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Abstract

In the paper by D. Burago, S. Ivanov and A. Novikov, “A survival guide for feeble fish”, it has been
shown that a fish with limited velocity can reach any point in the (possibly unbounded) ocean provided that
the fluid velocity field is incompressible, bounded and has vanishing mean drift. This result extends some
known global controllability theorems though being substantially nonconstructive. We give a fish a different
recipe of how to survive in a turbulent ocean, and show its relationship to structural stability of dynamical
systems by providing a constructive way to change slightly the velocity field to produce conservative (in the
sense of not having wandering sets of positive measure) dynamics. In particular, this leads to the extension
of C. Pugh’s closing lemma to incompressible vector fields over unbounded domains. The results are based
on an extension of the Poincaré recurrence theorem to some o -finite measures and on specially constructed
Newtonian potentials.
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1. Introduction

Consider the following problem first suggested in [6]: a fish in an unbounded turbulent ocean
is able to move with its own velocity u not exceeding in modulus the given value § > 0. The ocean
is assumed to be unbounded and is identified hereinafter with R?, its velocity field V is assumed,
as it is customary, to be bounded and incompressible, i.e. divV = 0. One is asked whether the
fish can reach any point starting from an arbitrary one. This is clearly the classical point-to-point
controllability problem for the autonomous system of ordinary differential equations

x=V), (1.1)

where x(-) € R?. Namely, one has to find a control function u(-) in some class of admissible
controls such that the trajectory x(-) of the system

x=V&x)+u)), (1.2)

starting at a given xg € R? at time # = 0 (i.e. satisfying x (0) = x¢) arrives at some given x| € R4
at some finite time 7 > 0, i.e. has x(7) = x1. The usual choice of the class of admissible controls
is that of piecewise continuous functions u: R™ — R satisfying ||u||cc <8, where || - || is the
supremum norm, and § > 0 is given.

In case when the phase space of (1.2) instead of R? is just a compact subset of the latter
invariant with respect to the flow of (1.1) (in particular, a smooth compact manifold), then the
positive answer to the posed question is provided by the global controllability theorem 4.2.7
in [3] (there it is formulated for analytic vector fields on compact Riemannian manifolds), while
in the whole R¢ the incompressibility condition of V is clearly not enough for such a theorem to
hold as can be seen just taking V to be constant with sufficiently large modulus. This is in fact
the only possible obstacle for controllability in the whole R?: in fact, it has been proven in [6]
that if V is incompressible and has vanishing mean drift (called small mean drift in [6]) in the
sense

1
lim sup |- / Vix+y)dy|=0,
K—)ooxeRd V4

[0,€19

then the above controllability problem in R¢ is solvable for every couple of points xo and x;
(this result has been further extended in [5] to nonautonomous equations). The respective proof
is however by contradiction and hence strongly nonconstructive. In other words, one assures the
fish that it can reach any given destination without giving any clue on how to do that.

In search for a more constructive solution one might ask whether one can take the control to
be given by a simple feedback u(-) = W(x(-)), for some a priori unknown vector field W': RY —
R4, that could be explicitly constructed. Once one looks at this problem under such a point of
view, one immediately observes that in a particular case of the return problem (i.e. with xo = x1)
the answer is positive when xg is a nonwandering point of (1.1), that is, in any neighborhood
of x¢ there are points which return infinitely many times in this neighborhood under the flow
of (1.1). It is in fact provided by the famous Pugh’s closing lemma [11], which says that the
perturbation W of the original vector field V can be taken arbitrarily small not only in the uniform
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norm, but even in Lipschitz norm (sometimes in the dynamical systems literature called C'
norm). The latter lemma is one of the fundamental results of structural stability theory for smooth
dynamical systems, and is the first one of a series of similar results, the most well-known of
which are the Mafie ergodic closing lemma [10], the Hayashi connecting lemma [7] and Bonatti
and Crovisier connecting lemma [4] (see [2] for the comprehensive overview on the subject).
It is important however to emphasize here the simple though quite striking observation that the
incompressibility of V, i.e. invariance of the Lebesgue measure under the flow induced by (1.1),
says nothing about existence of nonwandering points for this equation (as can be seen just by
the example of a constant vector field V). This is in sharp contrast with the case when (1.1) has
a finite invariant measure (which holds in particular when it has a compact invariant set): in the
latter case all the points of the support of the invariant measure are nonwandering by the classical
Poincaré recurrence theorem, and even assuming additionally the small mean drift condition for
V does not a priori improve this situation (see Remark 4.9).

Our first principal result (Theorem 4.8) shows that in fact under just incompressibility and
vanishing mean drift condition on V one can perturb the latter vector field by a small pertur-
bation W (even with small derivatives) so that every point of R¢ becomes nonwandering with
respect to the flow of V + W. This will be done by an explicit construction using Newtonian
potential so as to ensure that the flow of V 4+ W preserve a new invariant measure, the support
of which is the whole R¢. This measure will still be not finite so that the classical Poincaré
recurrence theorem cannot be applied, but will “grow not too fast at infinity”, which will be
shown to be enough for the extension of the latter theorem (Proposition 4.1 and Corollary 4.3) to
hold. This result combined with Pugh’s closing lemma immediately implies its extension (The-
orem 4.14), namely, that in fact every chosen point of R¢ can be made periodic for a dynamical
system provided by an ODE with incompressible vector field with vanishing mean drift at the
right hand side up to a small perturbation of the vector field in the Lipschitz norm. Finally, we
show that our construction actually implies the Burago-Ivanov-Novikov controllability theorem
(Theorem 4.11), with a proof conceptually different from the original one, but very close to that
of the classical controllability results for affine control systems with recurrent drift (see theo-
rem 5 from [8, chapter 4] or theorem 4.2.7 in [3]). All the mentioned results are heavily based on
the estimates for gradients of constructed potentials, which are located in Appendix B and use
the results on vanishing mean drift condition from Appendix A.

2. Notation and preliminaries

The finite-dimensional space R¢ is assumed to be equipped with the Euclidean norm | - |,
notation B; (x) C R stands for the usual open Euclidean ball of radius r centered at x, and ¢; to
the j-th unit Cartesian coordinate vector. The volume of the unit ball B1(0) C R4 will be denoted
wq. The usual scalar product of x € R and y € R¢ is denoted by x - y. For any set D C R¢, we
let D be the closure of D, 1p be its characteristic function, D¢ := R4 \ D.

We denote by C(RY;R™) (respectively CKR?R™), Cf (R R™), Lip(RY;R™),
LY(R4; R™), L®[R?; R™)) the set of continuous (respectively k-times continuously differ-
entiable, k-times continuously differentiable with locally S-Holder k-th derivatives, Lipschitz,
Lebesgue integrable, Lebesgue measurable and essentially bounded) functions f: RY — R™,
omitting the reference for R” when m = 1, i.e. for real valued functions. The standard uniform
norms in C(R%; R™) and in L% (R?; R™) will be both denoted by || - ||oo. By L(d B (0); H¢™1)
we denote the class of functions over d B1(0) integrable with respect to the (d — 1)-dimensional
Hausdorff measure H¢~!. For a V € Lip(R?; R™) we denote by Lip V its (least) Lipschitz con-
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stant, and also use the notation ||V||Lip := ||V ||cc + Lip V. By * we denote the convolution of
functions.

All the measures considered in the sequel are positive Radon measures, not necessarily finite.
For a Borel measure u over a metric space X we let supp u stand for its support, and for a Borel
map 7: X — Y between metric spaces X and Y we denote by Txu the push-forward of u, i.e.
the measure over Y defined by (Tyu)(B) := (T ~1(B)) for every Borel B C Y. For a metric
space X the set M C X will be called invariant for the map 7: X — X, if T(M) = M, and
the measure o over X will be called invariant for this map, if Ty« = p (of course, the map is
assumed Borel in the latter case).

