
starting point. With a threshold value 0.35 we can distinguish 10 clusters. For every value of
parameter [, both time series B(l,0.11) and B(l,0.31) fall into the same cluster.

We draw the result of the clustering on the bifurcation diagram in Figure 7. As one
can expect, the time series grouped according to their dynamics type and their proximity
in the parameter space. The dendrogram structure indicates additional substructures within
the clusters. For instance, the pink cluster contains two visible subclasses from which one
corresponds to a set of 4-periodic orbit, while the second aggregates the attractors after the
initial period doubling bifurcations.
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1.0 1

1
0.6 it |

0.4 1

0.2 1

0.0 1

3.4 3.5 3.6 3.7 3.8 3.9 4.0

Figure 7. Partition of the bifurcation diagram based on the clustering of time series generated from the
logistic map presented in Figure 6. FEvery square at the bottom of the image represents a time series corre-
sponding to a value of parameter | given by the horizontal azxis. Top row corresponds to the starting point 0.11,
bottom row to 0.31. Color of a square indicates the cluster into which the corresponding trajectory belongs.

4.4. Example: Lorenz attractor and its embeddings. The fourth example is based on
the Lorenz system defined by equations:

z =o(y—x),
(4.8) —2(p—2) v,
z = ry — Bza
which induces a continuous dynamical system ¢ : R3 x R — R3. We consider the classical

values of the parameters: o = 10, p = 28, and 5 = 8/3. A time series can be generated by
iterates of the map f(x) := ¢(x,t), where ¢ > 0 is a fixed value of the time parameter. For
the following experiments we chose £ = 0.02 and we use the Runge-Kutta method of an order
5(4) to generate the time series.
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Figure 8. A time series generated from the Lorenz system (top left) and 3-d embeddings of its projections
onto the x-coordinate (top right), y-coordinate (bottom left) and z-coordinate (bottom right) with a delay pa-
rameter | = 5.

4.4.1. Experiment 4A.
Setup. Let py = (1,1,1) and pa = (2,1,1). In this experiment we compare the following
time series:

Li = o(f, f**°(p;),10000), Pi, =1L, d,5), Pl,=1(£7,d,5),

where i € {1,2}. Recall that II denotes the embedding of a time series into R% and £f is a
projection of time series £; onto its j-th coordinate. In all the embeddings we choose the lag
I = 5. Note that the first point of time series £; is equal to the 2000-th iterate of point p;
under map f. It is a standard procedure to cut off some transient part of the time series.

Time series 77;7 4 and ’P; 4 are embeddings of the first and third coordinate of £;, respec-
tively. As Figure 8 (top right) suggests, the embedding of the first coordinate into R? results
in a structure topologically similar to the Lorenz attractor. The embedding of the third coor-
dinate, due to the symmetry of the system, produces a collapsed structure with “wings” of the
attractor glued together (Figure 8, right). Thus, we expect time series Pi,d to be recognized
as non-conjugate to L;.

In order to compare £; and embedded time series with ConjTest we shall find the suitable
map h. Ideally, such a map should be a homeomorphism between the Lorenz attractor L C R?
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(or precisely the w-limit set of the corresponding initial condition under the system (4.8)) and
its image h(L). However, the construction of the time series allows us to easily define the best
candidate for such a correspondence map pointwise for all elements of the time series.

For instance, a local approximation of h when comparing £; C R? and Pi’ 4 C R? will be
given by:

(4.9) h:L;>x (xgl),xg_l&-’, . ,X§25d) € Pid C RY,
where x; := (x4, 9;,2) € R? denotes the state of the system (4.8) at time ¢ and xgl) = 2

denotes its projection onto the z-coordinate. When j = ¢ this formula matches the points of
L; to the corresponding points of ng 4= P; 4- However, if j # i then the points of £; are

mapped onto the points of P; 4 Dot to Pg 4> thus in fact in our comparison tests we verify
how well Pj 4 approximates the image of £; under h and the original dynamics.

For the symmetric comparison of P:g g With £; the local approximation of h~1:R? 5 R3
will take a form:

(4.10) ht: Pid 3 (xgl),xgg), . 7X§1+)5d) = x; € L£; C RS

These are naive and data driven approximations of the potential connecting map h. In partic-
ular the homeomorphism from the Lorenz attractor to its 1D embedding cannot exist, but we
still can construct map h using the above receipt, which seems natural and the best candidate
for such a comparison. More sophisticated ways of finding the optimal A in general situations
will be the subject of our future studies.

In the experiments below we use the maximum metric.

Results. As one can expect, Table 4 shows that embeddings of the first coordinate give
in general noticeably lower values then embeddings of the z’th coordinate. Thus, suggesting
that £, is conjugate to 77%’3, but not to 732173. Again, Table 5 shows that, in the case of chaotic
systems, FNN and KNN are highly sensitive to variation in starting points of the series.