3. Accessibility

In what follows we suppose that (1.1) is uniquely solvable and defined a flow 7;: R¢ — R4,
t € R by the formula 7;(y) := x(¢), where x(-) is a solution of (1.1) satisfying x(0) = y. In the
sequel, we will also denote the flow 7; by ¢{, when we need to emphasize that it is produced by
the vector field V. As the set of admissible controls Us with given § > 0 we consider, as usual
in control theory, the set of piecewise continuous functions u: R — R? with [|u|leo < 8, and set
Up := {0}. We recall the following definitions.

Definition 3.1. Given § > 0, we say that a point z € R? is §-accessible from an y € R¢ in finite
time t > 0, if there is an admissible control u € Us such that a trajectory of (1.2) with initial
condition x(0) = y arrives in z before time 7, i.e. x(s) = z for some s € [0, t]. The set of such
points will be denoted by A(y, 7, Us). We will also refer to

Ay, Us) :=Ur=0A(y, 7, Us)
as the set of points accessible from y € R¢ using controls in Us.
We also recall the following classical notions.

Definition 3.2. We say that a set w, C R? is the w-limit set of x € R¥ for the flow T}, if it is the
set of limit points of trajectories of (1.1) starting at x, i.e. a set of y € R such that there exist a
sequence # — +o0 (depending on y) such that T}, (x) — y as k — oo.

A point x € R? is called

(i) (forward) Poisson stable for the flow T3, if x € wy, where w, C R is the w-limit set of x;
(i) nonwandering for the flow T3, if for every open U C R4, x € U one has T, (U)NU # 9 for
some sequence fy — +oo (depending on U).

Clearly the closure of the set of Poisson stable points for the flow 7 is contained in the set of
nonwandering points for the latter (called usually nonwandering set).

We will further use the following technical and probably folkloric (though not easily found in
the literature) result (in a sense, a vaguely similar assertion is theorem 5 from [8, chapter 4]).

Proposition 3.3. Let V : R? — R¥ be bounded and continuous, such that (1.1) is uniquely soly-
able, hence generating the flow T; .= <p§,. Let also M C R? be a closed set invariant with respect
to T; such that the set of Poisson stable points of T is dense in M. If M cannot be represented as a
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disjoint union of two non-empty closed subsets invariant with respect to T, then M C A(xo, Us)
for every § > 0 and every xo € M.

Proof. Fix an arbitrary xo € M and § > 0. Consider the set

My, 5 :=M N A(xo, Us)

of all points y € M accessible from xo using controls in Us. Clearly, M,, s #  because
A(xg, Up) C My, 5. We now prove several consecutive claims.

STEP 1. We show that M, s is relatively open in M. In fact, z € M, s means that z = x(s)
for an s > 0 and some trajectory x(-) of (1.2) with x(0) = xo and |||l < §.

Choose now an ¢ > 0 so small that

J— o0
V) - V(@) < # a1

forall y € Bs(z),and a T € (0, s5) (depending on ¢) so small that

(Voo +3)T <&/2, (3.2)

x(s — 1) — 2| <¢&/2. 3.3)
Letting x(-) over [s — 7, s] stand for the trajectory of the ODE )LC(I) = V(2) + u(t) satisfying
x(s — 1) =x(s — 1), we get that both x(¢) € B:(z) and x(¢) € B:(z) for all r € [s — 7, 5] due
to (3.2) and (3.3). Therefore, from (3.1) we get

3— [e¢]
|z —x(s)| = |x(s) — x(5)| <‘L’#. (3.4)

For an « € R4 denote by x,(-) over [s — 7, s] the trajectory of the ODE
Xg)=V(@)+ult)+a
satisfying x, (s — t) = x(s — ). We have then
Xo (1) =X (1) + at,
and in particular,

§ — llulloo
2

8 — llulloo

{xa(s): lo| < } = B,(x(s)), where r:=1 > ,

which contains z and hence an open ball centered in z in view of (3.4). It is enough then to set

(1) = u(t), tel0,s—rt],
Yol =V V() = Ve () +ult) +a, te(s—r1,s],
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to get that x, is a trajectory of (1.2) over [0, s] (with u, instead of u). Since (3.2) implies that
also xy(t) € B:(z) for all ¢t € [s — t, 5], then from the definition of u, we obtain for |«| <
(8 — llulloo) /2 the estimate

lug (D] < [u(®)| + lee| + [V (2) = V(xa ()]

§ — llulloo
< llulloc + — t swp IV(y)— V@)l
YEB:(2)
§— ||u 6 — |lu
< litfloo + llull oo n llull oo by 3.1)
2 4
<4,
which proves the claim.
STEP 2. We show
Ts(My, 5) = My, s foralls e RT. (3.5)

To show Ty (M, 5) C My, s, observe that Ty (M,, 5) C M,, 5, and therefore, as proven on Step 1,
M, s contains a relatively open neighborhood of T5(M,, 5), which implies the desired inclusion
for the closure.

To prove the converse inclusion M, s C T5(My, 5), we note that the set of Poisson stable
points belonging to M,, s is dense in M,, s, because the latter set is relatively open in M by
Step 1. Take now an arbitrary Poisson stable point p € My, s, so that p = limy x (t;) where x(:)
is a solution of (1.1) with x(0) = p, for some sequence #x — +o0. Clearly x(¢) € My, s for
every t € R™, and hence gy := x(t; — 5) € My, s. By construction x () € Ty(qi) C T5(My, 5),
and hence p € T;(My, s). The inclusion being proven follows then from density of Poisson stable
points in My, s.

STEP 3. As a result of Step 2 we have that My, s is closed. Therefore, M C My, s since
otherwise disjoint sets M (1| My,.s and M \ My, s are both closed, nonempty and invariant for 7
for all t € R contrary to the assumption. O

Remark 3.4. Note that the above Proposition 3.3 does not require V to be locally Lipschitz, nor
even uniformly continuous.

4. Controllability and closing lemma
4.1. Poincaré recurrence theorem for not necessarily finite measures

We need the following generalization of the Poincaré recurrence theorem, which we formulate
for injective maps, since this will be more adapted to the use in the sequel.

Proposition 4.1. Let T : R¢ — R? be an injective Borel map preserving a o -finite Borel measure
. Suppose also that

m (U Tk(Bp(O))) =o(n) asn— +00

k=0
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for every p > 0 fixed. Then for every open U C R? such that u(U) > 0 one has T"(U) (U # @
for a subsequence of n € N (depending on U ).

Remark 4.2. The conditions of Proposition 4.1 are in particular satisfied in the following cases
which are of practical importance:

(i) w is finite (this recovers the classical statement of the Poincaré recurrence theorem;
(ii) for some function x : RT — R™ one has

u(Bp(0)) =o(k(p)) asp— +oo,
T"(B,(0)) C Br(0) with R=R(p,n) >0, R(p, -) nondecreasing

and «(R) = O(n) as n — +o0 for every p > 0 fixed;

(iii) |T"(x)| < Alx| 4 Bn for some A >0, B >0, and u(B,(0)) = o(p) as p — +00, as can be
seen from taking « linear in (ii).

Proof. Since it is enough to prove the statement for each U N B, (0), for an arbitrary p > 0, we

may assume without loss of generality that U C B, (0) for some p > 0. Fix an arbitrary n ¢ N
and consider the set

Uy:={xeU: T*(x) ¢ U forall k >n)}.
Let F :=T" and since F* are injective and preserve 1, we get
u(FEU)) = w(F (F*U))) = w(U)
forall k € N.. Clearly, {F K(U) en are pairwise disjoint, since otherwise one would have D :=
F™(U,) N F'(U,) # ¥ for some m > i > n, and hence, using again injectivity of F¥, we would
get
(F)™'(D) = F"(U) N Uy =T " (U) N U, # 0

contradicting the definition of U,,. Then

m—1
mu(Uy) = 1 (U Fk(U,,)> because Fk(Un) are pairwise disjoint
k=0

(m—1)n
<u| U "W | =0
k=0

as m — oo, which implies u(U,) =0. O

The following corollary gives a “continuous” version of this statement adapted to our setting.


http://mostwiedzy.pl

A\ MOST

S. Kryzhevich, E. Stepanov / J. Differential Equations 267 (2019) 3442-3474 3449

Corollary 4.3. Let V: R? — R be a bounded locally Lipschitz vector field, and 1 be a o -finite
Borel measure invariant with respect to the flow (pi, induced by V and satisfying t(Br(0)) =
o(R) as R — +o00. Then for every open U C R? and for every T > 0 one has

n({xeU: gyx) ¢ U forallt > t}) =0.
Proof. Fix an arbitrary 7 > 0 and let T := ¢y,. The statement follows from Proposition 4.1
together with Remark 4.2(iii) (with A := 1, B := ||V |, since ||g0§,(x)|| < |x| + [|Vlloot for

t>0). O

Remark 4.4. The above Corollary 4.3 remains valid for locally Lipschitz but not necessarily
bounded vector fileds V satisfying one-sided Osgood estimate

Vix)-x

|x|<r |x|

=K()

for all » > 0 and for some measurable function K : Rt — R™ such that

under the condition

P
B0 =0 [0
HEET= ] k)
0
as p — oo. In fact, denoting
(o) ds
k(p):i=[| —,
P K(s)

0

we get that « is strictly increasing with « (#) — 400 as t — +o0. Furthermore,

o} ()| < R(Ix, 1) ==~ (t + k(1x])), 4.1)
because for r(t) := |x(¢)|, x(¢) := go%, (x) one has

_ V@) X

7 (1) o

=K (@),

and integrating the latter inequality one gets « (r(¢)) — x (r(0)) < ¢, which implies (4.1). Thus,
go(, (Bp(0)) C Brp,n(0) with k (R(p,1)) = O(t) as t — 400, and u(B,(0)) =0 (k(p)) as p —
400, and hence in the proof of Corollary 4.3 it is enough to refer to Remark 4.2(ii) instead of
Remark 4.2(iii).
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We will further use also the following statement.

Corollary 4.5. Under conditions of Corollary 4.3 (or, more generally, of the Remark 4.4) one has
that Poisson stable points of V are dense in supp u, and in particular, all the points of supp u
are nonwandering for the flow generated by V.

Proof. We repeat the main idea of the part 1 of proposition 4.1.18 from [9]. Let {U;} ;cN be a
countable base of the topology in R?. For every j € N we consider

Nj:={xeU; :<p§,(x) ¢ Ujfor all t > Ty and for some Ty = To(x) € R},

R:= mN]C
J

In other words, N; is the set of all points of U}, the iterations of which leave this set forever,
while for every x € R N U; there is a sequence f; — 0o such that (piﬁ (x) € U;. By Corollary 4.3,
u(N;j)=0forall j €N, and thus (R°) = 0, which implies density of R in supp .

But if x € R, then for any neighborhood U of x there is a U; C U such that x € U;, and
hence for a sequence #y — 400 one has (piﬁ (x) € Uj C U for sufficiently large k € N. This
means that the w-limit set w, of the point x intersects with U. Since the set w, is closed and the
neighborhood U is arbitrary, we have x € w, concluding the proof. O

4.2. Correcting the vectorfield

The basic idea of our construction is as follows. Supposing that the Lebesgue measure over
R is invariant under the flow of the vector field V, we will “correct” the latter by adding a new
vector filed W (referred later as corrector such that the sum V + W satisfy Corollary 4.3 (or,
more generally, of the Remark 4.4), and hence also Corollary 4.5 for some new o -finite measure
w with supp o = R? which will also be explicitly constructed. This will immediately lead to the
proof of Burago-Ivanov-Novikov controllability theorem once one shows that || W |, may be
made arbitrarily small. We will further show that this construction is in fact deeper and provides,
for instance, a version of the Pugh closing lemma.

To fulfill this program define a positive function

V) = (x P o) 4.2)
where o and p are positive parameters to be defined later. We will define a smooth map

W: RY - R? depending on « and p will so that the measure 1 := v dx be invariant under
the flow of the perturbed system of ODEs

X=V&x)+ Wk). (4.3)
Making p invariant with respect to the flow of (4.3) amounts to making
divy(V+W)=0 4.4)

or equivalently, recalling that V is incompressible,
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div(yW)=-Vy -V 4.5)
in the weak sense. Letting u stand for a solution to the Poisson equation
—Au=Vy .-V

inRY, we get that (4.5) is satisfied with
W :=—Vu. 4.6)

We may thus take u of the form
u:=ox(Vy - V),

where @ stands for the fundamental solution of the Laplace equation in R?, so that (4.6) reduces
then to

Cd xX=y

w =
O="vw ] koo
Rd

Vir(y)-V(y)dy

4.7
-y y-V(y) @7

y7
=yl (Jy)? + a?)pH!

X
— 2peg(x P + 02 / |
Rd

where ¢4 := 1/dwy. Clearly, therefore, the following statement is valid.

Lemma 4.6. If V: R? — R is locally Lipschitz, then for every p and « the vector field W de-
fined by (4.7) is C llt;f smooth for every B € [0, 1). If, moreover, V is also bounded, incompressible

and has vanishing mean drift, then W is bounded and the measure |4 .= dx is invariant under
the flow of (4.3).

Proof. The smoothness of W follows immediately from local elliptic Sobolev regularity together
with the Sobolev embedding theorem. If V is also bounded, incompressible and has vanishing
mean drift, then boundedness of W follows from Lemma B.1. Hence in this case the vector field
V + W generates the flow, and the invariance of u follows from (4.4) in view of Lemma C.1. O

We observe now that with the appropriate choice of the parameters the vector field W can be
made arbitrarily small in supremum and, under a bit more requirements on regularity of V, even
Lipschitz norm; this is the assertion of the following lemma which collects several calculations
made in the Appendices B and A.

Lemma 4.7. Let p € ((d — 1)/2,d/2). Suppose that V € Liploc(Rd; RY) is a bounded incom-
pressible vector field with vanishing mean drift. Then, given an ¢ > 0, there is an & = a(p, €)
such that for every o > & the vector field W defined by (4.7) satisfies

@ Wleo <&,
(i) [|div Wlleo <.
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If. moreover, V € Lip(R¢; RY) is incompressible vector field with vanishing mean drift, and all
Vi, j=1,....d, are locally Lipschitz still having vanishing mean drift, then one can choose &
so as to have additionally

(iii) [|Wy; lloo <€ for every o > & and for every j=1,...,d.

In particular, the latter assertion holds when V € C'(R?; R?) NLip(R¢; R?) and has uniformly
continuous first derivatives.

Proof. Assertions (i) and (ii) are Lemma B.1 and Corollary B.2 respectively, (iii) is Lemma B.3.
Finally, when V € C!(R?;RY N Lip(]Rd; R?) and has uniformly continuous first derivatives,
then the first derivatives of V also are incompressible and have vanishing mean drift by
Lemma A.5, and so (iii) still holds. O

4.3. The end of the game: results
The following statement is the first principal result of the paper.

Theorem 4.8. Let V € Lip,,.(RY; RY) be a bounded incompressible vector field with vanishing
mean drift. Then for every ¢ > 0 there is a Cllr;f (for every B > 0) vector field W : R? — R?
with |Wellso < € such that every x € R? is a nonwandering point of the system of ODEs

x=V(x)+ W (x). (4.8)

If. moreover, V € C'(R?; R?) N Lip(RY; RY) and has uniformly continuous first derivatives,
then one may find W, as above satisfying even the stronger estimate ||We||Lip < &.

Proof. We choose a p € ((d — 1)/2,d/2) and an « > 0 so as to have ||[W| < & (resp.
IWllLip < & under the stronger regularity condition V € C!(R4; R9) N Lip(R%; RY) with uni-
formly continuous first derivatives), where W is defined by (4.7): this is possible in view of
assertion (i) (resp. (iii)) of Lemma 4.7. Since we have chosen p > (d — 1)/2, then

rd=1dr

oty W
0

n(Bg(0)) = / V(x)dx =dwq

Br(0)

as R — +oo, and hence by Corollary 4.5 applied to V + W (in place of V) all the points of
R? = supp 11 (note that supp y is invariant for the latter flow by Lemma C.3) are nonwandering
for the flow generated by the vector field V + W. It suffices to take then W, :=W. O

Remark 4.9. It is important to emphasize that in contrast with the case when (1.1) has a finite
invariant measure (e.g. when it has a compact invariant set), an incompressible smooth vector
field V with vanishing mean drift may produce a strongly dissipative dynamics in the sense of
having a wandering set of full measure, as, for instance, when d = 2 and, say, V(x1,x2) :=
(0, sinxp). In view of this observation the Theorem 4.8 is quite striking: it says that one may
change the dynamics from strongly dissipative to a conservative one (i.e. with no wandering
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set) over the whole (unbounded) space by an arbitrarily small perturbation (even with small first
derivatives) of the vector field.