All methods suggest that 2-d embedding of the z-coordinate has structure reasonably
compatible with £1. With the additional dimension values gets only slightly lower. One could
expect that 3 dimensions would be necessary for an accurate reconstruction of the attractor.
Note that Takens’ Embedding Theorem suggests even dimension of 5, as the Hausdorff dimen-
sion of the Lorenz attractor is about 2.06 [30]. However, it often turns out that the dynamics
can be reconstructed with the embedding dimension less than given by Takens’ Embedding
Theorem (as implied e.g. by Probabilistic Takens” Embedding Theorem, see [3, 4]). We also
attribute our outcome to the observation that the z-coordinate carries a large piece of the
system information, which is visually presented in Figure 8.

Interestingly, when we use ConjTest to compare £ with embedding time series generated
from L1 we always get values 0.0. The connecting maps used in this experiment, defined by
(4.9) and (4.10), establish a direct correspondence between points in two time series. As a
result we get 4 = h in the definition of ConjTest, and consequently, every pair of sets in the
numerator of equation (3.5) is the same. If the embedded time series comes from another
trajectory then h = h and ConjTest gives the expected results, as visible in Table 5. On the
other hand, computationally more demanding ConjTest™ exhibits virtually the same results
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Comparison of conjugacy measures for time series generated by the Lorenz system. The number in the
upper left part of the cell corresponds to a comparison of L1 vs. the second time series, while the lower right

number corresponds to the inverse comparison.

test

method Livs. Phy | Livs. Pry | Livs. Pag | L1vs. Piy | L1vs. Pls
0.0 0.0 .05 0.0 11

FNN (r=3) 1.0 .362 .196 1.0 541
019 .003 .003 .024 .002

KNN (k=5) 465 .036 .007 743 519
ConjTest 0.0 0.0 0.0 0.0 0.0

(k=5, t=10) 0.0 0.0 0.0 0.0 0.0

ConjTest™ .330 .030 .024 .406 .046

(k=5, t=10) 401 .087 .051 .396 407

Table 4
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test

method Ly vs. Lo L1 vs. 73371 L1 vs. 73372 L1 vs. 73373 L1 vs. 733,1 Ly vs. Pig
.995 .955 987 991 .963 .996

FNN (r=3) .996 1.0 .996 .996 1.0 997.
.822 .826 .829 .829 .823 .820

KNN (k=5) .827 .832 .826 .825 .828 .833
ConjTest .010 .236 .016 .010 .391 017

(k=5, t=10) .009 .012 .010 .009 .012 .009
ConjTest™ .020 331 .039 .033 431 .060

(k=5, t=10) .017 .400 .092 .056 .392 .404

Table 5

Comparison of conjugacy measures for time series generated by the Lorenz system. The number in the upper
left part of the cell corresponds to a comparison of L1 vs. the second time series, the lower right corresponds
to the symmetric comparison.

in both cases, when £ is compared with embeddings of its own (Table 4) and when £; is
compared with embeddings of Lo (Table 5).

4.4.2. Experiment 4B. This experiment is proceeded according to the standard use of
FNN for estimating optimal embedding dimension without an explicit knowledge about the
original system.

Setup. Let p = (1,1,1), we generate the following collection of time series

L= o(f, £ (p),10000), Pq=T1(LM,d,5),
where d € {1,2,3,4,5,6}. In the experiment we compare pairs of embedded time series
corresponding to consecutive dimensions, e.g., Py with P41, for the entire range of parameter
values. We are looking for the minimal value of d such that P;_; is dynamically different from
P4, but Py is similar to Pyq1. The interpretation says that d is optimal, because by passing
from d — 1 to d we split some false neighborhoods apart (hence, dissimilarity of dynamics),
but by passing from d to d + 1 there is no difference, because there is no false neighborhood
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left to be separated.

Results. Results are presented in Figure 9. In general, the outputs of all methods are
consistent. When the one-dimensional embedding, P;, is compared with two-dimensional
embedding, Ps, we get large comparison values for the entire range of every parameter. When
we compare Py with Ps the estimation of dissimilarity drops significantly, i.e. we conclude
that the time series P2 and Pz are more “similar” than P; and Py. The comparison of Pj3
with Py still decreases the values, suggesting that the third dimension improves the quality of
our embedding. The curve corresponding to Py vs. Ps essentially overlaps P3 vs. Py curve.
Thus, the third dimension seems to be a reasonable choice.

We can see that FNN (Figure 9 top left), originally designed for this test, gives a clear
answer. However, in the case of KNN (Figure 9 top right) the difference between the yellow
and the green curve is rather subtle. Thus, the outcome could be alternatively interpreted
with a claim that two dimensions are enough for this embedding. In the case of ConjTest™
we have two parameters. For the fixed value of t = 10 we manipulated the value of k (Figure
9 bottom left) and the outcome matched up with the FNN result. However, the situation is
slightly different when we fix £ = 5 and vary the ¢ (Figure 9 bottom right). For ¢t < 30 the
results suggest dimension 3 to be optimal for the embedding, but for ¢ > 40 the green and
the red curve split. Moreover, for ¢ > 70, we can observe the beginning of another split of the
red (P4 vs. Ps) and the violet (P5 vs. Pg) curves. Hence, the answer is not fully conclusive.
We attribute this effect to the chaotic nature of the attractor. The higher the value of ¢ the
higher the effect. We investigate it further in the following experiment.

4.4.3. Experiment 4C. In this experiment we investigate the dependence of ConjTest™
on the choice of value of parameter ¢t. Parameter ¢t of ConjTest™ controls how far we push
the approximation of a neighborhood of a point x; (U; in (3.7)) through the dynamics. In
the case of systems with a sensitive dependence on initial conditions (e.g., the Lorenz system)
we could expect that higher values of ¢ spread the neighborhood over the attractor. As a
consequence, we obtain higher values of ConjTest™.

Setup. Let py = (1,1,1), po = (2,1,1), ps = (1,2,1), and py = (1,1,2). In this experiment
we study the following time series:

Li= o(f. " (p:), 10000), Phy=T(L",d.5), Pya=1LD,d5),
where i € {1,2,3,4} and d € {1,2,3,4}. We compare the reference time series £, with all the
others using ConjTest™ method with the range of parameter

t e {1,5,9,13,17,21,25,30,35, 40, 45, 50, 55, 60, 65, 70, 75, 80}.

Results. The top plot of Figure 10 presents the results of comparing £; to the time series
L; and P, ; with i € {2,3,4} and d € {1,2,3,4}. Red curves correspond to £y vs. P,

green curves to £ vs. P

i ,, blue curves to £y vs. P:

»3, and dark yellow curves to £y vs.

73;’4. There are three curves of every color, each one corresponds to a different starting point
pi, © € {2,3,4}. The bottom part shows results for comparison of £; to P;’d (we embed
the y-coordinate time series instead of z-coordinate). The color of the curves is interpreted

analogously. Black curves on both plots are the same and correspond to the comparison of
L1 with ,Cj for j € {2,3,4}.
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Figure 9. A comparison of embeddings for consecutive dimensions. Top left: FNN with respect to parameter
r. Top right: KNN with respect to parameter k. Bottom left: ConjTest™ with respect to parameter k. Bottom
right: ConjTest™ with respect to parameter t.

As expected, we can observe a drift toward higher values of ConjTest™ as the value of
parameter t increases. Let us recall that Ui’C in (3.7) is a k-element approximation of a
neighborhood of a point x;. The curve reflects how the image of Uik under f? gets spread across
the attractor with more iterations. In consequence, a 2D embedding with ¢ = 10 might get
lower value than 3D embedding with ¢t = 40. Nevertheless, Figure 10 (top) shows consistency
of the results across the tested range of values of parameter ¢. Red curves corresponding to 1D
embeddings give significantly higher values then the others. We observe the strongest drop of
values for 2D embeddings (green curves). The third dimension (blue curves) does not improve
the situation essentially, except for t € [1,25]. The curves corresponding to 4D embeddings
(yellow curves) overlap those of 3D embeddings. Thus, the 4D embedded system does not
resemble the Lorenz attractor essentially better than the 3D embedding. It agrees with the
analysis in the Experiment 4B.

The y-coordinate embeddings presented in the bottom part of Figure 10 give similar
results. However, we can see that gaps between curves corresponding to different dimensions
are more visible. Moreover, the absolute level of all curves is higher. We interpret this outcome
with a claim that the y-coordinate inherits a bit less information about the original system
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than the z-coordinate. In Figure 8 we can see that y-embedding is more twisted in the center
of the attractor. Hence, generally values are higher, and more temporal information is needed
(reflected by higher embedding dimension) to compensate.

Note that the comparison of £; to any embedding 73; 4 is always significantly worse than
comparison of £q to any £;. This may suggest that any émbedding is not perfect.

4.5. Example: rotation on the Klein bottle. In the next example we consider the Klein
bottle, denoted K and defined as an image K := im 8 of the map 5:

cos § cos y — sin 3 sin(2y)
N sin § cosy + cos § sin(2y)
8cosx(1+ THY)

8sinz(1 + Sigy)

(4.11) B:10,2m) x [0,27) > € R

In particular, the map g is a bijection onto its image and the following “rotation map”
Ji¢1,¢2)] + K — K over the Klein bottle is well-defined:

fionm)(@) =5 (/31@) 4 m mod 27T> |

4.5.1. Experiment 5A. We conduct an experiment analogous to Experiment 458 on esti-
mating the optimal embedding dimension of a projection of the Klein bottle.
Setup. We generate the following time series

K = o(f[4,,6:]5 (0,0,0,0),8000),
Py;=1 ((IC D4 K@ 4 6 4 kW) /4,4, 8) 7

where ¢1 = \1/—05, Py = \1/—05, d € {2,3,4,5} and K@ denotes the projection onto the i-th
coordinate. Note that in previous experiments we mostly used a simple observable s which
was a projection onto a given coordinate. However, in general, one can consider any (smooth)
function as an observable. Therefore in the current experiment, in the definition of Py, s is a
sum of all the coordinates, not the projection onto a chosen one. Note also that because of
the symmetries (see formula (4.11)) a single coordinate might be not enough to reconstruct
the Klein bottle.