Remark 4.10. It is worth observing that the perturbation W, and hence the perturbed vector field
V + W, constructed in the proof of the above Theorem 4.8 are in general not incompressible.
However in view of Lemma 4.7(ii) one can ensure that the divergence of W, (hence also that of
V + W,) be arbitrarily small in the uniform norm.

The first corollary of the above theorem is the following global point-to-point controllabil-
ity result, which is a reformulation of the Burago-Ivanov-Novikov controllability theorem 1.1
from [6] (and a partial extension of theorem 4.2.7 in [3] formulated for compact manifolds, al-
though for possibly more general control affine systems), however proven now by a completely
different and direct method.

Theorem 4.11. Let V € Lip,,, (R?: R) be a bounded incompressible vector field with vanishing
mean drift. Then for every couple of points {xo, yo} C R? and every & > 0 there is a piecewise
continuous function u: Rt — R? (“control”) with ||u|lss < & such that the trajectory of the
system of ODEs

X =V@)+u(), 4.9
satisfying x(0) = xq passes through vy, i.e. x(T) = yg for some T > 0.

Proof. Fixed an ¢ > 0, by Theorem 4.8 we find a smooth vector field W,: RY — RY with
|Welloo < &/2 such that every x € RY is nonwandering with respect to the flow defined by V +
W, and R is invariant with respect to the latter flow. Proposition 3.3 (minding Remark 3.4)
applied with M :=R? and V + W, instead of V (in particular, 7; standing for the flow generated
by V + W,) implies now the existence of a piecewise continuous control ii: RT — R? with

lit]| oo < &/2 such that the trajectory x(-) of the system

F=V() + Welx) +ii(t)

starting at xo € R? arrives at yp € R? in finite time (in alternative to Proposition 3.3 one could
have used here theorem 5 from [8, chapter 4]). It suffices to take now u(t) := Wy (x(¢)) +
u(t). 0O

Remark 4.12. If one extends a bit Proposition 3.3 showing that one can achieve any given point
in a compact set from a another point in the same set in finite time depending on the compact set,
then under global Lipschitz continuity of V one would have also the estimate on arrival time to
the destination as in theorem 1.2 of [6] (and with exactly the same proof), though this is beyond
the scope of the present paper.

The following easy corollary slightly extends Theorem 4.11 to velocity fields which are just
uniformly continuous (hence possibly even not provide unique solvability of (1.1)).

Corollary 4.13.If V: R? — R? is a bounded uniformly continuous (not necessarily locally
Lipschitz) incompressible (in the weak sense) vector field with vanishing mean drift, then for
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every couple of points {xo, yo} C R? and every & > 0 there is a piecewise continuous control
u: RY — R with ||u|so < € such that there is a trajectory of the system of ODEs (4.9) satisfying
x(0) = xp and x(T) = yg for some T > 0.

Proof. Fixed an ¢ > 0, by means of a convolution with an appropriate smooth approximate iden-
tity with compact support we may find a smooth V, : R? — R satisfying ||V — V; |leo < £/2 (this
is possible because V is assumed to be uniformly continuous). Clearly, V; is still incompressible
and has vanishing mean drift. Since now V; is smooth, we may apply Theorem 4.11 to find a
piecewise continuous control it: RT — R? with ||ii||eo < &/2 such that the trajectory x(-) of the
system

X = Ve(x)+u(t)

starting at xgp € R4 arrives at x; € R? in finite time. It suffices to take then u(¢) := V. (x(¢)) —
Vx@®)+ia@). O

At last, we are able to prove the following version of the Pugh closing lemma which is the
second principal result of the paper.

Theorem 4.14. Ler V € C'(R%; RY) N Lip(]Rd; R?) be a bounded incompressible vector field
with uniformly continuous first derivatives and satisfying vanishing mean drift condition. Then
for every xg € R4 and every ¢ > 0 thereis a c! vector field Y RY — R4 with 1 YellLip < & such
that xq is a periodic (or occasionally even stationary) point of the system of ODEs

X =Vx)+ Ye(x). (4.10)

Proof. Fixed an & > 0, by Theorem 4.8 we find a smooth vector field W: RY — R¢ with
| Wlleo < /2 such that every x € R? is nonwandering with respect to the flow defined by V + W.
Observe that perturbation W of the vector field V is global and does not depend on the point xq
which we want to make periodic. It suffices now to use Pugh’s closing Lemma [11] to construct
a local small perturbation W of V 4+ W with || W||Lip < /2, so that xg becomes periodic with

respect to the flow of V 4 Y, where Y := W + W, and observe that || Y lLip < € as claimed. O
Appendix A. Vanishing mean drift condition

We collect in this section some auxiliary results essentially depending on the vanishing mean
drift condition of a vector field involved. Here the vector field will be always assumed at least
locally Lipschitz, so that its divergence is understood in the classical pointwise (a.e.) sense. In
principle this can be further somewhat weakened (e.g. by substituting incompressibility condition
in the sense of vanishing pointwise divergence by its suitable weaker analogue), though we do
not pursue this direction here.

A.l. Properties of vector fields with vanishing mean drift

We start with the following statement.
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Lemma A.1. Suppose V € Liploc(]Rd; R?) is a bounded vector field, and for each & > O there is
an Lo > 0 such that for every (d — 1)-dimensional box Q of sidelength £ > £y one has that the
mean flux

zd%l /V(x)-ndﬂfd‘l(x) <e, (A.1)

Q

where n stands for a normal vector to the hyperplane containing Q (we will say that V has
vanishing mean flux). Then V has vanishing mean drift.

Vice versa, if a bounded V € Lip,,, (R?; R?) has vanishing mean drift and is incompressible,
then it satisfies the above property (i.e. has vanishing mean flux). In particular, for incompress-
ible bounded locally Lipschitz vector fields, having vanishing mean drift is equivalent to having
vanishing mean flux.

Remark A.2.1It is worth observing that incompressibility condition is essential for a vector
field V having vanishing mean drift to have vanishing mean flux. In fact, the vector field
V(x,y) = (f(x),0) in R?, where f is a smooth function with compact support in R, clearly
has vanishing mean drift, but not vanishing mean flux as can be seen by computing the flux of
V through one-dimensional segments {x} x [—£/2, £/2] as £ — o0; in fact, V is in general not
incompressible.

Proof. For a fixed ¢ > 0 let £y be such that the vector field (in fact, even not necessarily incom-
pressible) V satisfies (A.1) for every cube Q of sidelength £ > £g. Then for every i € {1,...,d}
and every £ > £ one has

€2
[ voal=| [ a / Vi(s) d34 s)
x+[—¢/2,€/21¢ —4/2  (x+[—€/2,£/21)N{x;=t}
€2

< f dt / Vi(s) dH " (s)
—£/2 x4+[—€/2,2/21)N{x;=t}

22
<t / etd=Var = eb?,

—£/2

i.e. V has vanishing mean drift as claimed. The reverse statement for incompressible V is
lemma 3.1 from [6]. O

It seems quite intuitive that the (d — 1)-dimensional boxes in the vanishing mean flux condi-
tion of Lemma A.1 may be replaced by more general increasing sequences of sets. We give here
only two particular examples to be used later.


http://mostwiedzy.pl

A\ MOST

3456 S. Kryzhevich, E. Stepanov / J. Differential Equations 267 (2019) 3442-3474

Example A.3.If V ¢ Lip,,.(R%; R¥) is a bounded vector field with vanishing mean flux, then
for each ¢ > 0 there is an Ry = Rp(e) > 0 such that for every (d — 1)-dimensional ball (i.e. a ball
in a (d — 1)-dimensional affine hyperplane) Br of radius R > Ry one has that the mean flux

/V(x)~ndﬂ-fd_l(x) <e, (A2)

Bgr

H=1(Br)

where n stands for a normal vector to the hyperplane containing Bg. In fact, given an ¢ >
0, we may cover a part of the unit (d — 1)-dimensional ball B with N = N(e) disjoint
(d — 1)-dimensional open boxes Q; C B,i =1,..., N, so that

HNBAUY, 00 < H(B).