Results. We can proceed with the interpretation similar to Experiment 48. The FNN
results (Figure 11 top left) suggests that 4 is a sufficient embedding dimension. The similar
conclusion follows from KNN (Figure 11 top right) and ConjTest™ with a fixed parameter
k = 10 (Figure 11 bottom right). The bottom left figure of 11 is inconclusive as for the higher
values of k the curves do not stabilize even with high dimension.

Note that the increase of parameter ¢ in ConjTest™ (Figure 11 bottom right) does not result
in drift of values as in Figure 9 (bottom right). In contrast to the Lorenz system studied in
Experiment 4B the rotation on the Klein bottle is not sensitive to the initial conditions.
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Lorenz system: dependency of ConjTest* on the number of time-steps
and embedding dimension of the x-coordinate.
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Lorenz system: dependency of ConjTest* on the number of time-steps
and embedding dimension of the y-coordinate.

o
N

mm=Emm

S=sa, i SIS S S -
T T T N
QeI
=227

- 1D embeddings
''''''' 2D embeddings
—-— 3D embeddings

4D embeddings
—— Lorenz

20 40 60 80 100
t - number of timesteps

Figure 10. Dependence of ConjTest™ on the parameter t for Lorenz system. In this experiment multiple
time series with different starting points were generated. Each of them was used to produce an embedding. Top:
comparison of x-coordinate embedding with L1. Bottom: comparison of y-coordinate embedding with L1. For
more explanation see text.
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Figure 11. A comparison of the conjugacy measures for embeddings of the Klein bottle for consecutive
dimensions. Top left: FNN with respect to parameter r. Top right: KNN with respect to parameter k. Bottom
left: ConjTestt with respect to parameter k (t = 10 fized). Bottom right: ConjTest™ with respect to parameter
t (k=75 fized).

5. Approximation of the connecting homeomorphism. In whole generality, finding the
connecting homeomorphism between conjugate dynamical systems, is a very difficult task.
Some prior work has been done in this direction but the existing methods still have many
limitations in applying for a broader class of systems. In particular, the works [26, 27, 32]
developed a method to produce conjugacy functions based on a functional fixed-point iteration
scheme that can also be generalized to compare non-conjugate dynamical systems in which
case the limit point of a fixed-point iteration scheme yields a function called a “commuter”.
Quantifying how much the commuter function fails to be a homeomorphism (in various mea-
sures) led to the notion of a “homeomorphic defect” that, as the authors point out, allows one
to quantify the dissimilarity of the two dynamical systems. However, the method has been
illustrated on a very few specific examples and could be rigorously mathematically justified
only under very restrictive assumptions e.g. uniform contraction of at least one of the systems
when comparing systems in one dimension. Significant problems occur in rigorous extension
to systems of higher dimension. Consequently, later work [5] extended this theory to allow for
multivariate transformations and presented ideas on constructing commuter functions differ-
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ent than fixed-point iteration scheme. This method is based on symbolic dynamics approach
which, however, requires existence and finding a general partition for systems being compared.
Although the approach of finding a (semi-)conjugacy to a symbolic shift space through gen-
erating or Markov partition seems very natural from the point of view of dynamical systems
theory, in practice finding a reasonable partition even for systems given by explicit equations
(not to mention time series of real data) is often not feasible. Moreover, one can face an
explosion of computational complexity as the number of symbols increases. Later work [33]
employs a method of graph matching between the graphs representing the underlying sym-
bolic dynamics or, alternatively, between the graphs approximating the action of the systems
on some eligible partition. Interestingly, the authors show that the permutation matrices that
relate the adjacency matrices of the merging graphs coincide with the solution of Monge’s
mass transport problem.

The above earlier works contain valuable ideas on finding to-be-conjugacies or commuter
functions and the defect measures of the arising commuters might serve as a quantification of
the dynamical similarity between two given systems. In turn, our proposed tools, ConjTest
and ConjTest™ can be applied, among others, to explicitly assess the quality of the matching
between the two systems through the commuting functions obtained by the above mentioned
methods and these matching functions can be candidates for testing (semi-)conjugacy of given
systems by ConjTests. Note also that, contrary to the previous works, ConjTest methods can
be applied directly to the time-series since we work on the point clouds and do not need a
priori the formulas for systems which generated them - these are only used as benchmark
tests.

However, as our contribution and small step forward towards effective algorithms of finding
conjugating maps, in this section we present a proof-of-concept gradient-descent algorithm,
utilizing the ConjTest as a cost function, to approximate such a connecting homeomorphism.
More precisely, as an example, we use it to discover an approximation of the map (4.5) that
constitutes a topological conjugacy between the tent and the logistic map (see Section 4.3).
Instead of finding an analytical formula approximating the connecting homeomorphism our
strategy aims to construct a cubical set representing the map. Further development and
generalization of the presented procedure will be a subject of forthcoming studies.

Consider the following sequence 0 = a1 < ag < ... < ap4+1 = 1. Denote 4; ; := [aj, aj+1] X
[aj,aj+1) and A == {A;; | 4,5 € {1,2,...n}}. Let h: I — I be an increasing homeomorphism
from the unit interval I to itself and by 7(h) := {(x,y) € I x I | y = h(x)} denote the graph
of h. We say that a collection h = {A; ; € A | int A; ;N7 (h) # 0} is a the cubical approzimation
of h and we denote it by [h]. Equivalently, h is the minimal subset of A such that w(h) C [Jh.
We refer to

H:={[h] CA|h:I— I - an increasing homeomorphism}

as a family of all cubical homeomorphisms of A.

In A we show how to construct a class of piecewise linear homeomorphisms for any h € H.
We denote a selector of h, that is a homeomorphism representing h, by f,. Take, as an
example, cubical sets marked with yellow cubes in Figure 12. At every panel, the blue curve
corresponds to the graph of the selector.

The size of family H grows exponentially with the resolution of the grid (the explicit
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formula for the size of H is given in A). For instance, the number of cubical homeomorphisms
for m = 21 is about 2.6 - 10™. Thus, it is hopeless to find the optimal approximation of the
connecting homeomorphism by a brute examination of all elements of H. Instead, we propose
an algorithm based on the gradient descent strategy using ConjTest as a cost function.

Algorithm 5.1 ApproximateH

Input: A, B — time series on an interval, hy € h — initial approximation of the homeomor-
phism, nsteps — number of steps, p — memory size.
Output: best_h — approximated connecting homeomorphism
1: h<hy
2: q < initialize queue of size p with null’s
3: best h<h
4: for t = 0 to nsteps do

5 ¢+« {h eh|h' €nbhd(h) and diff(h,h') Z q}

6 if #c = 0 then

7: break

8 else

9 h + h' € ¢ with a minimal value of score(h/, A, B)
10: if score(h, A, B) < score(best_h, .4, 5) then

11: best h < h

12: end if

13: q.append(diff(h,h’)) {append the unique element differentiating h and h'}
14: q-pop()

15:  end if

16: end for

17: return best_h

Let A and B be time series on a unit interval. Algorithm 5.1 attempts to find an element
of H with as small value of the ConjTest as possible. For that purpose, each element h € H
can be assigned with the following score:

score(h, A, B) := max {Coanest(A, B;k,t, fn), ConjTest(B, A; k, t, f{l)} .

Since elements h,h’ € H are collections of sets, the symmetric difference gives a set of cubes
differing h and h'. We denote it by

diff(h,h") := (b \ k') U (h"\ h).

Let h € H be an initial guess for the connecting homeomorphism. In each step of the
algorithm an attempt is made to update it in a way that the score gets improved. Each
iteration of the main loop considers all neighbors h’ of h in H such that nbhd(h) := {h’ € H |
#diff(h,h') = 1} (a unit sphere in a Hamming distance centered in h). The element h' of
nbhd(h) with minimal score(h’) is chosen for the next iteration of the algorithm. Note that
it might happen that score(h’) < score(h). This prevents the algorithm from being stuck at
a local minimum. In addition, to avoid orbiting around them we exclude elements of nbhd(h)
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for which element diff(h,h’) is an element added or removed in previous p iterations of the
algorithm. This strategy is more restrictive from just avoiding assigning to h the same cubical
homeomorphism twice within p consecutive steps which still could result in oscillatory changes
of some cubes.

We conducted an experiment for the problem studied in Section 4.3, that is, a comparison
of time series generated by the logistic and the tent map. Take the following time series

A = 0(f1,0.02,500) and B = p(g2,0.87,500),

where fy and g are respectively a logistic and a tent map as in Section 4.3. We use score
with parameters £ = 5 and ¢ = 1. As an initial guess of the connecting homeomorphism hg
we naively took a cubical approximation of a h(z) = 2® with resolution m = 21, as presented
in the top-left panel of Figure 12. We run Algorithm 5.1 for time series A and B for 1000
steps with the memory parameter p = m = 21. Figure 13 shows the values of the score
for the consecutive approximations. We can see that the algorithm falls temporarily into
local minima, but eventually, thanks to the memory parameter, it escapes them and settles
down towards the low score values. Figure 12 shows relations corresponding to the 1st, 200th,
400th, and 612nd iteration of the algorithm run. The bottom-right panel, the 612nd iteration
is the relation inducing the lowest score among all iterations. The orange curve, at the
same panel, is the graph of homeomorphism (4.5) — the analytically correct map conjugating
fa and go. Clearly, the iterations are converging towards the right value of the connecting
homeomorphism.

Clearly, the presented approach can be applied to any one-dimensional time series. A
generalization of the algorithm will be a subject of further studies.