2 Vlloo

Letting now xq stand for the center of Bg, we may take an Ry > O (of course, depending on &)
such that

/ V() nd3e o] < 5907 (RO = SR Q)
xo+RQ;

foralli=1,..., N and all R > Ry in view of the vanishing mean drift condition. We get there-
fore

/V(x)-nd}cdfl(x) < / V(x) -ndH (x)
Br UN | (xo+R0;)
VI (RB\ UL, RQ))
= SRS, 0 + SR B\ UY, 00
=eRIHI(B)

for R > R proving the claim.

Example A.4. For an x € dB1(0) and r < 2 denote D,(x) := dB1(0) N B,(x) (i.e. a ball in the
natural inner metric of 3B (0)). If V € Lip,.(R?; R¥) is a bounded incompressible vector field
with vanishing mean drift (hence with vanishing mean flux by Lemma A.1), then for each ¢ > 0
there is an Rg > O such that for every R > R and every x € d B1(0) one has that the mean flux

1

HA-1(RD, (x)) / V) () dH T (y)| <, (A3)

RDy(x)
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where n(y) stands for the external unit normal to dB1(0) at y. In fact, consider the spherical
cap 2 cut from the unit ball B1(0) by the hyperplane 7 containing the set d B1(0) N d B, (x) (i.e.
the relative boundary of D, (x) in d B1(0)), so that its boundary is the union of D, (x) with the
(d — 1)-dimensional closed ball C, := B;(0) N 7. Letting n stand for the external normal to the
boundary of €2, we get, given an ¢ > 0, the estimate

/ V() - n(y) dH ()| = |- f V<y)-n(y>d%d—1<y>+fdivv<y>dy

RD,(x) RC, RS

= / V(y)-n(y)dH(y)

RC,

<eHIYRC,) = eHI™(C, )R]
<eH (D, ()R
for all R > Ry, where Ry is chosen (depending on ¢) so that the first inequality in the above chain

be satisfied (which is possible by Example A.3), and therefore

1

FaT(RD, (x) /V<y)~n<y>dﬂfd—‘(y>se

RDy(x)
as claimed.

Lemma A.5. Suppose V € C'(R?; R?) is a vector field with vanishing mean drift having uni-
formly continuous first derivatives. Then these derivatives also have vanishing mean drift.

Proof. For an arbitrary i € {1,...,d} and j € {1, ..., d} we have that

Vilx +1ej) = Vi)
t

— Via; ()| = Vi, (x +0ej) — Vi, (x)| (A4)

for some 6 € [0, ¢] (depending possibly on x € R?), and hence given an ¢ > 0 we may choose a ¢

such that the right hand side of (A.4) does not exceed ¢/2. Since V/ =Vi(x +tej) = Vi@®))/t
clearly has vanishing mean drift, then there is an £¢ > O (depending on ¢ which is fixed) such
that for every d-dimensional box Q C R? of side length £ > £ one has

/ V! (x)dx| < etd)2,
0

and therefore one has
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/V,-,x,(x)dx < /v/(x)dx +/

Q 0 o

VY () = Vi, (0] dx < £?/2 + e04/2 = et?,

proving the claim. O

Proposition A.6.Ler F C L'(9B1(0); H™') be a compact family of functions and V €
Lip;,. (R?; R?) be a bounded incompressible vector field with vanishing mean drift. Then

/ F)x - Viex)dH (x) >0
3B1(0)

as o — +00, uniformly over f € F, i.e. for every € > Q there exists an og > 0 such that

/ FOx - Viex)dH " (x)| <e

dB1(0)
forall f € F, a > «y.

Proof. If not, there is a sequence {«,} C R, lim,, o, = +00, and f,, C F, such that

f Fu0)x -V (anx) dH ()| = e
dB1(0)

for some ¢p > 0 and all n € N. By eventually passing to a subsequence of n (not relabeled) we
may assume that f,, — f in LY(3B1(0)) as n — oo. But then

/ Fa()x - V(@) dHH )| < / £ () = FOO1x - V (@) dFH (x)

9B1(0) 9B1(0)

+ / FO)x - V(apx)dH T (x)

9B (0)

= Vlleollfu = £l

+ /‘f(x)x~V(a,,x)ded71(x)—>O
9B1(0)

since the latter integral is vanishing by Lemma A.7, a contradiction. O

The following lemma has been used in the above proof.
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Lemma A.7. Let f € L' (3B (0); H¢~") and V € Lip,,.(R?; R?) be a bounded incompressible
vector field with vanishing mean drift. Then

/ F)x - Viex)dH 1 (x) >0
9B1(0)

as o — +00.

Proof. It is enough to prove the statement for f from a family of functions having dense linear
span in L'(3B;(0); H? 1y, in particular, for f just a characteristic function of the form f =
1p,(x) for some r € (0, 2], x € 3B (0), where D, (x) is defined in Example A.4. The claim for
this case follows then from the change of variables

_ 1 _
[ v venaio = [ verma-o.
Dy (x) aDy(x)
where n stands for the external normal to d B1(0), and from Example A.4. O
A.2. Auxiliary estimates of integral operators

We will also need the following technical assertions on estimates of integral operators involv-
ing vector fields with vanishing mean drift.

Lemma A.8. Let p € ((d — 1)/2,d/2), and K: R¢ x R? — R be a function locally Lips-
chitz outside the diagonal {(x,y) € R x R¢: x =y} and uniformly continuous outside every
R-neighborhood of the diagonal (for every R > 0), with

A(x,y)
lx — yl*’

Kx,y)= k<d,

forall (x,y) e R? x R4, for some A € L®(R? x R¥) continuous outside the diagonal. Suppose
that V € Liploc(Rd; R?) is a bounded incompressible vector field with vanishing mean drift.
Then, with the notation n(x) := x/|x| one has

y - Vialx]y)

OE+ e 20 (&.3)

W(x):= / K(n(x),y)

R4
as « — +00 uniformly in x ¢ B1(0) C R4,
Proof. Without loss of generality (up to a small increase of k) we may assume A to be continuous

over the whole R? x R?. Let x € B{(0) C R4 and choose an arbitrary ¢ > 0.
Fixed and arbitrary p € (0, 1), the function F: B,(0) — R4 defined by

F(y):=K(n(x),y) — K(n(x),0)
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is Lipschitz (because of local Lipschitz continuity of K outside the diagonal), while clearly,
F(0) =0, so that one has in particular |F(y)| < C|y| for some C = C(p) > 0 (independent on
x) whenever |y| < p. Therefore,

/ (K(n(x),y) — K(n(x),0))

B, (0)

y - Via|x]y) y‘
(yl? + lx[=)pH

= |+ eyt @
B,(0)

o
lyI? dr
=ClVlleo WdyZded”V”oo i
B,(0) 0

and recalling that p < d /2 we conclude that one can choose a p > 0 so that

y - Vialxly)
/ (K(n(x),y) — K(n(x),0)) Wdy <&/3.
B, (0)
But by Lemma A.9 one has
y - Vialx|y)
/ (K(n(x),y) — K(n(x), O))W
B, (0)
_ y-Vixlx|y)
= / KO DG e @
B, (0)
and hence

y - Vialx|y) <¢/3, (A6)

/ K("(X)J)W v =

By (0)
Choose now an R € (0, 1 — p) such that
d
[ <
[n(x) —yl
Br(n(x))

for some & > 0 to be chosen later (it is only here that we use the assumption on k). Denoting