6. Discussion and Conclusions. There is a considerable gap between theory and prac-
tice when working with dynamical systems; In theoretical consideration, the exact formulas
describing the considered system is usually known. Yet in biology, economy, medicine, and
many other disciplines, those formulas are unknown; only a finite sample of dynamics is given.
This sample contains either sequence of points in the phase space, or one-dimensional time
series obtained by applying an observable function to the trajectory of the unknown dynamics.
This paper provides tools, FNN, KNN, ConjTest, and ConjTest™, which can be used to test
how similar two dynamical systems are, knowing them only through a finite sample. Proof of
consistency of some of the presented methods is given.

The first method, FNN distance, is a modification of the classical False Nearest Neighbor
technique designed to estimate the embedding dimension of a time series. The second one,
KNN distance, has been proposed as an alternative to FNN that takes into account larger
neighborhood of a point, not only the nearest neighbor. The conducted experiments show
a strong similarity of FNN and KNN methods. Additionally, both methods admit similar
requirements with respect to the time series being compared: they should have the same
length and their points should be in the exact correspondence, i.e., we imply that an i-th
point of the first time series is a dynamical counterpart of the i-th point of the second time
series. An approximately binary response characterizes both methods in the sense that they
return either a value close to 0 when the compared time series come from conjugate systems, or
a significantly higher, non-zero value in the other case. This rigidness might be advantageous
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Figure 12. Steps 0, 200, 400, and 612 (top left, top right, bottom left, bottom right, respectively) of the run
of Algorithm 5.1 in a search for the comnecting homeomorphism between the logistic and the tent map. The
blue lines corresponds to a selector of a cubical homeomorphism. The orange curve in bottom right panel is a
graph of the actual connecting homeomorphism (4.5) between the logistic and the tent map.

in some cases. However, for most empirical settings, due to the presence of various kind of
noise, FNN and KNN may fail to recognize similarities between time series. Consequently,
these two methods are very sensitive to any perturbation of the initial condition of time
series as well as the parameters of the considered systems. However, KNN, in contrast to
FNN, admits robustness on a measurements noise as presented in Experiment 1C. On the
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Figure 13. The value of score(h, A, B) for every step of the experiment approzimating the connecting
homeomorphism between the logistic and the tent map.

other hand, FNN performs better than KNN in estimating the sufficient embedding dimension
(Experiments 4B, 5A). Moreover, the apparently clear response given by FNN and KNN tests
might not be correct (see Experiment 14, Ry vs. Ry).

Both ConjTest and ConjTest™ (collectively called ConjTest methods) are directly inspired
by the definition and properties of topological conjugacy. They are more flexible in all con-
sidered experiments and can be applied to time series of different lengths and generated by
different initial conditions (the first point of the series). In contrast to FNN and KNN, they
admit more robust behavior with respect to any kind of perturbation, be it measurement
noise (Experiment 1C'), perturbation of the initial condition (Experiments 1A, 2A, 3A, and
4A), t parameter (Experiment 4C'), or a parameter of a system (Experiment 15). In most
experiments, we can observe a continuous-like dependence of the test value on the level of per-
turbations. We see this effect as softening the concept of topological conjugacy by ConjTest
methods. A downside of this weakening is a lack of definite response whether two time series
come from conjugate dynamical systems. Hence the ConjTest methods should be considered
as a means for a quantification of a dynamical similarity of two processes. Experiments 1A,
2A, and 3A show that both methods, ConjTest and ConjTest™, capture essentially the same
information from data. In general, ConjTest is simpler and, thus, computationally more ef-
ficient. However, Experiment 4A shows that ConjTest (in contrast to ConjTest™) does not
work well in the context of embedded time series, especially when the compared embeddings
are constructed from the same time series. Experiments 4B and 5A show that the varia-
tion of ConjTest methods with respect to the ¢ parameter can also be used for estimating
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Method FNN KNN ConjTest ConjTest™
Property
an exact correspondence between the
two time series is not needed
allow examining arbitrary, even very
complicated potential relations be-
tween the series
identical matching between indexes can be used for comparison of time se-
Requirements of the elements (in particular the se- ries of different length
ries must be of the same length) require defining the possible
(semi)conjugacy h at least locally
i.e. giving the corresponding relation
between indexes of the elements of the
two series
only one param- | only one parame-
eter: 7 (but one | ter: k (but is rec-
Parameters should examine | ommend to check involve two parameters: k and t
large interval of r | a couple of differ-
values) ent k values)
e Jess robust to noise and perturba- e more robust to noise and perturba-
tion than ConjTest methods tion
e give nearly a binary output e the returned answer depends contin-
Robustness e KNN seems to admit robustness uously on the level of perturbation
with respect to the measurement and noise compared to the binary
noise response given by FNN or KNN
takes into ac-
count only the
Recurrent properties one closgst return takes into account k-closest returns
of a series (tra-
jectory) to each
neighborhood
more likely to | more computation-
give false posi- | ally demanding
Further properties tive answer than | than ConjTest
ConjTest™ but usually more
reliable

Table 6

Comparison of the properties of discussed conjugacy measures.