K(n(x),y), ye€Bgnx)),

Kgr(n(x), Y) = { A(n(x), y)/Rk, y € BR(VL(X)),
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we get that (x, y) = Kgr(n(x), y) is bounded and uniformly continuous in Bf(O) x R?. Now,
recalling that p < |y| < 1 when y € Br(n(x)), we get

v Vialxly)
K(n(x), »)—5— 222 _dy
(3P + [x] 2P
BS(0)
v Vialxly) 81V ool Alloo
: Ko D s a2 @) T 20
BS(0)NBR (n(x))
v Vialxly)
< Kr(n(x . ——
= / RO S ey @
B (0)
L[ An@.y) vVl 811V ool Alloo
RE P+ Ix2)p & 20D
Bg(0)
y- Vialxly)
< Kr(n(x . e ——
= / RO S w2y @
B (0)
) 1 81Vl Al
d—k

so that choosing § (depending on p and ¢) and R (depending on §, p and ¢) sufficiently small we
will have

y-Vialxly)
| Ko O+ x2)rT ’
B(O)
(A7)
y- Vialx|y)
< / KR(”(X)»)’)WCW +¢/3.
B(O)
Finally,
y-Vialxly)
/ KR(”(X)’)’)W y
BS(O)
. (A.8)

d
:/# / KR(n(x),rs)s-V(Ol|)C|rS)dg'fd71(S)-

(r2 + |x|—2)p+l
9B (0)
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Recalling that the family of functions {s € 9B1(0) — Kgr(n(x),rs): r > p,x € B;(O)} on
9 B1(0) is bounded and equicontinuous, we get from Proposition A.6 that

f Kr(n(x),rs)s - V(Bs)dH* 1 (s) > 0
9B1(0)
uniformly in x € B{(0) and r > p as B — +00, so that in particular
/ Kr(n(x),rs)s - Vialx|rs)dH* (s) > 0
9B1(0)
uniformly in x € B{(0) and r > p as @ — +00. Thus, observing that

rd rd

<
(,,2 + |x|—2)p+l — (,,2 + 1)p+l

for x € B{(0) and r > 0, the function on the right-hand side of the above inequality being inte-
grable over (0, +00) (because p > (d — 1)/2), we get from (A.8) the existence of some a > 0
(independent of x) such that the estimate

y - Vialx]y)

J xaoon G

B (0)

dy|<e/3, (A9)
holds for all x € Bf(O) once o > . Combining the estimates (A.6), (A.7) and (A.9) we arrive
from (A.5) to [¥(x)| < ¢ for @ > &, with & > 0 independent on x € B{(0)¢, as claimed. O
The following lemma has been used in the above proof.
Lemma A.9. For an incompressible vector field V € Lip,,.(R¢; R?) one has
y-Vlxly)

(2 +1x172P
B,(0)

)

for every p > 0 and every o > 0.

Proof. We write

/ s Vialx|rs)dH 1 (s),

o0

y- Vialx|y) _/ rkdr
=&

0 3B (0)

(y? +Ix[=2)P 24 [x|72)P

(0)

and recalling that V is divergence-free, and hence so is the vector field y — V (x|x|ry) (with «,
r and x fixed), one has
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s Vialx|rs)dH T (s)=0
3B1(0)

implying the thesis. O
At last we need the following computation.

Lemma A.10. Let p > (d — 1)/2, and K : R? x R? — R be a function uniformly continuous
outside every R-neighborhood of the diagonal {(x,y) € R¢ x R?: x = y} (for every R > 0),
with

AR, y)
K(x,y)= P

k<d,

for some A € L®(RY x RY) continuous outside the diagonal and for all (x,y) € RY x R4,
Suppose that V € Lip,,,,. (R?: R?) is a bounded incompressible vector field with vanishing mean
drift. Then

y-Viay)

W(x) = f K(x,y)
R4

as o — +o00 uniformly in x € B1(0) C R4,

Proof. As in the proof of Lemma A.8 without loss of generality (up to a small increase of k) we
assume A to be continuous over the whole R¢ x R“. Consider an arbitrary x € B1(0) C R? and
an arbitrary ¢ > 0. Denote for brevity

|yl
C(p):=sup —5——-—
yerd (Iy12 +DPF!

(note that C(p) < +oo because p > —1/2). Finding a p € [0, 1] such that

/ s (A.11)

<
lx — yl*
Bp(x)

for some 6 > 0 to be chosen later, we get

19001 = (1A lloowap*SCPIIV llso + 11 @, p)]) - where

v A12
I(a, p) = / K(x,y)ﬂjip_k% y. ( )
B¢ (x)
Denoting
. K(x,y), yeBS(x),
Kot y):= { A(x,y)/p*, ye Bﬁ(x% N
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we get that K, is uniformly continuous and bounded in R? x R?. We have now

y - Viey) /A(x,y) y - Viay)
I (a, < Ky(x,y)——=—=4dy|+
ez [ Koo DErne o (Pt D
R4 B, (x)

IA

y-Viay) _
pr(x,dey + Al CPNV lsowap®™".
R4

Recall that

y-Viay)
[ s g et
R4

“+o00

d
:/mdr / Kp(x,rs)s~V(Oérs)d9'fd_1(s)~
0

9B1(0)

We choose § > 0 and p > 0 to be sufficiently small (depending on €) so as to have

I Alloc@ap?8C(PIIV oo < /5, IAlacC(PIV llowap? ™ < e/5,

so that in view of (A.14) the estimate (A.12) becomes

y-V(ay)

[W(x)| <2¢/5+ /Kp(X,)’)W y

Rd

We choose now rop > 0 and r > ro (depending on ¢ and p) such that

ro
rd B
/W(ir / ‘Kp(x,rs)s-V(otrs)| a3 l(S)
0 9B (0)

ro
d
;
= IIKpllooddeIVlloo/Wdr <e/5,
0
+00 rd )
/ Wdr / ‘gop(x,rs)s-V(oers)| dH1(s)
r 3B (0)
+00 rd
< 1K loodoa Ve [ S els

r

(A.14)

(A.15)


http://mostwiedzy.pl

A\ MOST

S. Kryzhevich, E. Stepanov / J. Differential Equations 267 (2019) 3442-3474 3465

(recall that we assumed p > (d — 1)/2). Since by Proposition A.6 one has
/ Ky(x,rs)s - V(ars) dﬂ{dfl(s) -0
3B1(0)
uniformly in x € B1(0) as « — +oo for all r € [rg, r1], we get
-V
[ Koteon 2 Sy <3

(Iyl> + Drt
R4

for all ¢ > a (with some @ > 0 independent of x € B1(0)) and hence, by (A.15), |\1f(x)| < ¢ for
such « as claimed. O

Appendix B. Estimates on the corrector
B.1. Uniform estimates

We show that with the appropriate choice of the parameters the vector field W defined by
the formula (4.7) can be made arbitrarily small in supremum norm, namely, that the following
lemma is valid.
Lemma B.1. Let p € ((d — 1)/2,d/2). Suppose that V € Liploc(Rd; R%) is a bounded incom-

pressible vector field with vanishing mean drift. Then, given an ¢ > 0, there is an & = a(p, €)
such that

Wleo <& foreveryua > .
Proof. We calculate

ax —y y-V(y)
lax — y|4 (Jy|> + a?)P]

Wy (x) := W(ax) = 2 pcaa®? (|x|* + 1)1’/

Rd
-y y-Viey) B

Y,
=y (yl>+ Dr!

X
=2pca(Ix)? + 1P / X
]Rd

and note that |W s = || Wyllco, SO that we may estimate the latter.
CASE 1: |x| < 1. The desired estimate follows immediately from Lemma A.10 applied with

Xi — Vi

K(x,y) = P

(e Ax,y):=i —y)/Ix—=y)),k=d—1)foreveryi=1,...,d.
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CASE 2: |x| > 1. In this case, denoting n(x) := x/|x|, we further calculate

nxX)|x|—y y-Viay)
In(x)]x| =yl (ly|? + 1P+
]Rd

We(x) = 2pea(l + |x|72)P|x|?P

(B.2)
nx)—y y-Vialxly)

=2pca(l + |x|73)?P Y,
) = 17y + 2P
R

so that the necessary estimate follows immediately from Lemma A.8 applied with the same data
asinCasel. O

Corollary B.2. Under conditions of Lemma B.1 one has that for every € > 0, there is an @ =
a(p, €) such that

ldivWle <& foreverya > a.