a good embedding dimension. Further comparison between ConjTest and ConjTestt reveals
that ConjTest™ is more computationally demanding than ConjTest, but also more reliable.
Indeed, in our examples with rotations on the circle and torus and with the logistic map, both
these tests gave nearly identical results, but the examples with the Lorenz system show that
ConjTest is more likely to give a false positive answer. This is due to the fact that ConjTest
works well if the map h connecting time series A and B is a reasonably good approximation
of the true conjugating homeomorphism, but in case of embeddings and naive, point-wise
connection map, as in some of our examples with Lorenz system, the Hausdorff distance in
formula (3.5) might vanish resulting in false positive.
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The advantages of ConjTest and ConjTest™ methods come with the price of finding a

connecting map relating two time series. When it is unknown, in the simplest case, one can
try the map h which is defined only locally i.e. on points of the time series and provide
an order- preserving matching of indexes of corresponding points in the time series. The
simplest example of such a map is an identity map between indices. The question of finding
an optimal matching is, however, much more challenging and will be a subject of a further
study. Nonetheless, in Section 5 and Appendix A we present preliminary results approaching
this challenge.

A convenient summary of the presented methods is gathered in Table 6.

Appendix A. Cubical homeomorphisms.
This appendix offers additional characterization of the family of cubical homeomorphisms

introduced in Section 5.

At first, observe that elements of H have the following straightforward observations.
Proposition A.1. Let [h] € H. Then, Ay 1, Ay € [h].
Proof. Since h is an increasing homeomorphism it follows that (0,0),(1,1) € w(h). In

consequence, Aj1,A, , € [h], because these are the only elements of A containing (0,0) and
(1,1). [ |

We picture the idea of the following simple proposition with Figure 14.

Proposition A.2. Let w(h) Nint A; j # 0 then exactly one of the following holds

(1) intAjyq; Nw(h) # 0 and int A; j 11 N7w(h) =0, when h(ait1) € (aj,a;+41),

(2) int A1 W(h) =+ 0 and int Aiv1,;0 W(h) = (/), when hil(ai_;_l) € (ai, ai+1),

(3) intAjyq 41 N mw(h) #0, intAipq ; Nw(h) =0 and int A; j 11 Nw(h) =0, when h(aiy1) =
Aj41-

Ax Ay (h'(a 1)14) a

A Aj

/ mam)]

aj = aj < a; £

Al
(am,aju/

g Ay g A & A
Figure 14. From left to right, cases (1), (2) and (3) of Proposition A.2.

Again, the proof for the next proposition is a consequence of basic properties of homeo-

morphism h such that [h] = h.

Proposition A.3. Leth € H. Then

(1) for everyi e {1,...,n} set | J{Aij €h|je{0,1,...,n}} is nonempty and connected,
(i1) for every j € {1,...,n} set |J{Aij €h|i€ {0,1,...,n}} is nonempty and connected.
(iii) if A;j € h then for every i’ > i and j' < j we have Ay ;o € h,

(iv) if A;; € h then for every j' > j and i' < i we have Ay jo € h,
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The above propositions implies that every element h € H can be seen as a path starting
from element A; ; and ending at A,, ,,. In particular, h can be represented as a vector of symbols
R (right, incrementation of index i, case (1)), U (up, incrementation of index j, case (2)), and
D (diagonal, incrementation of both indices, case (3)). The vectors do not have to be of the
same length. In particular, a single symbol D can replace a pair of symbols R and U. Denote
by ng, ny and np the number of corresponding symbols in the vector. As indices ¢ and j
have to be incremented from 1 to n we have the following properties:

(A.1) 0<ngp,ny,np <n—1, ng+ny+2np=2n—1) and nr =ny.

Actually, any vector V of symbols {R, U, D} satisfying the above conditions (A.1) corre-
sponds to a cubical homeomorphism. We show it by constructing a piecewise-linear homeo-
morphism A such that [h] = h for any h represented by V. We refer to the constructed h as
a selector of h. In particular, Algorithm A.1 produces a sequence of points corresponding
to points of non-differentiability of the homeomorphism. We have five type of points, the
starting point (0,0) (type B), the ending point (1,1) (type E), and points corresponding to
subsequences UR (type UR), RU (type RU) and D (type D). Proposition A.4 shows that
the map generated by the algorithm is an actual homeomorphism.

Algorithm A.1 FindSelector
Input: V—a vector of symbols { R, U, D} satisfying (A.1), p — a parameter for breaking points
selection

Output: L — a sequence encoding the selector

1. L+ {(0,0)}

2: prev < Null

31,740

4: for s € V.do

5. if prev=U and s = R then

6 L=LuU{(pa;+ (1-p)aiv1,(1 —p)a; +paj1)}
7. elseif prev= R and s =U then
8
9

L=LU{((1 =p)ai+pait1,pa;+ (1 —p)aj+1)}
:  elseif s =D then
10: L=LU {(ai+1, aj+1)}
11:  end if
12:  prev < s
13: if s= R or s =D then

14: 11+ 1

15:  end if

16: if s=U or s =D then
17: j—j3+1

18:  end if

19: end for

20: L« {(1,1)}
21: return L
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Proposition A.4. Let V be a vector of symbols {R,U, D} satisfying (A.1) and h the corre-
sponding cubical set. Let L = {(x1,y1), (z2,%2),..., (K, yx)} be a sequence of points gener-
ated by Algorithm A.1 for V. Then, for every k € {1,2,... K — 1} following properties are
satisfied:

(i) Tp < zpy1 and Y < Yt1,

(it) if (xk, yr) € L then (zk, yx) + (1 — t)(zk, yrs1) € Ub fort € [0,1].