Proof. From (4.5) one has

YdivW =div(y W) — V¢ - W=—Vy -V —Vy - W,

so that
. |x X
divWw =—-Vlogy - (V+W)=2p———=— - (V4+W).
Ix|2 + a2 |x]
This gives
. 2p  Ix/al p
ldiv W] < ——————(IVllc + IWlloc) = =(IVlloc + Wllo0),
o |x/al*+1 o

since |t]/(t> + 1) < 1/2, concluding the proof. O
B.2. Estimates on the derivatives

We show now that if V is sufficiently smooth, then the derivatives of W can also be made as
small as desired with the appropriate choice of parameters.

Lemma B.3. Let p € (d — 1)/2,d/2). Assume that V € Lip(R%; R?) is incompressible vec-

tor field with vanishing mean drift, and all Vy;, j =1, ...,d, are locally Lipschitz still having
vanishing mean drift. Given an ¢ > 0, there is an @ = «(p, €) such that

||ij||oo <e foreverya >«

forevery j=1,...,d.
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Proof. Fix an arbitrary j € {1, ..., d}. Rewriting (4.7) in the form

(Do a2y [ 2 X T V=2
W(x)=2p(—=D%cq(|x|” + ) 1219 (jx — 2|2 + a2)P+1

Rd

we get the following relationships

Wy, (x) = Z1(x) + Z2(x) + Z3(x), where (B.3)

i(x—z)~V(x —2)
12| (lx —z]> + a?)?

Zi(x) =4p* (=) cqx;(1x|* + P!

Rd
x—y y-V(y)

— 4% (1x? + a2)P—1 B.4
Press e | T M ety .
d
2px;
=Py
FEETi
(x—2)- Vi, (x —2)
7 —2n(—1 d 2 2yp i J
20) =2p(=DeaeP o7 [ g e
Rd
B.5)
YV, () (
=2pcy(|x]? + a? ”/ — ! )
pea(lx] ) |x y|d (|y|2 + a2)p+l Y
Z3(x) = 2p(—1)eq(x P +a2)? Vr—2) s oy
Iz |d axi (Ix — z|2 + a2)P+!
2, .2 Rd 0 y (B-6)
=2pcy(|x|* +a ”/ — ——————dy.

We now estimate separately the three terms Z;, Z, and Z3.

ESTIMATE OF Z. Since the function x +— x;/(|x |2 +«?) is uniformly bounded over R?, then
from (B.4) by Lemma B.1 we get that || Z;]| < &/3 once « is sufficiently large (depending on
p and ¢).

ESTIMATE OF Z,. From (B.5) we see that the expression for Z is exactly the same as the
definition (4.7) of W, but with V,, instead of V. Since V,; is still bounded, incompressible
and has vanishing mean drift, then again by Lemma B.1 we get that || Z>|cc < &/3 once « is
sufficiently large (depending on p and ¢).

ESTIMATE OF Z3. We let

Y

0
———dy, B.7
oy, (P pp1 Y BD

Z300) = Z3(a0) = 22 (af? +1>f’/| 2V

and note that ||Z3|lcc = |Z3,«llco, SO that we may estimate the latter. As in the proof of
Lemma B.1 we separate this estimate in two cases.
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Case |x| < 1. In this case we repeat line by line the proof of Lemma A.10 with

Xi — Vi
K(x,y):=
lx — |4
(1 e. A(x y) = —yi)/Ix —y),k=d—1)foreveryi =1,...,d, but with the vector field
d) W in place of just y/(|y|*> + 1)?*!, observing that thlS vector field is still uniformly
J
bounded by a constant depending only on p that we will call C(p). Then choosing an arbitrary

8 >0and a p > 0 so as to satisfy (A.11), instead of (A.12) and (A.14) we will get, with the
notation of ¢, defined in (A.13), the estimate

2pcg2?

2pcg2?
o

1Z3,0(x)| < SC(PIVlleo + CPIV lloowap

(B.8)
y

n 2pcyg2?
yj (Iy]2+ DHrtt

' /‘/’p(x NViay)  — dy|.

Rd
Writing

Yy

/¢p(x nViay)- ;Wdy

R4
+00

rd—l _
=/ Y f 9p(x. rs)Vj(ars) dH ! (s) (B.9)
0

9B1(0)

d+1
r —
—2(p+1) / i dr / @p(x,rs)sjs - V(ars) dH1(s),
0 9B1(0)

and estimating

“+0o0

rd—l ~
/ i / @0p(x,rs)Viars) dF=1(s)
0 3B (0)

o ami

1 r
< doi—— Ve [ = ar,
< dou— 1Vl 0/ e dr

+00

pd+1
/7dr /‘/’p(X,rS)sjs‘V(ars)dg_cd—l(s)
0

2+ )re2
9B1(0)

O

1 r
<dws——|V ————dr,
= wdpdfl ” ”OO b/ (}’2 T 1)p+2 r.
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the integrals on the right-hand sides of the above inequalities being convergent (because p >
d/2 — 1), we get that the integral on the left-hand side of (B.9) is estimated by a constant de-
pending only on d, p, ||V]lx and p. Recalling that « is in the denominator in the right-hand
side of (B.8), we get from (B.8) together with (B.9) that |Z3 o (x)| < ¢/3 for « sufficiently large
(depending only on p and ¢).

Case |x| > 1. We rewrite

(x) —y 9 y
Z3.4 ——1+ 2yp [ Oy, — 2 _dy, (B.10
3,0(x) ax I( x|~ )Rd ) — (alx]y) ay; (12 + x| 25)p ] y, (B.10)
where n(x) := x/|x|. Let now
A1) = 2P 1 4 ey
o|x|
/( nx)—y  n(x)—y ) Valxly)- y dy
2 In(x) —yl¢ |n(x) —y|4-! 3y/ (I + x| 2P+l
2pcy s n(x)—y Y
A = 1+ Py — - —  _dy,
200 =5 D ) =y Ve ay, (Y2 + x 2P

so that Z3 o(x) = A1(x) + A2(x). We estimate the terms A and A separately.
To estimate A, consider the function f: dB;(0) x R? — R¥ defined by

x—y x—y
e —yld Jx — y|d-t

S, y) =

Since |fy (x, y)| < C for some C = C(p) > 0 (independent on x and y) whenever |y| <p < 1
and |x| = 1, then for the function F: B;(0) — R defined as F(y) := f (n(x), y) one clearly has
F(0)=0and |F(y)| < C|y| whenever |y| < p, |x| > 1 for some p € (0, 1). Therefore, one gets

0 y 2pcd
A(x)<—2”CV / ‘— dy + 20\,
[A1(x)] 1V 1loo [y 3y, (W2 + k[ 5r T y [Jel,
B,(0) (B.11)
2p Ccd 2pcd
P CIV 0o C (P wap? T + 22220 | |,

where

Y

[ fmx), »V(ixlx]y) - ayjm

B (0)

dy.

To estimate J,, we write
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0 y
Jo = / fx), »V(xalxly)  — —F————7dy
¢ ay; (Iy12 + x| ~2)p+!
B5(0)
/ (), YV (@lx]y) - Y d
= anx,y axy-——y
dy; (Iy12+ |x|~2)p+!
BS(0)N B (n(x))
+/f(())V(||)a Y d
n(x ,y a|X y Y y,
ayj (Iy12+ |x|~2)pt!
Br(n(x))
and calculating
a . .
Yy dy €j —2(p+1) Yi¥

ay; (¥ + [P T (2 + [x[72)rH (1> + x| =P+

we obtain

+o00
d—1
= ’ . d—1
Ja_/mdr / nr(n(x),rs)Vi(ars)dH"(s)

e 3B, (0)

d+1

+00
r
-2 1 ——d
(p+ )/ (r2+|x|72)p+2 r
P (B.12)

NR((x),rs)sjs - V(ars)dHI ™ (s)

aB1(0)
+/f(()>V(||>a Y d
n(x ,y o|xX y ——— y,
dy; (2 + x| Pt
Br(n(x))

where R € (0, 1 — p) will be chosen later, and

x—y x—y ¢
oy Ty Y€ B (),

nr(x,y) = oy xy
Ri — goT Y € BR(X).

Since for y € Br(n(x)) one has

KB Vi _ 18ij =2(p 4+ Dyiyjl
dy; (Iy|> + |x|=2)p+! (y1? + |x|~2)p+2
- 1+2(p+ )R? P 14+2(p+ DHR?
|y|2(p+2) R-= 1 — R|2(p+2) ’

choosing R so that


http://mostwiedzy.pl

A\ MOST

S. Kryzhevich, E. Stepanov / J. Differential Equations 267 (2019) 3442-3474 3471

|f(n(x), y)ldy <8

Bpr(n(x))
for some § > 0, we get
Y
fn(x), »Vielxly) - -———s————>7dy| < [IVICgS. (B.13)
3y1 (IyI? + |x|=2)p+!
Bg(n(x))
But
+00 rd—l .
/ W(h f nR(n(x),rs)Vj(otrs)de (S)
p 9B1(0)
+00 ra’—l
< IV islnelodos [ oo an
]
+00

rd+1
/—_dr / nR(n(x),rs)sjs~V(otrs)df]{d_l(s)
0

(7 + x| 2P 72

9B1(0)
g
< il
< IV slnelodos [ oo an
o

the integrals on the right-hand side of the above inequalities being convergent (because p >
d/2 — 1), so that combining this with (B.13) we get from (B.12) that |J,| is bounded by a
constant independent on « (hence depending only on p, d, ||V | ). Therefore, from (B.11) we
have that |[A1(x)| < &/6 for « sufficiently large (depending on p and ¢).

Finally, it remains to estimate A,. To this aim integrating by parts the expression for A,, we

get (with notation V7 standing for V transposed, i.e. seen as a row, while by default the vectors
are seen as columns)

2p ad - d
Ao = =P (1 4 1x |—2>P/—(%VT<a|x|y)) Lo
R

x| 9y \Inco) (12 + lx[72)pHT
—2pea(1+ [x[ 2P | d’?)ﬁvy,<a|x|y> Wﬁ%
zﬁc’f( x| 2)Pf|()4lwa|x|y)~(|y|2+y|%
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—M(l+|x|_2)p
olx|
nx)—y = _ ydy
R/d<|n<x)—y|d+1(”f(x) y’)> Ve S e
n(x)—y ydy

—2pcg(1+ |x|7%)P ST Vs elxly)

In(x) — (Iy? + |x|=2)pFt
R4

and the desired estimate for A, follows from Lemma A.8 applied to each of the three integrals
in the right-hand side of the above equality (for the second integral it has to be applied with
A(x,y) =i —yi)x; —y)/Ix —yl% k:i=d — 1, foralli=1,...,d). O

Appendix C. Auxiliary lemmata

In this section we collect some easy auxiliary results of “folkloric” nature.
Lemma C.1. Suppose that V: R? — R¢ is a bounded continuous vector field providing the
uniqueness of the solution to the Cauchy problem for (1.1) with any initial datum, hence generat-
ing the flow T; := (p{, : R - RY, 1 € R, of the latter equation. If |1 is a o -finite Radon measure

over R4 satisfying div (V) = 0 in the weak (i.e. distributional) sense in R, then it is invariant
with respect to T;.

This lemma is well-known in a very particular case when V is smooth and u is the Lebesgue
measure, though for the general situation its proof maybe not quite immediate.

Proof. The “constant” curve of measures {u;},cg+ defined by p, := u for all t € R™, clearly
satisfies the continuity equation

Orpe +div (Vi) =0 (C.1)
in the weak (distributional) sense in RT x R?. Consider an arbitrary ¢ € C I(R?) and set

or(x) := (p(T,_l(x)) (note that unders the conditions of the Lemma being proven 7; is in fact
a homeomorphism). We show

0 (@) +div (V ;) =0 (C2)
in the weak sense in Rt x RY. In fact,
d d
0= EMX) = sz(Tz(X)) = (0 ) (11 (%)) + (Vo) (T (x)) - V(T (x))
for all x € R in view of (1.1), and hence

01 (x) + Vi (x) - V(x) =0 (C3)

for all x € R?. Therefore, using the chain rule for distributional derivatives, (C.3) and (C.1), we
get
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0 (@) +div (Vo) = (019 + Vo - V) + @ (00 +div (V) =0,

that is, (C.2).
On the other hand, clearly, T;#(pn) := ¢; Ti#, and hence

0 (@ Trgn) + div (V @ Trn) =0 (C4

in the weak sense in R* x R because of (1.1). Assuming now that ¢ is nonnegative and have
compact support in R, we have that both curves of finite positive Borel measures {@, Tj#/4};cr+
and {¢; u};cr+ satisfy the continuity equation, and have the same initial point ¢ ut. By the super-
position principle for curves of measures (see theorem 12 in [1] for its statement in the Euclidean
space, or theorem 3.21 in [12] for the general metric space version) for each fixed 7 > 0 there
are finite positive Borel measures 1 and 7 on C ([0, T']; ]Rd) each concentrated over trajectories
of (1.1) such that e;#n = ¢; Tyspt and esn) = @, for a.e. 1 € [0, T, egun = eoun) = @, where
e;: C([0, T]; R") — R4 stands for the evaluation map e;(0) := 0(¢). Disintegrating

n=(pu) N, n=(pu) i,

with 1, and 7, Borel probability measures concentrated each over the trajectory of (1.1) starting
at x € R?, we have that 1, = 7, for pu-a.e. x € R¢ by the assumption on unique solvability
of (1.1). Thus n = 5, which implies ¢, Ti# = @: 0 for a.e. t € [0, T], and hence, since ¢ is
arbitrary (nonnegative with compact support) and 7 > 0 is arbitrary, we get that Tyzu = u for
a.e., and thus for all t € R™, i.e. i is invariant as claimed. O

Remark C.2. In fact, under the conditions of the above Lemma C.1 the Radon measure u over

R4 is invariant with respect to Tz, if and only if div (V) = 0 in the weak sense in R<. The “if”
part is however trivial: for f € C!'(R?) with compact support we get

d d d
OZE/fdM:E/de#uzE/f(Tt(x))dM(x)
R R¢ R¢

J (C.5)
=/ 2L L)) dp(x),
R4
the latter equality being due to the Lebesgue dominated convergence theorem since
d
Ef(Tz(X)) =V f(Ti(x)) - V(T (x)) (C.6)

is bounded and has compact support, hence is integrable with respect to . Plugging (C.6)
into (C.5), we get

OZ/Vf(Tt(x))'V(Tt(x))dﬂ(x):/Vf(x)'V(x)d//«(x)v
R R4

the latter again by invariance of p with respect to T}, proving that div (V ) = 0 weakly in R¢.
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It is worth emphasizing that the above Lemma C.1 can be stated and proven in a similar way
even for less regular vector fields V. However, in the present paper we apply it only in a very
particular situation when V is bounded and locally Lipschitz, and v = ¥ dx with y: RY —
R* smooth. In this case its proof could be clearly simplified without even referring to general
superposition principle, but just by observing “manually” the uniqueness of positive solutions
to continuity equation. We provided here a more general (and less common) version just for the
readers’ convenience.

Another easy statement we use in the paper is as follows.

Lemma C.3.IfT: X — X is continuous, has an invariant measure w, and T (supp ) is closed
(in particular, this is true if u has compact support). Then supp w is invariant for T.

Proof. Denoting for brevity M := supp i, we have that 7! (M) is closed and ;,L((T_l (M))") =
w(T~1(M€)) =0, in other words, 1 is concentrated on T~ ! (M), which implies M c T~'(M),
thus 7 (M) C M. On the other hand,

(T (M))°) = (Ta) (T (M))°)
= w(T (T (M))*) = n(T~NT (M))) < u(M) =0,

the inequality in the above chain being due to M C T~ (T (M)). Thus p is also concentrated on
T (M) and since T (M) is also closed, we have M C T (M) concluding the proof. O

Note that continuity of 7 in the above Lemma C.3 is essential.
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