Proof. First, note that if (zy,yg) is of type UR or RU then we have (z,y;) € int A; ;.
If (2, yx) is of type D we have (zk, yx) = Aij N Ait1,j+1. In particular, in that case zy, yx €
{ag,ag,...,an}.

Sequence L always begins (x,y0) = (0,0) and ends with (zx,yx) = (1,1). By Proposition
A.1 we have Agg,A,, € h. The above observations shows that for every (zy,yx) with k €
{1,2...,K — 1} we have 0 < x,yx < 1. Thus, two first and two last points of L satisfies
(). If (x1,91) is of type UR then it follows that V begins with a sequence of U’s. We have
(x1,31) € int Ag; for some j > 0. By Proposition A.3(ii) all 4y ;s € h for 0 < j° < j. Hence,
the interval spanned by (zg, o) and (x1,y1) is contained in [ Jh proving (ii). The cases when
(z1,y1) is of type RU or D as well as analysis of points (,—1,Yyn—1) and (x,,yy) follows by
similar argument.

Let (x,y) and (2/,y") be two consecutive points of L. Suppose that (z,y) is of type UR
and (2/,y') of type RU. This situation arises when two symbols U are separated by a positive
number of symbols R (see Figure 15 top). It follows that

(z,y) = (pai + (1 = p) aiy1, (1 — p)aj +paji1)int A, 5,
(«',y") = (1 —-p)ay + pait1,pa; + (1 —p)aji1)int Ay,

where i < ¢. Thus,

v —y=pa;+ (1 =plajr — (1 = pla; +pajp)
=2pa; + aj1 —aj > ajr1 —a; > 0.

Consequently, we get x < 2’ and y < 3 proving (i) for this case. By Proposition A.3(ii) we
get that A;»; € h for all i < 4" < 4'. Hence, the interval spanned by (z,y) and (2/,y') is
contained in |Jh proving (ii).

The case when (z,y) is of type RU and (2/,y’) of type UR is analogous.

Suppose that (z,y) is of type UR and (2/,y’) of type D. This situation arises when
symbols U and D are separated by a positive number of symbols R (see Figure 15 middle).
It follows that

(z,9) = (pai + (1 = p)ait1, (1 —p)aj + paji1) € int Ay 5,
(@', 9) = (i1, a541) = By j N Ay,
where i < i'. It follows that < 2’ and y < ¢ proving (i) for this case. Again, by Proposition

A.3(ii) we can prove (ii).
The case when (z,y) is of type RU and (2’,%') of type D is analogous.
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Now, suppose that (z,y) is of type D and (2/,y’) of type UR. This situation arises when
symbols D and R are separated by a positive number of symbols U (see Figure 15 bottom).
It follows that

(#,y) = (air1, aj41) = Aij O Aipr 41,
(2",y") = Pair1 + (1 = p) aira, (1 —p) ay +pajy1) € int iy jria,
where j < j'. It follows that x < 2’ and y < ¢ proving (i) for this case. By Proposition A.3(i)
follows property (ii).

The case when (z,y) is of type D and (2/,%') of type RU is analogous.
Finally, if both (z,y) and (2,4') are of type D it follows that

(z,y) = (ait1,a541) = Kij N Ay 41,
(') = (@iy2, ajy2) = Air1je1 N Aipa iy

Thus, (z,y) and (2/,y') are the opposite corners of cube A;;1 j+1 which immediately gives
both properties (i) and (ii). [ ]

By counting all possible vectors of symbols {R, U, D} satisfying (A.1) we obtain an exact

size of family H. In case of np = 0, the vector has size 2(n — 1) and, therefore, we get (2((;:__11)))
ways of ordering symbols R and U. If np = 1 then the vector size is 2(n — 1) — 1 =2n — 3

and ngp = n — 2. Hence, we have (2::23) choices of slots for symbols R and we have choose

a place for D symbol among the remaining 2n — 3 — (n — 2) = n — 1 slots. Thus, the total

number of ordering for np =1 is (2::23) (n —1). In the general case, we get (2::12:775 ) (?;Dl)

Finally, the total number of vectors of H is given by the following formula:

S 2n—2—-np\/n-—1
n—1—np np )

np=0
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Figure 15. Segments of the piecewise linear homeomorphism being a selector constructed by Algorithm A.1
for a certain cubical homeomorphism h. Three panels corresponds to cases when: point of type UR is followed
by point of type UR (top), point of type UR is followed by point of type D (middle), point of type D is followed
by point of type UR (bottom).
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